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Abstract 

This paper is devoted to the study of a wave equation with mixed 
boundary conditions of many-point type. The existence and 
uniqueness of weak solutions are proved by applying the Galerkin 
method. In addition, the stability of the weak solution is considered. 

1. Introduction 

In this paper, we consider the following wave equation: 

( ) ( ( ) ) ( ( ) ),,,,, 22 tutxFututuxfuu txxtt =λ++−  (1.1) 

associated with mixed boundary conditions 



Giai Giang Vo 58 

( ) ,0,1 =tu  (1.2) 

( ) ( ) ( )( ) ( ) ( )( )∫ ξξ−+ξ+=
t

Nx dssusustktuhtgtu
0 11 ,...,,,,,,0  (1.3) 

and initial conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ),,01,0,,0,,0, 10 Ttxxuxuxuxu t ×∈==  (1.4) 

where 10,,,,,,, uukhgFf λ  are given functions and Nξξξ ...,,, 21  are 

constants such that .10 21 <ξ<<ξ<ξ= N  

The problems of wave equations have been studied by many authors, for 
example, we can see in [1-3, 5, 6, 10-16]. Below are some typical works. 

Rabinowitz [14] gave a procedure to construct the time-periodic solution 
of the following problem 

( ) ( ) ( ) ,,0,,0, R×∈=+− ltxuxfuu xxtt  (1.5) 

together with the boundary and periodicity conditions 

( ) ( ) ,0,,0 == tlutu  (1.6) 

( ) ( ),,, txuTtxu =+  (1.7) 

where l, T are positive constants and f is a given function. 

Nguyen and Giang Vo [11] showed the asymptotic behavior of the 

solution of the following problem as ,0+→ε  

( ),, txfuKuuu txxtt =λ++−  (1.8) 

( ) ,0,1 =tu  (1.9) 

( ) ( ) ( ) ( ) ( ) ( )∫ +ε++−=
t

tx tgtuthudssustktu
0

,,0,0,0,0  (1.10) 

( ) ( ) ( ) ( ),0,,0, 10 xuxuxuxu t ==  (1.11) 

where ελ ,,, hK  are positive constants and 10,,,, uukgf  are given 

functions. 



On a Nonlinear Wave Equation with Mixed Boundary Conditions … 59 

In [10], Li studied the existence and uniqueness of weak solutions for the 
Emden-Fowler type wave equation 

,22 uuuut p
xxtt

−=−  (1.12) 

subject to zero boundary values and initial values 

( ) ( ) ( ) ( ) ( ) ( ) ( ),,1,,,1,,1, 10 Tbatxxuxuxuxu t ×∈==  (1.13) 

where 2>p  is a constant and 10, uu  are given functions. 

Bergounioux et al. [2] considered the linear wave equation given by 

( ),, txfuKuuu txxtt =λ++−  (1.14) 

( ) ( ) ( ) ( ) ( ),,1,1,1,,0 tqutpututvtu txx +=−=  (1.15) 

( ) ( ) ( ) ( ),0,,0, 10 xuxuxuxu t ==  (1.16) 

where qpK ,,, λ  are given constants and 10,, uuf  are given functions. 

Also, u and v satisfy the following Cauchy problem: 

( ) ( ) ( )
( ) ( )⎩

⎨
⎧

=′=
=μ+′′

,0,0
,,0

10

2

vvvv
thutvtv tt  (1.17) 

where 10,,0,0 vvh ≥>μ  are constants. 

Also, Giang Vo [16] obtained the stability of the weak solution to the 
problem (1.1)-(1.4) in the case of 0=λ=F  and ( ) =Nuutk ...,,, 1  

( ) ( ),...,,121 Nuuktk  where 1k  and 2k  are given functions. 

This paper consists of two parts. In Part 1, we show the existence and 
uniqueness of weak solutions of the problem (1.1)-(1.4) by applying the 
Galerkin method. Finally, in Part 2, we prove that this solution is stable in 
the sense of continuous dependence on the given data ( ).,,,,, λkhgFf  

The results are considered as the relative generalization of the works [2, 5, 
11, 15, 16]. 
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2. Preliminaries 

Firstly, we denote by ⋅⋅,  and ,⋅  respectively, the scalar product and 

the norm in ( ).1,02L  

Let ( ) ( ) ( ) ( ) ( ) ( )tutututututu xttt ,,, =′′=′  and ( )tuxx  denote ( ),, txu  

( ) ( ) ( )txx
utx

t
utxt

u ,,,,, 2

2

∂
∂

∂
∂

∂
∂  and ( ),,2

2
tx

x
u

∂
∂  respectively. 

Next, we define a closed subspace of the Sobolev space ( )1,01H  as 

follows: 

{ ( ) ( ) },01:1,01 =∈= uHuH  (2.1) 

with the following scalar product and norm: 

xxH vuvu ,, =   and  .xH uu =  (2.2) 

Then it is easy to prove the following: 

Lemma 2.1. The embedding [ ]( )1,00CH   is compact and 

[ ]( ) ( ) .,21,01,0 10 Hvvvvv HHHC ∈∀≤≤≤  (2.3) 

Lemma 2.2. Let .0>ε  Then 

[ ]( )
( ).1,0,11 1222

1,00 Hvvvv xC
∈∀⎟

⎠
⎞⎜

⎝
⎛

ε
++ε≤  (2.4) 

Also, we have other lemmas. 

Lemma 2.3 (See [16]). Let N∈m  and ( ) .,1,212 mjjj =π−=μ  Then 

.,41
sin

1
R∈∀

π
+≤

μ
μ

∑ =
x

xm
j j

j  (2.5) 

Lemma 2.4 (See [9]). Let u be the weak solution of the following 
problem: 



On a Nonlinear Wave Equation with Mixed Boundary Conditions … 61 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ( )) ( ( ))
( ) ( ) ( ) ( )⎪

⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

×∈χ∈⋅
∈∈

==
==

<<<<χ=−

∞∞

.,01,0,0,,0
,1,0;,0,1,0;,0

,0,,0,
,,0,0,1

,0,10,

21

21
10

TLandTHvu
LTLuHTLu

xuxuxuxu
tvtutu

Ttxuu

t

t

x

xxtt

 (2.6) 

Then we have 

( ) ( ) ( ) ( )∫ ′++′
t

x dssusvtutu
0

22 ,02  

( ) ( ) [ ]∫ ∈′χ++≥
t

x Tteadssusuu
0

2
0

2
1 .,0..,,2  (2.7) 

Equality holds in case .010 == uu  

3. Existence and Uniqueness of Weak Solutions 

We make the following assumptions: 

