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Abstract

This paper is devoted to the study of a wave equation with mixed
boundary conditions of many-point type. The existence and
uniqueness of weak solutions are proved by applying the Galerkin
method. In addition, the stability of the weak solution is considered.

1. Introduction
In this paper, we consider the following wave equation:

U — Ugx + F(X, 1)+ A(L [[u®) P)u = F(x, t, [[u(t) ), (L1

associated with mixed boundary conditions
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u®, t) =0, (1.2)
(0, )= 9(0) + h(u(ey, 1) + [ K(t =5, U(es, 9) oo Uey, s (1)

and initial conditions
u(x, 0) = ug(x), W(x, 0) =wy(x), (x,t)e(0,2)x(0,T), (1.4)

where f, F, g, h, Kk, &, up, uy are given functions and &, &o, ..., Ey are

constantssuchthat 0 = &; < &y <--- < &N < 1.

The problems of wave equations have been studied by many authors, for
example, we can seein [1-3, 5, 6, 10-16]. Below are some typical works.

Rabinowitz [14] gave a procedure to construct the time-periodic solution
of the following problem

Ut — Uy + T(X,u) =0, (x,t) e (0, 1)xR, (1.5)
together with the boundary and periodicity conditions
u©, t) =u(, t) =0, (1.6)
u(x, t+T)=u(x t), .7
wherel, T are positive constants and f is a given function.

Nguyen and Giang Vo [11] showed the asymptotic behavior of the

solution of the following problemas ¢ — 0",
Ut — Uyy + Ku+ A = (X, 1), (1.8)
ud t) =0, (1.9

(0,0 = | ; K(t — S)U(0, s)ds + hu(0, t) + &u (0, 1) + g(t),  (1.10)

u(x, 0) = ug(x), W (x, 0) = y(x), (1.11)

where K, A, h, ¢ are positive constants and f, g, k, ug, iy are given

functions.
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In[10], Li studied the existence and uniqueness of weak solutions for the
Emden-Fowler type wave equation

t2Uy — Uy = |u|P2u, (1.12)
subject to zero boundary values and initial values
u(x, 1) = ug(x), u(x 1) =uw(x), (xt)e(a b)yx(@T), (1.13)
where p > 2 isaconstant and ug, W are given functions.

Bergounioux et al. [2] considered the linear wave equation given by

Ut — Uy + Ku+ Al = (X, t), (1.14)
(0, ) = W), ~Uy(L 1) = pu, 1) + quy (L 1), (115)
u(x, 0) = ug(x), Uu(x, 0) = y(x), (1.16)

where K, A, p, q are given constants and f, ug, iy are given functions.

Also, u and v satisfy the following Cauchy problem:

{V"(t) + u2v(t) = hug(0, 1), (1.17)
v(0) = vg, V'(0) = v,

where p > 0, h > 0, v, vy are constants.

Also, Giang Vo [16] obtained the stability of the weak solution to the
problem (1.1)-(1.4) in the case of F=A=0 and K(t, Uy, ..., Uuy) =

Ky (t)ko(uy, ..., uy ), Where k; and k, are given functions.

This paper consists of two parts. In Part 1, we show the existence and
uniqueness of weak solutions of the problem (1.1)-(1.4) by applying the
Galerkin method. Finally, in Part 2, we prove that this solution is stable in
the sense of continuous dependence on the given data (f, F, g, h, k, A).
The results are considered as the relative generalization of the works [2, 5,
11, 15, 16].
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2. Preliminaries

Firstly, we denote by (-, -) and |- |, respectively, the scalar product and
thenormin L2(0, 1).

Let u(t), u'(t) = u(t), U"(t) = uy(t), u(t) and uy(t) denote u(x, t),
gt—u(x, t), Ztig(x, t), g—)l:(x, t) and %(x, t), respectively.
Next, we define a closed subspace of the Sobolev space HY(0,1) as
follows:
H ={ueH0 1):u® =0} (2.1
with the following scalar product and norm:
(U V) = (U V) and Jufly =fux]. (2.2)
Then it is easy to prove the following:
Lemma 2.1. The embedding H — C°([0, 1]) is compact and
IVIcogoy <1Vl <1Vl < V2Vl WeH. (23

Lemma2.2. Let € > 0. Then

1
V1204 g < o1 ¥ + (14w we o, (2.4)

Also, we have other lemmas.

Lemma 2.3 (See[16]). Lt me N and u; = (2j -1)5, j =1 m. Then

‘Zm smuJ

Lemma 2.4 (See [9]). Let u be the weak solution of the following
problem:

1+%, vx e R. (2.5
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Ut —Uyp =% 0< X< 0<t<T,

u(d t) = 0, uy (0, t) = v(t),

u(x, 0) = Up(x), Up(x, 0) = ty(x), (2.6)
ue L”(0,T; HY0, 1)), u e L°(0, T; L?(0, 1)),

u(0, -), ve HY(0, T) and % e L?(0, 1) x (0, T).