( )1A  Hu ∈0  and ( ),1,02
1 Lu ∈  

( )2A  ( ),,01,1 TWg ∈  

( )3A  [ ]( ),,0, 0
2 +×∈λλ RTCD  there exists a positive function 

( )TL ,0ˆ 1∈λ  such that 

( ) ( ),ˆ, tut λ≤λ  a.e. [ ] ,,,0 +∈∀∈ RuTt  

( )4A  [ ]( ),1,0, 0
2 R×∈ CfDf  there exist positive functions ∈21, ff  

( )1,01L  such that 

( ) ( ) ( ) ( ) [ ]∫ ∈∀∈−−≥=
u

uxxfuxfdssxfuxf
0 2

2
1 ,,1,0.a.e,,,ˆ R  

( )5A  [ ] [ ]( ),,01,0,, 0
32 +××∈ RTCFDFDF  there exist positive 

functions ( ( ))1,0;,0, 21
21 LTLFF ∈  such that 
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( ) ( ) ( ) ( ) [ ] [ ] ,,,01,0,a.e.,,,,, 2
21

1 +∈∀×∈+≤ RuTtxtxFutxFutxF  

( )6A  ( ),2 RCh ∈  there exist positive constants 1h  and 2h  such that 

( ) ( )∫ ∈∀−−≥=
u

uhuhdsshuh
0 2

2
1 ,,ˆ R  

( )7A  ([ ] ),,02 NTCk R×∈  there exist positive functions ∈21, kk  

( )TW ,01,1  such that 

( ) ( ) ( ) ( )∑ =
+≤+

N
i iN tkutkuutkDk

1 2111 ,...,,,  

a.e. [ ]Tt ,0∈  and .,1, Niui =∈∀ R  

Remark 3.1. (i) We consider the following function: 

( ) ( ) ( ) ( ),, 22 xuxuuxuuuxf qp γ−β−α−= −−  

where 2≥> qp  are constants and [ ]( ) .0,1,0,, 0 ≡/γ∈γβα C  Then 

( ) ( ) ( ) ( )∫ γ−β−α−=
u qp uxuxuxqupdssxf
0

2 .2
111,  

Applying the Young inequality ,rr bcaab ′
ε+ε≤  with 

( )

( )⎪
⎩

⎪
⎨

⎧

ε′==ε
−

=′

=α==

′
−

ε .1,2
1,

,,1,

r
r

q

rrcpqp
pr

q
prxqbua

 

Then 

( ) ( ) .1122
11

qp
pqp

q
pq xqqupuxq −− α⎟

⎠
⎞⎜

⎝
⎛ −+≤α  

Therefore, 

( ) ( )( ) ( ) ( )∫ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
γ+α⎟

⎠
⎞⎜

⎝
⎛ −−+β−≥ −−u

qp
pqp

q

xxqquxdssxf
0

22 .2
111212

1,  

Consequently, f satisfies ( ).4A  



On a Nonlinear Wave Equation with Mixed Boundary Conditions … 63 

(ii) ( )4A  still holds if f satisfies the following condition: 

( )4A′  [ ]( ),1,01 R×∈ Cf  ( ) 00, =xf  and ( ) ,0, ≥uxuf  [ ],1,0∈∀x  

.R∈u  

Since ( ) [ ]∫ ∈∈∀≥
u

uxdssxf
0

.,1,0,0, R  But f in (i) does not satisfy 

( ).4A′  

Under the above assumptions, we obtain the following theorem: 

Theorem 3.2. Let ( ) ( )71 - AA  hold. Then the problem (1.1)-(1.4) has a 

unique weak solution u such that 

( ) ( ( ))
( ) ( )⎩

⎨
⎧

=∈⋅ξ
∈∈ ∞∞

.,1,,0,
,1,0;,0,;,0

1

2

NiTHu
LTLuHTLu

i

t  (3.1) 

Remark 3.3. If we replace the term tu  in equation (1.1) or the term 

( )( )tuh ,1ξ  in equation (1.3) by the term ( )tuϕ  or the term ( )( ),, tuh iξ  with 

ϕ= ,,2 Ni  is a nonlinear function, respectively, then we have no conclusion 

about the existence of weak solutions for the problem (1.1)-(1.4). These are 
open problems. 

Proof of Theorem 3.2. The proof consists of steps 1-4. 

Step 1. Galerkin approximation. We use a special orthonormal basis                 
of H: 

( ) ( ) ( ) ( ) ....,2,1,212,cos12 2 =π−=μμμ+=ϕ kkxx kkkk  (3.2) 

We find the approximate solution of the problem (1.1)-(1.4) in the form 

( ) ( ) ( )∑ =
ϕω=

m
k kmkm xttxu

1
,,  (3.3) 

where the functions ( )tmkω  satisfy the following system of differential 

equations: 
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( ) ( ) ( ) ( ) ( )( ) kmkmkxmxkm tuftvtutu ϕ⋅+ϕ+ϕ+ϕ′′ ,,0,,  

( ( ) ) ( ( ) ) ,,1,,,,,, 22 mktutFutut kmkmm =ϕ⋅=ϕ′λ+  (3.4) 

with 

( ) ( ) ( )( ) ( )( ) ( )

( ) ( )

( ) ( )
⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

→ϕ==′

→ϕ==

+ξ+ξξ−=

∑
∑

∫

=

=
m
k kmkmm

m
k kmkmm

t
mNmmm

Lubuu

Huauu

tgtuhdssusustktv

1
2

11

1
1

00

0 11

.1,0instrongly0

,1,0instrongly0

,,,...,,,,

 (3.5) 

Therefore, this system of the equations is written in the form 

( ) ( ) ( ( ) ) ( )

[ ( ) ( ) ( ( )) ( ( ) ) ]

( ) ( ) ( )( ) ( )( ) ( )

( ) ( )⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

==ω′=ω

+ξ+ξξ−=

ϕ⋅−⋅+ϕ
ϕ

−

ω′λ−=ωμ+ω′′

∫
.,1,0,0

,,,...,,,,

,,,,,01

,

0 11

2
2

22

mkba

tgtuhdssusustktv

tutFtuftv

ttuttt

mkmkmkmk

t
mNmmm

kmmkm
k

mkmmkkmk

 (3.6) 

Setting ( ) ( ) ,sin kkk tt μμ=ρ  we easily see that 

( ) ( ) ( ) ( ) ( ( ) ) ( )∫ ω′λ−ρ−ρ+ρ′=ω
t

mkmkkmkkmkmk dsssussttbtat
0

2,  

( ) ( ) ( ) ( )( )∫ ∫ ττξτξτ−−ρ
ϕ

−
t s

Nmmk
k

duuskstds
0 0 1 ,...,,,,0

2  

( ) ( ) ( )( ) ( )[ ]∫ +ξ−ρ
ϕ

−
t

mk
k

dssgsuhst
0 1,0

2  

( )
( ) ( )( ) ( ( ) )∫ ϕ⋅−⋅−ρ

ϕ
−

t
kmmk

k
dssusFsufst

0
2

2 .,,,,
0

2 (3.7) 

By ( ) ( ),- 71 AA  the system (3.7) has a solution ( )mmm ωω ...,,1  on an 

interval [ ]mT,0  (see [7]). This implies that the solution ( )tum  of the system 
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(3.4)-(3.5) exists on [ ].,0 mT  The following estimates allow us to take 

TTm =  (see [4]). 

Step 2. A priori estimates. In (3.4), we replace kϕ  by 

( ) ( )∑ =
ϕω′=′

m
k kmkm ttu

1
,  

integrating from 0 to t, we obtain 

( ) ( ) ( ) ( ) ( )( ) ( )( )∫+++≤
1

0 000 ,ˆ20ˆ20020 dxxuxfuhugEtE mmmmm  

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ′+−λ+
t t

mmm dssusgtutgdssEs
0 0

,02,02ˆ2  

( )( ) ( )( )∫−−
1

0
,ˆ2,0ˆ2 dxtuxftuh mm  

( ( ) ) ( )∫ ′⋅+
t

mm dssususF
0

2 ,,,2  

( ) ( ) ( )( )∫ ∫ ττξτξτ−′−
t s

Nmmm duuskdssu
0 0 1 ,...,,,,,02  

( ) ( ) ( ) ( )( ) ( )( )∫+++=
1

0 000 ,ˆ20ˆ20020 dxxuxfuhugE mmmm  

( ) ( ) ( ) ( ) ( )∫ ++++λ+
t

m tItItIdssEs
0 621 ,ˆ2  (3.8) 

where 

( ) ( ) ( ) .22 tututE mxmm +′=  (3.9) 

We shall estimate, respectively, the following terms on the right-hand 
side of (3.8).  

Estimating ( ).1 tI  Using (3.9) and Lemma 2.1, we have 
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( ) ( )
( )

.0,1 2
,01 >ε∀

ε
+ε≤ ∞ TLm gtEtI  (3.10) 

Estimating ( ).2 tI  By ( ),2A  then 

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ′+′≤′=
t t

TLmm gdssEsgdssusgtI
0 0 ,02 .,02 1  (3.11) 

Estimating ( ).3 tI  Using Lemma 2.2, we obtain 

( ) ( )
[ ]( ) 2

2
1,013 22 0 htuhtI

Cm +≤  

( ) ( ) .21142 20
2

011 hudssEThtEh
t

mmm +⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎠
⎞⎜

⎝
⎛

ε
++ε≤ ∫  (3.12) 

Estimating ( ).4 tI  Using ( ),4A  we also obtain from Lemma 2.2 that 

( ) ( ) ( ) ( ) ( )∫⎟
⎠
⎞⎜

⎝
⎛

ε
++ε≤

t
mLmL dssEfttEftI

01,011,014 11
1142  

( ) ( ).2114 1,021,01
2

0 11 LLm ffu +⎟
⎠
⎞⎜

⎝
⎛

ε
++  (3.13) 

Estimating ( ),5 tI  by ( ),5A  we get 

( ) ( ( ) ( ) ( ) ( ) ( ) )∫ ′+′≤
t

mmm dssusFsusFsutI
0 215 ,,2  

( ) ( ) ( )∫ ′≤
t

mmx dssususF
0 12  

( ) ( ) ( ( ))∫ +′+
t

LTLm FdssusF
0 1,0;,02

2
2 21  

( ( ) ( ) ) ( ) ( ( ))∫ ++≤
t

LTLm FdssEsFsF
0 1,0;,0221 .2 21  (3.14) 

Estimating ( ).6 tI  Using integration by parts, it follows from ( )7A  that 
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( ) ( ) ( ) ( )( )∫ ξξ−−=
t

Nmmm dssusustktutI
0 16 ,...,,,,,02  

( ) ( ) ( )( )∫ ξξ+
t

Nmmm dssusuksu
0 1 ,...,,,,0,02  

( ) ( ) ( )( )∫ ∫ ττξτξτ−+
t s

Nmmm duuskDdssu
0 0 11 ,...,,,,,02  

( ) ( ) ( ).321 tJtJtJ ++=  (3.15) 

Also, we estimate the integrals in the right-hand side of (3.15) as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ −+−+≤
t t

mmm dsstktEdssEstktENtJ
0 0 211 212  

( ) ( )
( )

( )
( )∫ ε

+
ε

++ε≤
t

TLmTLm kdssEkNtE
0

2
,02

2
,01

2 ,1112 12  (3.16) 

( ) ( ) ( ) ( ) ( ) ( )∫ ∫++≤
t t

mm dssEkdssEkNtJ
0 0212 02012  

( ) ( )[ ] ( ) ( )∫ +++≤
t

m TkdssEkN
0

2
21 ,00121  (3.17) 

( ) ( ) ( ) ( ) ( )∫ ∫ τττ−+≤
t s

mm dEskdssENtJ
0 0 13 12  

( ) ( )∫ ∫ ττ−+
t s

m dskdssE
0 0 22  

( ) ( ) ( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ τττ−++≤ ∫ ∫ ∫

t t s
mm dsdEskdssEN

0 0

2

0 11  

( )
( )∫ ++

t

TLm kTdssE
0

2
,02 1  

( ) (
( )

) ( )
( )∫ +⎥⎦

⎤
⎢⎣
⎡ +++≤

t

TLmTL
kTdssEkTN

0
2

,01
2

,01 .111 12  (3.18) 
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Therefore, from (3.15)-(3.18), we get 

( ) ( ) ( )∫ ++ε≤
t

TmTm ddssEdtEtI
0

21
6 ,2  (3.19) 

in which 

( )
( )

( ) ( )( )

( )
( )⎪

⎩

⎪
⎨

⎧

+⎟
⎠
⎞⎜

⎝
⎛

ε
+=

++++⎟
⎠
⎞⎜

⎝
⎛

ε
+++=

.01

,210111

2
2

2
,02

2

1
2

,01
1

1

2

TkkTd

kNkNTNd

TLT

TLT
 (3.20) 

Using the imbedding ( ) [ ]( ),1,01,0 01 CH   there exists a constant 

0>C  such that 

( ) ( ) ( ) ( )( ) ( )( )∫ ≤+++
1

0 000 .,ˆ20ˆ20020 CdxxuxfuhugE mmmm  (3.21) 

We get from (3.8), (3.10)-(3.14), (3.19) and (3.21) that 

( ) ( ) ( ) ( )∫ ++ε≤
t

TmTmTm ddssEsdtEdtE
0

543 ,  (3.22) 

where 

( )

( ) ( ) ( ) ( ) ( )

( ( ) )

( ( )) ( ) ( )

( ) ( ( ) )