Then we have

WO +Ju®? + 2] (0, s)cs

t
> [ 7 + [ uox | + 2[_(x(s), u(s)ds. ae te[0.T] 27
Equality holdsin case ug = u; = 0.

3. Existence and Uniqueness of Weak Solutions
We make the following assumptions:
(A) Up e H and uy € L(0, 1),
(A) g eW"(0, T),

(Ag) A, Dok e co(o, T]xR,), there exists a positive function
A e LYo, T) such that

[A(t, u)| < At), ae. te[0,T], Vue R,

(A)) f,Dyf eCO(0,1]x R), there exist positive functions fy, f5 e
L}(0, 1) such that

f(x u) = j;f(x, s)ds > —f;(x)u’ — f,(x), ae xe[0 1] VueR,

(As) F,D,F, DgF € CO([0,1]x[0, T]x R,), there exist positive
functions F, F, € LYo, T; L2(0, 1)) such that
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|F(x t, u)] < Fy(x, OUY? + Fy(x, 1), ae (x, t) € [0, 1]x [0, T], Vu e R,
(Ag) he C?(R), there exist positive constants hy and hy, such that

ﬁ(u) = I:h(s)ds > —muz -hy, YueR,

(A7) ke Cz([O, T]xRN), there exist positive functions ki, ko €
W10, T) such that

(k| +] DK -0 i) < kO [t [+ kalt),
aetel0,T]and Vu eR,i =1 N.
Remark 3.1. (i) We consider the following function:
f(x, ) = u[P"2u = a()|u]*?u-B(x)u - ¥(x),
where p > q > 2 areconstantsand o, B, y € CO([O, 1]), y # 0. Then
I:f(x, s)ds = %| ulP - %(x(x)| ul4 —%B(x)u2 —y(x)u.
Applying the Young inequality ab < ea" + c,b", with

1
a:|u|q,b=a|a(x)|,r=§,

I"

N _ 1 _1
r'= p_q,s_—zp,cg_ r,(sr) r.
Then
1 1 f 1 1 P
=la(x uqs—up+2p‘q(———) X) [p—q.
g A Tult = 55yl q gl X)lpd
Therefore,
q
u 1 (1 1 |
Jo f(x, s,)dsz§(|[3(x)|+1)u2[2p q(a—ajla(x)lp—q +§Y2(X)]-

Consequently, f satisfies (Ay).
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(i) (Aq) till holdsif f satisfies the following condition:

(Ay) feCY0,1xR), f(x,00=0 and uf(x,u)>0, Vxel0, 1]
uelR.

Since f;f(x, s)ds > 0, vx € [0, 1], u e R. But f in (i) does not satisfy
(A)-
Under the above assumptions, we obtain the following theorem:

Theorem 3.2. Let (A)-(Ay) hold. Then the problem (1.1)-(1.4) has a

unique weak solution u such that

{u e L°(0, T; H), u e L”(0, T; L2(0, 1)), (3.0)

u, ) e HY0, T), i=1 N.
Remark 3.3. If we replace the term u; in equation (1.1) or the term
h(u(&, t)) in equation (1.3) by the term ¢(u ) or the term h(u(§;, t)), with

i =2, N, ¢ isanonlinear function, respectively, then we have no conclusion

about the existence of weak solutions for the problem (1.1)-(1.4). These are
open problems.

Proof of Theorem 3.2. The proof consists of steps 1-4.

Step 1. Galerkin approximation. We use a special orthonormal basis
of H:

P(X) = 2/(L+ pf) cos(pyx), i = (2K —1)% k=12.. (32
We find the approximate solution of the problem (1.1)-(1.4) in the form
m
Un(%, 1) = D om0k (x), (3:3)

where the functions oy (t) satisfy the following system of differential
equations:
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(Un(t), @k) + (Umx(t), @ix) + V() @k (0) + (f (-, Um(D)), @k)

M [ um® [P (Ui 0k) = (FG 4 [ um@®[P) 0x), k=1 m,  (34)
with
() = [ K= S UnfEa, 9 o U, )0 + hitin(Ea, 1) + 910),

Um(0) = ugy = Z?_lankq)k — g strongly in HY(0, 1), (3.5)
Um(0) = Uy = erlbmkq)k — y strongly in L(0, 1).