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

+++

+⎟
⎠
⎞⎜

⎝
⎛

ε
++′+

ε
++=

++⎟
⎠
⎞⎜

⎝
⎛

ε
++

λ+′++=

++=

∞

.2

114

12

,114

ˆ22

,322

2
2

2
011,01,0

2
,01,021,0;,02

5

1
11,01

21
4

11,01
3

11

121

1

1

hdC

uhfg

gfFd

dhfT

ssgsFsFsd

hfd

T

mLTL

TLLLTLT

TL

T

LT

 (3.23) 

Choosing ,12 3 ≤ε Td  applying the Gronwall inequality, we get 

( ) ( ( ) ) ,2exp2 ,0
45 1 TTLTTm dddtE ≤≤  (3.24) 

where Td  is a positive constant depending on T. 
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Next, we shall require the following lemma: 

Lemma 3.4. There exists a positive constant TC  such that 

( ) [ ]∑∫
=

∈∀≤ξ′
N

i

t
Tim TtCdssu

0
0

2 .,0,,  (3.25) 

Proof of Lemma 3.4. We put 

( ) ( ) ( )

( ) ( ) ( ) ( )[ ]

( ) ( ) ( ( ) ) ( )

( )
( ) ( ) ( )

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

ϕ⋅−ρ
ϕ

ξμ
−

ω′λ−ρξϕ−

ρ+ρ′ξϕ=

ρξμ=

∑ ∫

∑ ∫

∑

∑

=

=

=

=

m

k

t
kmk

k
ik

m

k

t
mkmkik

m

k
kmkkmkikmi

m

k
kikmi

dssFst

dsssusst

tbtatg

ttk

1
0

1
0

2

1

1

,,,0
cos2

,

,cos

 (3.26) 

where ( ) ( )( ) ( ( ) ).,,,, 2susxFsuxfsxF mmm −=  

By (3.3), (3.5)1 and (3.7), thus ( )tu im ,ξ  is rewritten as follows: 

( ) ( ) ( ) ( )∫ −−=ξ
t

mmimiim dssvstktgtu
0

.2,  (3.27) 

In connection with ( ),tgmi  we have the following lemma: 

Lemma 3.5. There exists a positive constant TĈ  such that 

( ) [ ]∑ ∫=
∈∀≤′

N
i

t
Tmi TtCdssg

1 0
2 .,0,ˆ  (3.28) 

Proof of Lemma 3.5. We define 

( ) ( ) ( ) ( ) ( ) ( ),tetdtctbtatg mimimimimimi −−−+−=′  (3.29) 

with 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ( ) ) ( )

( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

ϕ⋅′−ρ
ϕ

ξμ
=

ϕ⋅ρ
ϕ

ξμ
=

ω′λ−ρ′ξμϕ=

μξμϕ=

μξμμϕ=

∑ ∫

∑

∑ ∫

∑

∑

=

=

=

=

=

m

k

t
kmk

k
ik

mi

m

k
kmk

k
ik

mi

m

k

t
mkmkikkmi

m

k
kikmkkmi

m

k
kikmkkkmi

dssFstte

Fttd

dsssussttc

tbtb

tata

1
0

1

1
0

2

1

1

.,,0
cos2

,,0,0
cos2

,,cos0

,coscos0

,sincos0

 (3.30) 

Moreover, using the following inequality: 

( ) ( ) .,,,,,5 222222 R∈∀++++≤++++ edcbaedcbaedcba  

 (3.31) 

Hence, 

( ) ( ) ( )
{ }

∫ ∑ ∫ ∑
∈ =

=≤′
t

edcbaJ

t

j
jmimi tKdssJdssg

0
,,,,

0

5

1

22 .5  (3.32) 

We will estimate each term on the right-hand side of this inequality. 

Estimating ( ) ( )∫=
t

mi dssatK
0

2
1 .5  From (3.30)1 and (3.32), we easily 

see that 

( ) ( ) ( )∫ ∑
ξ+

ξ
= ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡
μμϕ≤

i

i

t m

k
kmkkk dssatK

2

1
1 sin02

5  

( ) ( )∫ ∑
ξ−

ξ−
= ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡
μμϕ+

i

i

t m

k
kmkkk dssa .sin02

5
2

1
 (3.33) 
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Next, we need the following lemma. The proof of it is simple, we omit 
the details. 

Lemma 3.6. Let baba <∈ ,, R  and .,1, mkck =∈ R  Then 

( ) { }( ) ( )∫ ∫ ∑∑
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
μ+≤

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
μ

==

b

a

m

k
kk

m

k
kk dsscbadssc

1

0

2

1

2

1
.sin2,max2sin  

 (3.34) 

By Lemma 3.6, we get from (3.5)2, (3.33) and ( )1A  that 

( ) ( )
( )

,210 2
1,001 1 THmi CuTtK ≤+ξ+≤  (3.35) 

where TC  always indicates a constant depending on T. 

Estimating ( ) ( )∫=
t

mi dssbtK
0

2
2 .5  Similarly, we get 

( ) ( ) .210 2
12 Tmi CuTtK ≤+ξ+≤  (3.36) 

Estimating ( ) ( )∫=
t

mi dssctK
0

2
3 .5  We deduce from (3.30)3 that 

( ) ( ( ) ) ( ) ( )( ) ( )∫ ∑
=

ω′ξ+−μϕλ=
t m

k
mkikkmmi dssstsustc

0
1

2 cos0,2
1  

  ( ( ) ) ( ) ( )( ) ( )∫ ∑
=

ω′ξ−−μϕλ+
t m

k
mkikkm dssstsus

0
1

2 cos0,2
1  

( ) ( ) ( )( ) ( )∫ ∑
=

ω′ξ+−μϕλ≤
t m

k
mkikk dsssts

0
1

cos0ˆ
2
1  

 ( ) ( ) ( )( ) ( )∫ ∑
=

ω′ξ−−μϕλ+
t m

k
mkikk dsssts

0
1

.cos0ˆ
2
1  (3.37) 
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Thus, 

( ) ( ) ( ) ( ) ( )( ) ( )∫ ∑
=

ω′ξ+−μϕλλ≤
t m

k
mkikkTLmi dssststc

0

2

1
,0

2 cos0ˆˆ
2
1

1  

( ) ( ) ( ) ( )( ) ( )∫ ∑
=

ω′ξ−−μϕλλ+
t m

k
mkikkTL dsssts

0

2

1
,0 .cos0ˆˆ

2
1

1  

 (3.38) 

By the Fubini theorem and Lemma 3.6, we deduce from (3.24) and (3.38) 
that 

( ) ( ) ( ) ( ) ( )( ) ( )∫ ∫ ∑τ
=

ττω′ξ+τ−μϕτλλ≤
t t m

k
mkikkTL dsdstK

0

2

1
,03 cos0ˆˆ

2
5

1  

( ) ( ) ( ) ( )( ) ( )∫ ∫ ∑τ
=

ττω′ξ−τ−μϕτλλ+
t t m

k
mkikkTL dsds

0

2

1
,0 cos0ˆˆ

2
5

1  

( ) ( ) ( ) ( ) ( ) τ
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
τω′μϕτλλ= ∫ ∑∫