Therefore, this system of the equations is written in the form

Ohic(t) + 1Eomk () = =2t | Um(®) [2) ohic (1)

— —=— Vn(®@k(0) + (f (, um(®)) = F( t, [ um(®) ), 1)1,
| okl (3.6)

Vm(t) = J; K(t —s, un(&1, ), - Um(Ens S))ds + h(up(E, 1) + g(t),
omk(0) = amk,  Ohk(0) = bk, k=1 m

Setting py(t) = sin(ut)/pnk, we easily see that

omk (t) = apkpk (t) + bk () - J;Pk(t — 9M(S, | Un(S)[?) 0hic(s)ds
-ﬁj;dsjospk(t —SK(S— T, Un(Ep, T o Unm(En, T) T

2 t
= o) Pt 9(um(E, 9) + g(s)lds

2 Itpk(t = 9)(f( Um(s)) = F( s [ um() %), k) ds. (3.7)
0§(0) 70

By (A)-(Ay), the system (3.7) has a solution (@, -y ®mm) ON anN
interval [0, Ty,] (see[7]). Thisimplies that the solution up,(t) of the system
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(3.4)-(3.5) exists on [0, T,,]. The following estimates allow us to take
Tm =T (see[4]).

Step 2. A priori estimates. In (3.4), we replace ¢y by

Un() = Y oDk,

integrating from O to t, we abtain

En(®) < En(0) + 29(0)m(0) + 20(uom(O) + 2] T (%, Uom ()%
ta t
+ 2j0x(s) Eq(S)ds — 2g(t)uy (0, t) + 2 j L9 (S (0, s)ds
~ 1.
— 2h(Ur(0, 1)) - 2 j O ()
t 2y
#2[ (FC. s | un(9) ), un(s) s
t S
- zjou;n(o, s)dsjo K(S = T, Um(Egs )y v Un(En, 7)) T
= En(0) + 29(0)Uom(0) + Zi(om(0) + 2[ T (x, tom(4))

# 2 LS Em(ds + 12(0) + 150+ + 1600, (39
where

Em(t) = [ () [* + ] um(®) 2. (39

We shall estimate, respectively, the following terms on the right-hand
side of (3.8).

Estimating 14(t). Using (3.9) and Lemma 2.1, we have
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1 2
[1(t) < eEp(t) + . g ||Lw(0’ . Ve > 0. (3.10)

Estimating 1,(t). By (Ay), then

t t
I5(t) = 2_[0 g'(s)uy(0, s)ds < Jo' 9'(s)|[Em(s)ds+| g’ |||_1(0, 7y (311
Estimating 13(t). Using Lemma 2.2, we obtain

13(t) < 20 Um(®) 2o, + 2N

t
< 2l Em(t) + 4h1(1+ %j (T j Em(s)ds +| tom ||2) +2h,. (312
Estimating 14(t). Using (A,), we also obtain from Lemma 2.2 that
1 t
14(8) < 26] 1 |,20,1)Em(®) + 4(1 ; E) I fuli30.0 f Em(S)ds
1
eq1e 2 lvon A iy + A liery (319

Estimating 15(t), by (As), weget

15 = 2] (1 Un(S)I(Fa(S) [ Un(9)) + (Fo(S). | Un(S) D) s
t
< 2[ | FS) ()] vin(9) s
t A
+ [ 1P uin(9) Pds + | Fa o 7120,

t
< f JARE) [+ ) DEn(S)ds + | Fo 3o 7120 (B14)

Estimating 14(t). Using integration by parts, it follows from (Ay) that
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16(8) = -2 (0, D] K(t =, tn(E, 9, - (e, )
v ; U (0, KO, Urn(Eg, S), o Un(Ens S))dS

t S
t 2J' (0 s)dsj DIk(S = %, Up(Eg, 7)o (B, D)k

= Jl(t) + Jz(t) + Jg(t) (315)

Also, we estimate the integral s in the right-hand side of (3.15) asfollows:

50 < 2N + VEn@) | ; a(t —~ WER(S) s + 2/En0) | :) kot — s)ds
< 2En(0)+ (N+ 025l [ En(©ds+ S I3 (216)
J5(t) < 2(N + Dkg(O)f ; E. (s)ds + 2k2(0)J‘:)4/ E(5)ds
<[1+ 2N +1) k1(0)]j; E.(s)ds + TkZ(0), (3.17)
35(t) < 2N + 1)](;4/ E(5 dsj:kl(s WEAD e
. zj;,/Em(s) as Oskz(s e
t t(ps 2
< (N +1) UO Eqn(s)ds + j 0[ j (s = DVER() drj ds}
+ [ En()ds Tk |2

o, 1)

t
< [(N DT+ +1} [ En@dsTIklE . @19)
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Therefore, from (3.15)-(3.18), we get
1 (¢ 2
I(t) < 26E(t) + ot j Em(9)0s+ df, (3.19)

in which

dl = (N +1)(T . N;l)" 42 p, (N D (kO +D)+2 520

1
of =(T+3]Ike [y 5, + TGO

Using the imbedding H(0, 1)  c°([0, 1]), there exists a constant
C > 0 such that

Em(0) + 29(0) tgm(0) + 2h(Ugm(0)) + 2 j ; f(x, Upm(X))dx < C.  (3.21)
We get from (3.8), (3.10)-(3.14), (3.19) and (3.21) that
Eqn(t) < sd2E(t) + j ; d4(S)Epy(S)ds + 02, (3.22)

where

df =2 fuf20q +2M+3
df(s) = 2 Fu(s) [ + | Fa(9) [ + [ 9'(9) ] + 2 A(9) |
; 4T(1+ %) (I f1 20,2 + M) + 0,
5 (3.23)
LOO(O,T)
19 haom) + 41+ 5 )0 o * Ml tom P

+C+d12+2h2.

5 1
&7 =l P20 1201 + 2 f2 it + 5191

Choosing st? < 1, applying the Gronwall inequality, we get
Em(t) < 207 exp(2] df [10,1) < dr, (3.24)

where dy isapositive constant depending on T.
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Next, we shall require the following lemma:
Lemma 3.4. There exists a positive constant Cy such that
N ot
> j lun(&, s)Pds< Cr, vtelo,T]. (3.25)
i0°°
Proof of Lemma 3.4. We put

ki (1) = ) cos(& ) pic(b),

k=1

Imi (1) = D 0k (&) [ampk(t) + brepic (V)]
k=1m (3.26)

= k@) it = 9 (9 Pl s
k=1

=S N
) 2;%]‘0‘)"0 = 8)(Fm(. 8), k) s,

where Fy (%, ) = (X, Up(S)) = F(X, S, | um(s) ||2).
By (3.3), (3.5); and (3.7), thus up(&;, t) isrewritten as follows:
Um(Eis t) = O (t) - 2_[:) Kimi (t = S)Vin(s)ds. (3.27)

In connection with gy (t), we have the following lemma:

L emma 3.5. There exists a positive constant éT such that

N ot 2 2
Zi:1j0| g (s)[2ds < G, vte[o,T] (3.28)
Proof of Lemma 3.5. We define

Imi (1) = —amj () + by (t) — Ci (1) — Ay (1) — € (1), (3.29)
with
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ami (1) = D ok (O)yami Cos(ic&; ) Sin(uyt),
k=1

b (1) = D 01 (0) b cos(py &y ) cos(pyt),

k=1

Cmi () = Z(Pk(o) cos(pgé; )Jtpk(t ~ 9A(s, | un(9)[*) o (s)ds, (3.30)

i (1) = 22°°S“;k0§' (O(Fn 0, 01

emi(t) = 22 CO(‘:(%%')I k(t =) (Fm(, 9), ¢k)ds.
k=

Moreover, using the following inequality:

(a+b+c+d+e)2§5(a2+b2+02+d2+e2), va, b, c, d, eeR.
(3.31)

Hence,

5
t t
r (o) 2 () 2de _
[Joi@Pas<s > [ [In@Pds=3 K0, (332
Je{a,b,c,d, e} j=1
We will estimate each term on the right-hand side of thisinequality.
Estimating Kq(t) = 5J'é| ami(s) |2ds From (3.30); and (3.32), we easily

see that

2
Kq(t) < —I l:Z Pk (0)mkamk S'H(Mks)}

2
t-§
2I {Z(Pk(o)“kamk S'n(HkS)] (3.33)
k=1
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Next, we need the following lemma. The proof of it is simple, we omit
the details.

Lenma36.Let a,be R, a<band ¢ e R, k=1 m Then

2

m 2 m
J:[Z C sin(pks)] ds < 2(max{ al, |b[} + Z)J‘;{Z Ck sin(pks)} ds.
k=1

k=1
(3.34)
By Lemma 3.6, we get from (3.5),, (3.33) and (4;) that
Ka(t) < 20T + & + 2) uom [ < Cr. (3.35)
where C; awaysindicates a constant depending on T.
Estimating K(t) = 5[:)| bri (S) [2ds. Similarly, we get
Ky(t) < 10(T + & + 2)| Uy | < Cr. (3.36)

Estimating K3(t) = 5 :)| Cri (S) |?ds. We deduce from (3.30); that

|Cmi(t)| =

2104519 120 04 (0) oottt ' + & (51
k=1

+ %J.;?»(S, | um(s) ||2)kZ:l(pk(o) cos(pg (t — s— &) ok (s)ds

ds

< %j;i(s)

D ok(0) coslyuy(t = s+ &) op(9)
k=1

; %j; i(s) ds.  (337)

D ox(0) coslpy (t — s - ) o (9)
k=1
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Thus,