ξ+τ−

ξ
=

ddzzi

i

t m

k
mkkk

t
TL

2

1
0,0 cos0ˆˆ

2
5

1  

( ) ( ) ( ) ( ) ( ) τ
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
τω′μϕτλλ= ∫ ∑∫

ξ−τ−

ξ−
=

ddzzi

i

t m

k
mkkk

t
TL

2

1
0,0 cos0ˆˆ

2
5

1  

( ) ( ) ( ) ( )∫ ≤ττ′τλλ+ξ+≤
t

TmTLi CduT
0

2
,0 .ˆˆ120 1  (3.39) 

Estimating ( ) ( )∫=
t

mi dssdtK
0

2
4 .5  By (3.30)4, we have 

( ) ( )( ) ( )( )
∫ ∑

=
μ

+ξ−μ++ξ+μ
≤

1

0
1

sinsin
2
1 m

k k
ikik

mi
xsxssd  
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( ) dxxFm 0,×  

( )( ) ( )( )∫ ∑
=

μ
−ξ−μ+−ξ+μ

+
1

0
1

sinsin
2
1 m

k k
ikik xsxs  

( ) .0, dxxFm×  (3.40) 

Now using (3.40) and Lemma 2.3, we arrive at 

( ) ( ( ) ( ) ( ) ( ) ).,0,,412 1,0
2

01,00 11 LmLmmi uFufsd ⋅+⋅⎟
⎠
⎞⎜

⎝
⎛

π
+≤  (3.41) 

Hence, we obtain from (3.5)2, (3.41) and ( ) ( ) ( )541 ,, AAA  that 

( ) ( ( )
( )

( )
( )

) .,0,,4140 2
1,0

2
0

2
1,00

2
4 11 TLmLm CuFufTtK ≤⋅+⋅⎟

⎠
⎞⎜

⎝
⎛

π
+≤  

 (3.42) 

Estimating ( ) ( )∫=
t

mi dssetK
0

2
5 .5  Proving in the same way as in (3.42), 

we have 

( ) ( )
( )∫ ⋅′⎟

⎠
⎞⎜

⎝
⎛

π
+≤

t

Lm dssFTtK
0

2
1,0

2
2

5 .,4110 1  (3.43) 

On the other hand, we remark that 

( ) ( )( ) ( ) ( ( ) )2
22 ,,,, susxFDsusuxfDsxF mmmm −′=′  

   ( ( ) ) ( ) ( )susususxFD mmm ,,,2 2
3 ′−  

( )( ) ( ) ( ( ) )2
22 ,,, susxFDsusuxfD mmm +′≤  

( ( ) ) ( ) ( )susususxFD mmm ′+ 2
3 ,,2  

( )( ).1+′≤ suC mT  (3.44) 
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Applying the Cauchy-Schwarz inequality, we get 

( ) ( ( ) )∫ ≤+′⎟
⎠
⎞⎜

⎝
⎛

π
+≤

t
TmT CdssuCTtK

0
22

2
2

5 .14120  (3.45) 

Combining (3.32), (3.35), (3.36), (3.39), (3.42) and (3.45), we have Lemma 
3.5.  

Remark 3.7. Lemma 3 in [5] is a special case of Lemma 3.5 with hF =  
.0== k  

We now return to the proof of Lemma 3.4. Noting that 

( ) ( )( ) ( ) ( ) ( ) ( )( )tutuktgtutuhtv Nmmmmm ,...,,,,0,, 111 ξξ+′+ξ′ξ′=′  

( ) ( )( )∫ ξξ−+
t

Nmm dssusustkD
0 11 .,...,,,,  (3.46) 

On account of (3.24) and ( ) ( ) ( ),,, 762 AAA  we get 

( ) ( )( ) ( ) .1,1 tgtuCtv mTm ′++ξ′≤′  (3.47) 

By Lemma 2.3 and the imbedding ( ) [ ]( ),1,01,0 01 CH   we get from (3.27) 

that 

( ) ( ) ( ) ( )∫ ′⎟
⎠
⎞⎜

⎝
⎛

π
++⎟

⎠
⎞⎜

⎝
⎛

π
++′≤ξ′

t
mmmiim dssvvtgtu

0

4120412,  

( ) ( ) .1
0

⎟
⎠
⎞

⎜
⎝
⎛ ′++′≤ ∫

t
mTmi dssvCtg  (3.48) 

Using Lemma 3.5, we deduce from (3.47) and (3.48) that 

( ) ( ) ( )∫ ∫ ∫ ∫
τ

′ττ++′≤ξ′
t t t

mTTmiim dssvdCtCdstgdssu
0 0 0 0

22222 333,  

( )∫ ∫
τ

=ξ′τ+≤
t

mTT NidssudCC
0 0

2
1 .,1,,  (3.49) 

Applying the Gronwall inequality, we obtain Lemma 3.4.  
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Step 3. Limiting process. With the help of (3.24) and Lemma 3.4, we can 
extract a subsequence of sequence { },mu  still labeled by the same notation 

such that 

( ( ))
( ( ))

( ) ( ) ( )⎪
⎩

⎪
⎨

⎧

=⋅ξ→⋅ξ

′→′
→

∞∗

∞∗

.,1,,0inweakly,,
,1,0;,0inweakly
,1,0;,0inweakly

1

2

1

NiTHuu
LTLuu
HTLuu

iim

m

m
 (3.50) 

By the compactness of the imbedding ( ) [ ]( )TCTH ,0,0 01   and the lemma 

of Lions [8], then (3.50) leads to 

( ) ( )( )
( ) ( )

( ) ( ) [ ]( )⎪
⎩

⎪
⎨

⎧

=⋅ξ→⋅ξ
×

×→

.,1,,0instrongly,,
,,01,0ina.e.and

,01,0instrongly

0

2

NiTCuu
T

TLuu

iim

m
 (3.51) 

Owing to ( ) ( )53 - AA  and ( ),7A  thus there exist constants TTT kFf ,,  and 

Tλ  such that 

( ( ) ) ( ( ) ) ( ) ( )
( ( ) ) ( ( ) ) ( ) ( )

( )( ) ( )( ) ( ) ( )
( ) ( )( ) ( ) ( )( )

( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

ξ−ξ≤

ξξ−ξξ
−≤−

−≤−
−λ≤λ−λ

∑ =

N
i iimT

NNmm

mTm

mTm

mTm

susuk

susutksusutk
txutxuftxuxftxuxf

tutuFtutxFtutxF
tutututtut

1

11

22

22

.,,

,...,,,,,...,,,,
,,,,,,,

,,,,,
,,,

 (3.52) 

Hence, it follows from (3.51) and (3.52) that 

( ) ( ) ( ) ( )( )
( ( ) ) ( ( ) ) ( ) ( )( )