1. - t -
e OF <31 &z | M9

D ox(0) cosly(t - s+ & ) opy(s) | ds
k=1

2

+ 317 o 1) [ MO D o(O)coslelt —5- oime(9)| ds
k=1

(3.39)

By the Fubini theorem and Lemma 3.6, we deduce from (3.24) and (3.38)
that

5 ~ teta
Ka®) < 1 lom[ [ H6)

> ox(0)cos(iuy(s — 7+ & o (1) | dsde
k=1

5 -~ teta
AR N G

Z(Pk(o) cos(py(s—1-&;)) oy (t)| dsde
k=1

2

5 - ta t-1+& | 0 '
=5l laen [0 ], 2. 9u(0)00lt2)oi (9] |

5~ ta =18 | ,
=3l om0 [, | 2 en0rcosinczion()| ce

A [N
20T +& + D o) [ Al vh() P < Cr. (339)
Estimating K4(t) = 5j;| dmi(s) |2ds By (3.30)4, we have

| 1 (Y x- sin(ug(s+ & + X)) + sin(u(s = & + X))
|dm|(5)|32 OkZ:l ™
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x | Fp(x, 0)]dx
j S'n(uk(8+ &i — X)) + sin(uk(s — & - X))
"2 Mk
x | Fn(x, 0)|dx. (3.40)

Now using (3.40) and Lemma 2.3, we arrive at
i (5)] = 2{1+ 2 (1 1 tom) 300+ | FE O, tom ) 01 (340

Hence, we obtain from (3.5),, (3.41) and (Ay), (Ay), (As) that

a0 071 2T 6 wom) Py | 1 FG O, Jom ) By )< O

L%(0,1) %o, 1)

(3.42)
Estimating Kg(t) = 5j:)| €mi () |2ds Proving in the same way asin (3.42),

we have

Ks(t) < 10771+ ] [ IFat. 912 (343)

o™
On the other hand, we remark that
| Fa(% 9)| =] Df (X, Un(9)Uin(S) = DaF (%, S, | um(s) )
~ 2D5F (%, S, || Un(9)[*) (Uin(S), tm(S) |
<[ D2 f (X, Un(9) [ Uin(8) |+ | DF (%, S, | um(9) ) |

+2 D3F (%, S, || um(S)[*) [[| uin(S) [ um(S) |

< Cr (| Upn(s) | +1). (3.44)
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Applying the Cauchy-Schwarz inequality, we get

2 t
Ks(t) < 20T2(1 + %) c? j 0(|| Un(S) |? + 1)ds < Cr. (3.45)

Combining (3.32), (3.35), (3.36), (3.39), (3.42) and (3.45), we have Lemma
3.5. O

Remark 3.7. Lemma3in [5] isaspecia case of Lemma3.5with F = h
=k=0.

We now return to the proof of Lemma 3.4. Noting that
Vin(t) = (U (&, t))um(Ea, 1) + () + K(O, um(Eg, 1), - Um(En. 1))

+ j ; Dik(t = S, U (&g, S)s s Um(En s S))CS. (3.46)

On account of (3.24) and (Ay), (Ag), (A7), we get
[Vin(®) [ < Cr(um(&, [+ D) +[ ') |- (3.47)

By Lemma 2.3 and the imbedding H(0, 1) - co([o, 1]), we get from (3.27)
that

U 01 <1 GO+ 41+ 2] (@) |+ 4 1+ 2)[ (o) 05

t
< | ghi ()] + CT(1+ j | v}n(s)|dsj. (3.48)
Using Lemma 3.5, we deduce from (3.47) and (3.48) that

t t t T
[ Jum(@. 9)Pds < 3] | g (0)Pds + 3CFt + 3CF [ x| |vin(s) Pds

t T 2 .
<Cr +Cr j Odrj0|um(§1, 9fds, i=1 N. (3.49)

Applying the Gronwall inequality, we obtain Lemma 3.4. g
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Step 3. Limiting process. With the help of (3.24) and Lemma 3.4, we can
extract a subsequence of sequence {u,}, still labeled by the same notation
such that

Uy > U weakly* in L(0, T; H(0, 1)),
Uy = U’ weakly* in L(0, T; L2(0, 1)), (3.50)
um(&, ) > u(g, ) weakly in HY(0, T), i =1, N.

By the compactness of the imbedding H(0, T) - c2([0, T]) and the lemma
of Lions[8], then (3.50) leads to
Up — U strongly in L2((0, 1) x (0, T))

and ae. in (0,1)x (0, T), (3.51)
Um(&i,-) > u(g,-) strongly in c%([0, T]),i =1, N.

Owing to (Ag)-(Ag5) and (Ay), thusthere exist constants fr, Fr, kr and
At such that

| At [ um(® ) = At Ju®) [2) ] < A un(®) - u®)|,
| F( 6 um®]7) = Fx 8, u®)[2) | < Frll um(®) - u(®) |,
| £0% um(% 1) = F(x, u(x, )] < fr] Um(x, 1) = u(x, 1)], (3.52)
| K(t, Un(Eg, S), - Um(EN, 9) — K(t, U(Ey, ), ..., U(EN 9)]
<kt ZiN:l| Um(&i, s) — u§;, s)|.

Hence, it follows from (3.51) and (3.52) that

f(x,uy)— f(x,u) strongly in L2((0 1) x(0,T)),
FOutun®I7) > FOutu®]) stronglyin L2(0.x(0.T)). 5.
Vi >V strongly in L2 (0,T),
ME | Un(®)[[2) = ALt u®)]?) strongly in L2(0, T),

where

v(t) = J}; k(t —s, U(&q, S), -, U(EN, S))ds + h(u(gg, t)) + gl(t). (3.54)
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Therefore, passing to the limit in (3.4) by (3'50)L2 and (3.53), we have that

u satisfies the following equations:

%(U'(t), ) + (Ux(t), ox) + V(1)9(0) + (T (-, u(t)), ¢)

+ A, | u®) [P (W), 0) = (F( t, | ut) |?), @), Yo e H,  (3.55)
u(x, 0) = up(x), U (x, 0) = Ly(x).

The existence of weak solutionsis proved.

Step 4. Uniqueness of the weak solutions. Let u; and u, be two weak
solutions of the problem (1.1)-(1.4). Then u = — U, is a solution of the

following problem:

Ut — Uye + (%, U) = F0X Up) + At [ ug [P)ug = &Gt [ up [P)up
= F(x 4w f?) - Fxtu ), (3.56)
u(d t) = 0, uy (0, t) = v(t), u(x, 0) = y(x, 0) = 0,

where

2 .
v = [ Y8 (& 9 e 9)s
i=1

2 .
+ " (1) "h(u (&, 1). (3.57)

i=1

With Up =W = 0,

2 ) = > (ROt ) - FOx ) =26t | u D)

we deduce from Lemma 2.4 that

) = {1 (o) - 16 (o), u(o) s

- [ (R s 1w - FG s @) P), u'(s»dsj



On aNonlinear Wave Equation with Mixed Boundary Conditions ... 77

2
—2f ;u’(O, 9> (-1 hu (0, s))ds
i=1
t 24, v PN ,
- 2[ (s, (9 P)ui(s) = 15, ua(s) P)u(s). U(S)) s

2 .
- 20,0 3 K- 5 e, 9 ey, )
i=1
t 2 .
+2f LU0, 5 (- (O, Uiy, 9), -n (B, )
i=1

r& .
+ ZJ; u(o, r)drjog;(—l)'_lle(r —-s,Ui(&g, 9), ..., Ui (Ey, 9))ds

= Jl(t) + Jz(t) + e+ J6(t), (358)

inwhich E(t) = | u'(t) [* + | uy(®) >

Next, we can estimate the integrals in the right-hand side of (3.58) as
follows:

First term J4(t). Using (A4) and (As), henceit follows from Lemma 2.1
that

J(t) < (fy + 4MFy) j ; E(s)ds, (3.59)

where

fm = Dzt ||CO([O,1]><[—M,M])’
Fum = I D3F 010, 70, T1x[0, M2))" (3.60)

2 !
M = Zizl(” Ui |||_“°(0,T;H) +ly ||L°°(O,T;L2(O,1)))'
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Second term J,(t). Setting hy, = || h||C2([_M‘M]). Integrating by parts,

then

1
Jo(t) = —u2(0, t) j (0, 1)+ 0u(0, 1) o
t 1
T f Ouz(O, s)ds j P(U5(0, 5) + 0u(0, 9) (U5(0, 5) + Bu(0, )

<y [uz(o, v+ ;q 5 (0, )| +| w0, 8) )20, s)ds}. (3.61)
On the other hand, by Lemma 2.2, we get
u2(0, t) < sE(t) + T(1+ %) J' ; E(s)ds, Ve > O. (3.62)
We deduce from (3.61) and (3.62) that
J5(t) < chy EQ) + | ; A(s) E(s)ds, (3.63)
in which
A(s) = shy (U0, 9)| +] U(0, ) |) + (1+ %)T(zm fDhy.  (364)

yields

330 = -2[ M5 () P u(s) [Pds
t 2 201 /01t ,
- 2[5 [ w(9)P) = Ms: [ ua(8) )] (u(s), u(s) s
<2 ;X(s) | u(s)[Pds + 2y | ; E(s)ds

<2 j ;(i(s) + May )E(s)ds, (3.65)
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In addition, from (A7), we obtain the estimates for the other terms as
follows:

J4(t) < 2Ky \/Ft)ﬁ NE(S) ds < % E(t) + 4N2TKZ, J' ; E(s)ds,
Js(t) < ZJ‘;\/E(S) ky NVE(S) ds = 2Nky j ; E(s)ds,

Jst) < 2f ;,/E(r)drj; Nky VE(S)ds < N(TZ + Dky | ; E(s)ds, (3.66)
where

N+1
kv = Zi:z (I Bi 19 ”Co([O,T]x[—M,M]N) +| Dig ||c°([o,T]x[_M,M]N))-
(3.67)

Choosing 4¢hy, <1, hence it follows from (3.58), (3.59), (3.63), (3.65)
and (3.66) that

E(t) < I;dM (9)E(s)ds, (3.68)

where
dy (S) = h(s) + 20(S) + fyy + M (Fy + Ay ) + AN2TKG + N(T? + 3)ky -
(3.69)
Using the Gronwall inequality, we obtain E(t) = 0, i.e., u; = Us.
This completes the proof of Theorem 3.2. O

Remark 3.8. Theorem 3.2 still holdsif (Ay) isreplaced by the following
condition:

(Ay) f e C%([0, T]x RN), there exist positive functions ki, ko
e WYY(0, T) and ks, kg € LX(0, T) such that
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[ k(t, ug, oy UN) | < kl(t)zi’iﬂ U |+ ka(b),
| DIK(E, Uy, o Uy) ] < Ka®D [+ Ka(0)

4. Stability of the Weak Solutions

Let (ug, Uy) € H(0, 1) x L2(O, 1) be fixed functions. In addition, we
assume that hy and h, are fixed constants, f;, f, e L2(0, 1), x e X0, T),
ki, Ko eW0, T) and Fi, Fp e L}0,T; L?(0,1)) are fixed functions
satisfying (Ag)-(A7) (independent of f, F, h, k and A). Using Theorem

3.2, the problem (1.1)-(1.4) has a unique weak solution u depending on f, F,
g, h, kand A.. We denote

u=u(f, F, g, h k1), 4.1
where f, F, g, h, k, A satisfy (A)-(Ay).
Then the stability of the solutions of the problems (1.1)-(1.4) is given by:

Theorem 4.1. Let (A)-(A7) hold. Then the solutions of the problems
(1.1)-(1.4) are stable with respect to the data (f, F, g, h, k, &) in the

following sense:

it (F3,FJ, gl hl k), ad) and (f, F, g, h k&) satisfy (Ap)-(A7)
and

gj — g strongly in Wll(O, T),
(f1, F1 k!, okl /et, ! ) > (f, F, k, ok/ét, h, 1) strongly in

cO([0, 1 x [-M, M]) x CO([0, 1] x [0, T] x [0, M ?])

< [CO([0, T]x[-M, MY x CY([~M, M]) x CO([0, T] x [0, M ?])

as j > o, VM > 0. (4.2)
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Then

W w, ulEg ) e ulEN, ) = U L UE ), e UGN, ) (43)

strongly in L°(0, T; HY(0, 1)) x L°(0, T; L?(0, 1)) x [C°([0, TN as | — o,

where
ul =u(fj, Fj, gj,hj,kj,kj),u=u(f, F, g, hk, %)

Proof of Theorem 4.1. Firstly, we can assume that

I 9! htzor) +11 9 Mo ) < 9 (4.4)
where g, isafixed positive constant.

On the other hand, by the proof of Theorem 3.2, we easily show that

t
L@+ |u® 1+ 7 [ w9 Pds < cr, (45)

WP u© P+ Y [ 1w 9Ps<cr, @9

where Cy is a constant depending on ug, Uy, fy, o, Fy, Fyp, kq, ko, A, O,
hl’ h2, T. We set

fj=nl - pe{f,F g hkah (4.7)
Then v/ =ul —u satisfies the following problem:

vt’:—vixzx-j,0<x<],(-)<t<T, | | 48)
vI(x,0)=v(x,00=0,v!(Lt)=0,v (0, t) =w!(t),

where
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1% 1) = =0 ul @) = [f(x, ul(©) - F(x, u(t)]

=PI Ul @) 1P)ud () - A u)[P)u o]

+ Rt U@ ) + ROt [ ul @) 7) = Fx t | uct) [2)],
wl(t) = §;(t) + hy (U (g, 1) + [hu (g, 1) - hu(gy, 1)]

+ .';Qj(t s ul(ey 9) . ul(Ey, 9)ds

+ ‘tk(t —s,ul(gg, ), .., Ul (g, 9))ds

~ ) Ok(t - s, U(&, S), ..., Uy, S))ds.