( )
( ( ) ) ( ( ) ) ( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

λ→λ
→

×→
×→

,,0instrongly,,
,,0instrongly

,,01,0instrongly,,,,
,,01,0instrongly,,

222

2

222

2

TLtuttut
TLvv

TLtutxFtutxF
TLuxfuxf

m

m

m

m

 (3.53) 

where 

( ) ( ) ( )( ) ( )( ) ( )∫ +ξ+ξξ−=
t

N tgtuhdssusustktv
0 11 .,,...,,,,  (3.54) 
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Therefore, passing to the limit in (3.4) by ( ) 2,150.3  and (3.53), we have that 

u satisfies the following equations: 

( ) ( ) ( ) ( ) ( )( )

( ( ) ) ( ) ( ( ) )
( ) ( ) ( ) ( )

⎪
⎪
⎩

⎪
⎪
⎨

⎧

==
∈ϕ∀ϕ⋅=ϕ′λ+

ϕ⋅+ϕ+ϕ+ϕ′

.0,,0,
,,,,,,,

,,0,,

10

22

xuxuxuxu
HtutFtutut

tuftvtutudt
d

t

xx

 (3.55) 

The existence of weak solutions is proved. 

Step 4. Uniqueness of the weak solutions. Let 1u  and 2u  be two weak 

solutions of the problem (1.1)-(1.4). Then 21 uuu −=  is a solution of the 

following problem: 

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )⎪
⎩

⎪
⎨

⎧

====
−=

′λ−′λ+−+−

,00,0,,,0,0,1
,,,,,

,,,,
2

2
2

1

2
2

21
2

121

xuxutvtutu
utxFutxF

uutuutuxfuxfuu

tx

xxtt
 (3.56) 

where 

( ) ( ) ( ) ( )( )∫ ∑
=

− ξξ−−=
t

i
Niii

i dssusustktv
0

2

1

1 ,...,,,,1  

( ) ( )( )∑
=

− ξ−+
2

1
1

1 .,1
i

i
i tuh  (3.57) 

With ,010 == uu  

( ) ( ) [ ( ) ( ) ( ) ]∑ =
− ′λ−−−=χ

2
1

21 ,,,,,1,
i iiii

i uutuxfutxFtx  

we deduce from Lemma 2.4 that 

( ) ( )( ) ( )( ) ( )⎜
⎝
⎛ ′⋅−⋅−= ∫

t
dssusufsuftE

0 21 ,,,2  

( ( ) ) ( ( ) ) ( ) ⎟
⎠
⎞′⋅−⋅− ∫

t
dssususFsusF

0
2

2
2

1 ,,,,,  
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( ) ( ) ( )( )∫ ∑
=

−−′−
t

i
i

i dssuhsu
0

2

1

1 ,01,02  

( ( ) ) ( ) ( ( ) ) ( ) ( )∫ ′′λ−′λ−
t

dssususussusus
0 2

2
21

2
1 ,,,2  

( ) ( ) ( ) ( )( )∫ ∑
=

− ξξ−−−
t

i
Nii

i dssusustktu
0

2

1
1

1 ,...,,,,1,02  

( ) ( ) ( ) ( )( )∫ ∑
=

− ξξ−+
t

i
Nii

i dssusuksu
0

2

1
1

1 ,...,,,,01,02  

( ) ( ) ( ) ( )( )∫ ∫ ∑
=

− ξξ−−+
t r

i
Nii

i dssususrkDdrru
0 0

2

1
11

1 ,...,,,,1,02  

( ) ( ) ( ),621 tJtJtJ +++=  (3.58) 

in which ( ) ( ) ( ) .22 tututE x+′=  

Next, we can estimate the integrals in the right-hand side of (3.58) as 
follows: 

First term ( ).1 tJ  Using ( )4A  and ( ),5A  hence it follows from Lemma 2.1 

that 

( ) ( ) ( )∫+≤
t

MM dssEMFftJ
01 ,4  (3.59) 

where 

[ ] [ ]( )

([ ] [ ] [ ])

( ( ) ( ( )) )⎪
⎪
⎩

⎪
⎪
⎨

⎧

′+=

=
=

∑ =

××

−×

∞∞
2

1 1,0;,0;,0

,0,01,03

,1,02

.

,
,

2

20

0

i LTLiHTLi

MTCM

MMCM

uuM

FDF
fDf

 (3.60) 
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Second term ( ).2 tJ  Setting [ ]( ).,2 MMCM hh −=  Integrating by parts, 

then 

( ) ( ) ( ) ( )( )∫ θθ+′−=
1

0 2
2

2 ,0,0,0 dtutuhtutJ  

( ) ( ) ( )( ) ( ) ( )( )∫ ∫ θ′θ+′θ+′′+
t

dsusususuhdssu
0

1

0 22
2 ,0,0,0,0,0  

( ) ( ) ( )( ) ( ) .,0,0,0,0
0

2
21

2
⎥⎦
⎤

⎢⎣
⎡ ′+′+≤ ∫

t
M dssususutuh  (3.61) 

On the other hand, by Lemma 2.2, we get 

( ) ( ) ( )∫ >ε∀⎟
⎠
⎞⎜

⎝
⎛

ε
++ε≤

t
dssETtEtu

0
2 .0,11,0  (3.62) 

We deduce from (3.61) and (3.62) that 

( ) ( ) ( ) ( )∫+ε≤
t

M dssEshtEhtJ
02 ,ˆ  (3.63) 

in which 

( ) ( ) ( )( ) ( ) .1211,0,0ˆ
21 MTM hTCTsusuhsh +⎟

⎠
⎞⎜

⎝
⎛

ε
++′+′ε=  (3.64) 

Third term ( ).3 tJ  With ([ ] [ ]),20 ,0,02 MTCM D ×λ=λ  by ( ),3A  this 

yields 

( ) ( ( ) ) ( )∫ ′λ−=
t

dssusustJ
0

22
13 ,2  

[ ( ( ) ) ( ( ) )] ( ) ( )∫ ′′λ−λ−
t

dssususussus
0 2

2
2

2
1 ,,,2  

( ) ( ) ( )∫ ∫λ+′λ≤
t t

M dssEMdssus
0 0

2 2ˆ2  

( ( ) ) ( )∫ λ+λ≤
t

M dssEMs
0

.ˆ2  (3.65) 
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In addition, from ( ),7A  we obtain the estimates for the other terms as 

follows: 

( ) ( ) ( ) ( ) ( )∫ ∫+≤≤
t t

MM dssETkNtEdssENtEktJ
0 0

22
4 ,44

12  

( ) ( ) ( ) ( )∫ ∫=≤
t t

MM dssENkdssENksEtJ
0 05 ,22  

( ) ( ) ( ) ( ) ( )∫ ∫ ∫+≤≤
t r t

MM dssEkTNdssENkdrrEtJ
0 0 0

2
6 ,12  (3.66) 

where 

( ([ ] [ ] ) ([ ] [ ] ) )∑ +

= −×−× +=
1

2 ,,0,,01, .00
N
i MMTCiMMTCiM NN gDgDk  

 (3.67) 

Choosing ,14 ≤ε Mh  hence it follows from (3.58), (3.59), (3.63), (3.65) 

and (3.66) that 

( ) ( ) ( )∫≤
t

M dssEsdtE
0

,  (3.68) 

where 

( ) ( ) ( ) ( ) ( ) .344ˆ2ˆ 222
MMMMMM kTNTkNFMfsshsd +++λ+++λ+=  

 (3.69) 

Using the Gronwall inequality, we obtain ( ) ,0=tE  i.e., .21 uu =  

This completes the proof of Theorem 3.2.  

Remark 3.8. Theorem 3.2 still holds if ( )7A  is replaced by the following 

condition: 

( )7A′  ([ ] ),,02 NTCf R×∈  there exist positive functions 21, kk  

( )TW ,01,1∈  and ( )TLkk ,0, 1
43 ∈  such that 
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( ) ( ) ( )

( ) ( ) ( )⎪⎩

⎪
⎨

⎧

+≤

+≤

∑
∑

=

=
N
i iN

N
i iN

tkutkuutkD

tkutkuutk

1 4311

1 211

....,,,

,...,,,
 

4. Stability of the Weak Solutions 

Let ( ) ( ) ( )1,01,0, 21
10 LHuu ×∈  be fixed functions. In addition, we 

assume that 1h  and 2h  are fixed constants, ( ) ( ),,0ˆ,1,0, 12
21 TLLff ∈λ∈  

( )TWkk ,0, 1,1
21 ∈  and ( ( ))1,0;,0, 21

21 LTLFF ∈  are fixed functions 

satisfying ( ) ( )73 - AA  (independent of khFf ,,,  and λ). Using Theorem 

3.2, the problem (1.1)-(1.4) has a unique weak solution u depending on f, F, 
g, h, k and λ. We denote 

( ),,,,,, λ= khgFfuu  (4.1) 

where λ,,,,, khgFf  satisfy ( ) ( ).- 72 AA  

Then the stability of the solutions of the problems (1.1)-(1.4) is given by: 

Theorem 4.1. Let ( ) ( )71 - AA  hold. Then the solutions of the problems 

(1.1)-(1.4) are stable with respect to the data ( )λ,,,,, khgFf  in the 

following sense: 

If ( )jjjjjj khgFf λ,,,,,  and ( )λ,,,,, khgFf  satisfy ( ) ( )72 - AA  

and 

( )
( ) ( )⎩
⎨
⎧

λ∂∂→λ∂∂
→

instronglyhtkkFfhtkkFf
TWinstronglygg

jjjjjj

j

,,,,,,,,,,
,,01,1

 

[ ] [ ]( ) ([ ] [ ] [ ])200 ,0,01,0,1,0 MTCMMC ×××−×  

[ ([ ] [ ] )] [ ]( ) ([ ] [ ])20120 ,0,0,,,0 MTCMMCMMTC N ××−×−××  

as .0, >∀∞→ Mj  (4.2) 
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Then 

( ( ) ( )) ( ) ( )( )⋅ξ⋅ξ→⋅ξ⋅ξ ,...,,,,,,...,,,,, 11 NtN
jjj

t
j uuuuuuuu  (4.3) 

strongly in ( ( )) ( ( )) [ [ ]( )]NTCLTLHTL ,01,0;,01,0;,0 021 ×× ∞∞  as ,∞→j  

where 

( ) ( ).,,,,,,,,,,, λ=λ= khgFfuukhgFfuu jjjjjjj  

Proof of Theorem 4.1. Firstly, we can assume that 

( ) ( ) ,,0,0 1,11,1 ∗≤+ ggg TWTW
j  (4.4) 

where ∗g  is a fixed positive constant. 

On the other hand, by the proof of Theorem 3.2, we easily show that 

( ) ( ) ( )∑ ∫=
≤ξ++

N
i

t
Titxt Cdssututu

1 0
222 ,,  (4.5) 

( ) ( ) ( )∑ ∫=
≤ξ++

N
i

t
Ti

j
t

j
x

j
t Cdssututu

1 0
222 ,,  (4.6) 

where TC  is a constant depending on ,,ˆ,,,,,,,, 21212110 ∗λ gkkFFffuu  

.,, 21 Thh  We set 

{ }.,,,,,,ˆ λ∈μμ−μ=μ khgFfj
j  (4.7) 

Then uuv jj −=  satisfies the following problem: 

( ) ( ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

====

<<<<χ=−

,,0,0,1,00,0,

,0,10,

twtvtvxvxv

Ttxvv
jj

t
jj

t
j

jj
xx

j
tt  (4.8) 

where 
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( ) ( ( )) [ ( ( )) ( )( )]
[ ( ( ) ) ( ) ( ( ) ) ( )]

( ( ) ) [ ( ( ) ) ( ( ) )]
( ) ( ) ( ( )( )) [ ( ( )( )) ( )( )]

( ( ) ( ))

( ( ) ( ))

( ) ( )( )⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

ξξ−−

ξξ−+

ξξ−+

ξ−ξ+ξ+=

−++
λ−λ−

−−−=χ

∫
∫
∫

t
N

t
N

jj

t
N

jj
j

jj
jj

j

jj
j

t
j

t
jj

jj
j

j

dssusustk

dssusustk

dssusustk

tuhtuhtuhtgtw

tutxFtutxFtutxF
tututtutut

tuxftuxftuxftx

0 1

0 1

0 1

111

222

22

.,...,,,,

,...,,,,

,...,,,,ˆ

,,,ˆˆ
,,,,,,,ˆ

,,

,,,ˆ,

 

 (4.9) 

Applying Lemma 2.4 with ,010 == uu  we obtain 

( ) ( ( ) ) ( ) ( ( ) ) ( ) ( )∫ λ−λ−=
t j

tt
j

t
jj

j dssvsusussusustE
0

22 ,,,2  

( ( ) ) ( ( ) )∫ ⋅−⋅+
t j susFsusF
0

22 ,,,,2  

( ) ( ) ( ) dssvufuf j
t

j ,,, ⋅+⋅−  

( ( ) ) ( ) ( )∫ ⋅−⋅+
t j

t
j

j
j

j dssvufsusF
0

2 ,,ˆ,,ˆ2  

( ) ( ) ( ( )) ( )∫ ∫ ξ−−
t t j

t
j

j
j

tj dssvsuhdssvsg
0 0 0 ,0,ˆ2,0ˆ2  

[ ( ( )) ( )( )] ( )∫ ξ−ξ−
t j

t
j dssvtuhtuh

0 11 ,0,,2  

( ) ( ( ) ( ))∫ ∫ ξξ−−
t r

N
jj

j
j

t dssususrkdrrv
0 0 1 ,...,,,,ˆ,02  

( ) ( ( ) ( ))⎢⎣
⎡ ξξ−− ∫ ∫

t r
N

jjj
t dssususrkdrrv

0 0 1 ,...,,,,,02  
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( ) ( ( ) ( )) ⎥⎦
⎤ξξ−− ∫ ∫

t r
N

j
t dssususrkdrrv

0 0 1 ,...,,,,,0  

( ) ( ) ( ),821 tKtKtK +++=  (4.10) 

where 

( ) ( ) ( ) .22 tvtvtE j
x

j
tj +=  (4.11) 

Now we can estimate the integrals in the right-hand side of (4.10). 