~ O

(4.9)

Applying Lemma 2.4 with ug = u; = 0, we obtain

10 =2 0J(s 1)) P (9) - 15, ut9) P)u(s), W (5) s

“2f (FGs W) - F s | us) )
— f(,ul)+ f(, u), v (s)ds

2 (Bits 19 P) - it ) W (s)ds
o[ g (9w 0 s)ds—zjtﬁ-(ui(g )W (0, s)ds
Jo J t M 0] 0> t

-2 hw! (&1, ) - hlUE, DI ©, 98

—2.tvj(0 r)er.rlz-(r—s ul(e, ), ., Ul (B, 9))ds
Jo t ' 0 j y 1y ) N s

) ZU O N[ Kt - 5,1, 9 Ul ey, s
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_Itvj(O r)errk(r — S, U(&, 9), - U(EN, S))ds
MO, . , U(Eq, S), - U(EN,

= Kl(t) + Kz(t) + e+ Kg(t), (410)

where
Ej) = | v (t) |+ vit) | (4.11)

Now we can estimate the integralsin the right-hand side of (4.10).
Estimating Ki(t): Set Ly = | Dor ||c0(0 TIx[0, M2 = 2,/Ct, then
using (4.5), (4.6) and the Cauchy-Schwarz inequality, we obtal n

Ka(®) = =2[ (s, | ue)[P) ] i (9) Pl
-2[ 156 10O ) Wl (9) i (s) s

~2] s 1 ©)7) - 15 U PN (9) v (9) s

STt Iogo w2y

i J';(zi(s)+ Miy +1E;(s)ds (4.12)
Estimating K,(t): Dueto (A,) and (As), ityields
Kalt) < (fyr + ) Ej(9)ds (4.13
with fi = D2 coo, i, M Fu = P2 leOo, 150,730, M2y
Estimating K(t): We easily show that
)

Ka(t) < 27(| f; |2 +Fp |2

He%(0,10x[-M, M) cO([0,1]x[0, T]x[0, M 2])

T J' JEi(9)ds (4.14)
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Estimating Ky4(t): Since | v|co(q 1) < kr[VIwt1o 1) YV ewto, 1),

we get
|(-|2 A 02 .
Ka(t) < Ej(t) +?|| gj “\Nl,l(o T +[ 9 o)

o ;| §(9) |E;(5)ds (4.15)

Estimating Ks(t): By using (Ag) and (4.6), we get

Ks(t) < sE(t)+I E. (s)ds+(CT 4 )|| j ”cl([ w419
Estimating Kg(t): Similarly asin (3.63), we also have
t
Ke(t) < eEj (O] hlo2 . w)) + j M (9E(s)ds (4.17)
where
. 3 1

Mj(s>={s<| W (0,9) | +|w(0, )+ 2T2(M +1>(1+;)}

x| h ||cz([—|v| M) (4.18)

Estimating K-(t): By using (4.6) and (A7), then

7)< €100+ [ €190+ LT 01 Fogo )

+T2| Dikj P (4.19)

cO(o, TI[-M, MV’

Estimating Kg(t): From (Ay), itiseasy to show that

Kelt) < £ (1) + ky | ; E{(s)ds, (4.20)
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where
Ky = N(3N +T)Z "(| D119 o, Tix-m, M)

+ ” Dig ”CO([O,T]X[—M M ]N )) (4.21)

Combining (4.10)-(4.17), (4.19) and (4.20), then choosing sM% = % we

get

E;(t) < 2M% exp| M3 | (] f; ||Co(01] [-M,M])

o 2 ~
|| j "C0(01 %[0, TI[0,M2]) + 9; "\/\/1'1(0,T) + 9; "vvl'l(o,T)

kg 2

LN

cl([-m,M]) oo, TIx[-M, M)
#1085 oo 1wy "1 Bogorpomzy) 422
where
MT = hlczqm mp + 4
M2 = ( Ej (2T? + k& + 1)+ AT +1)(Cy +1), (4.23)
ME(s) = M {(s) +| §5(S) |+ 2A(s) + Ty + Fy +ky + My +3.
Consequently,
v v
I oo 20y 1Y e m oy Zu CIBL .
<Mr(| fj P | Fj P

cO([0,2x[-M, M) c9([0,1]x[0, T]x[0, M 2])

18 s +1165 o)
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S 2
” ] ” ” k] "CO([O,T]X[—M M ]N)

HAg 12

cl(-M,Mm])

+ Dikj |2 ) (4.24)

cO(o, TIx[-M,M]V) cO(o, TIx[o,M2])”"’

where My is a constant depending on ug, uy, fq, fo, Fy, Fp, kq, ko, i, Os»

hy, hy, T. Theorem 4.1 is completely proved. O

Remark 4.2. Theorem 13 in [16] is a specia case of Theorem 4.1 with
F=X=0 and Kk(t, ug, ..., uy) = ky(t)ko(uy, ..., Uy ), where ki, ky are
given functions.
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