Estimating ( ):1 tK  Set ([ ] [ ]) ,2,20 ,0,02 TMTCM CMD =λ=λ ×  then 

using (4.5), (4.6) and the Cauchy-Schwarz inequality, we obtain 

( ) ( ( ) ) ( )∫ λ−=
t j

t dssvsustK
0

22
1 ,2  

( ( ) ) ( ) ( )∫ λ−
t j

t
j

t
j

j dssvsusus
0

2 ,,ˆ2  

[ ( ( ) ) ( ( ) )] ( ) ( )∫ λ−λ−
t j

t
j

t
j dssvsusussus

0
22 ,,,2  

([ ] [ ])
2

,0,0 20
ˆ

MTCjTTC
×

λ≤  

( ( ) ) ( )∫ +λ+λ+
t

jM dssEMs
0

.1ˆ2  (4.12) 

Estimating ( ):2 tK  Due to ( )4A  and ( ),5A  it yields 

( ) ( ) ( )∫+≤
t

jMM dssEFftK
02 ,  (4.13) 

with [ ] [ ]( ) ([ ] [ ] [ ])., 200 ,0,01,02,1,02 MTCMMMCM fDFfDf ××−× ==  

Estimating ( ):3 tK  We easily show that 

( ) (
[ ] [ ]( ) ([ ] [ ] [ ])

)2
,0,01,0

2
,1,03 200

ˆˆ2
MTCjMMCj FfTtK

××−×
+≤  

( )∫+
t

j dssE
0

.  (4.14) 
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Estimating ( ):4 tK  Since [ ]( ) ( ) ( ),,0, 1,1
,0,0 1,10 TWvvkv TWTTC ∈∀≤  

we get 

( ) ( )
( ) ( )TWjTWj

T
j ggktEtK ,0

2
,0

2
4 1,11,1 ˆˆ +

ε
+ε≤  

( ) ( )∫ ′+
t

jj dssEsg
0

.ˆ  (4.15) 

Estimating ( ):5 tK  By using ( )6A  and (4.6), we get 

( ) ( ) ( )
[ ]( )∫ −

⎟
⎠
⎞⎜

⎝
⎛

ε
+++ε≤

t

MMCjTj hCdssEtEtK
0

2
,5 .ˆ1

1  (4.16) 

Estimating ( ):6 tK  Similarly as in (3.63), we also have 

( ) ( ) [ ]( ) ( ) ( )∫+ε≤ −
t

jMMCj dssEsMhtEtK
0,6 ,2  (4.17) 

where 

( ) ( ( ) ( ) ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛

ε
++++ε= 1112,0,0 2

3
MTsususM t

j
tj  

     [ ]( ).,2 MMCh −×  (4.18) 

Estimating ( ):7 tK  By using (4.6) and ( ),7A  then 

( ) ( ) ( ) ( )
([ ] [ ] )∫ −×

ε+
ε

++ε≤
t

MMTCjjj NkTTdssEtEtK
0

2
,,07 0

ˆ  

([ ] [ ] )
.ˆ 2

,,01
2

0 NMMTCjkDT
−×

+  (4.19) 

Estimating ( ):8 tK  From ( ),7A  it is easy to show that 

( ) ( ) ( )∫+ε≤
t

jMj dssEktEtK
08 ,  (4.20) 
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where 

( ) ( ([ ] [ ] )∑ +

= −×+=
1

2 ,,01, 03
N
i MMTCiM NgDTNNk  

([ ] [ ] ) ).,,00 NMMTCigD −×+  (4.21) 

Combining (4.10)-(4.17), (4.19) and (4.20), then choosing ,2
11 =ε TM  we 

get 

( ) (
[ ] [ ]( )

2
,1,0

32
0

ˆexp2
MMCjTTj fMMtE

−×
≤  

([ ] [ ] [ ]) ( ) ( )TWjTWjMTCj ggF ,0
2

,0
2

,0,01,0
1,11,120 ˆˆˆ +++

××
 

[ ]( ) ([ ] [ ] )
2

,,0
2

, 01
ˆˆ

NMMTCjMMCj kh
−×−

++  

([ ] [ ] ) ([ ] [ ])
),ˆˆ 2

,0,0
2

,,01 200 MTCjMMTCj NkD
×−×

λ++  (4.22) 

where 

[ ]( )

( ) ( ) ( )

( ) ( ) ( ) ( )⎪
⎪
⎩

⎪
⎪
⎨

⎧

+λ++++λ+′+=

+++++⎟
⎠
⎞⎜

⎝
⎛

ε
+=

+= −

.3ˆ2ˆ

,1131211
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3

222
,

1 2

MMMMjjT

TTT

MMCT

MkFfssgsMsM

CTkTM

hM

 (4.23) 

Consequently, 

( ( )) ( ( ))
( )

[ ]( )∑
=

⋅ξ++ ∞∞

N

i
TCi

j
HTL

j
LTL

j
t vvv

1

2
,0

2
1,0;,0

2
1,0;,0 012 ,  

(
[ ] [ ]( ) ([ ] [ ] [ ])

2
,0,01,0

2
,1,0 200

ˆˆ
MTCjMMCjT FfM

××−×
+≤  

( ) ( )TWjTWj gg ,0
2
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1,11,1 ˆˆ ++  
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[ ]( ) ([ ] [ ] )
2

,,0
2

, 01
ˆˆ

NMMTCjMMCj kh
−×−

++  

([ ] [ ] ) ([ ] [ ])
),ˆˆ 2

,0,0
2

,,01 200 MTCjMMTCj NkD
×−×

λ++  (4.24) 

where TM  is a constant depending on ,,ˆ,,,,,,,, 21212110 ∗λ gkkFFffuu  

.,, 21 Thh  Theorem 4.1 is completely proved.  

Remark 4.2. Theorem 13 in [16] is a special case of Theorem 4.1 with 
0=λ=F  and ( ) ( ) ( ),...,,...,,, 1211 NN uuktkuutk =  where 21, kk  are 

given functions. 
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