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Abstract

We establish the convergence of the SBA method for the Volterra
nonlinear differential equations of second kind.

1. Introduction

In this paper, we discuss the convergence of the SBA method
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(combination of the principle of Picard, Adomian method and the successive
approximations) for the nonlinear integral equations of Volterra second kind
of the form:

¢ = 100+2 "K(x Dg(ov)et

where g is given by g(e(t)) = I(e(t)) + N(e()), % >0, I(e(t)) = ot),
a<t<x <T <+ and N nonlinear. We get:

(E): o(x) = f(x)+ xj:K(x, £)(e(t))dt + j :K(x, ON(et)dt. (1)

2. Convergence of the SBA Method

Let us consider the following equation (E):

o(x) = F(x) + xj:K(x, £)(o(t))dt + j :K(x, ON(®)d. ()

The approach equation associated to (E) is: for k > 1,

(Eapp): 05 (9= 1002 K(x Dok 0dt+ 2 K(x N M)t (3)

and so the SBA agorithm associated to (Egpp) is:

o) = 109+ [ “K(x ON(O L) dt k =1, 2, ..
. (4)
(Pﬁ(x) = KJ. K(X, t)(Pﬁ_l(t)dt, n=1 2 ..,

wherefor k > 1, fk(x) = f(x).

Theorem 1. Consider f, ¢ € C([a, T]) and K e C([a, T]x[a, T)).
Then the following Volterra nonlinear integral equation of second kind is
given by:
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(E): 000 = 109+ 2 :K(x, £)(o(t)) dt + xj:K(x, £)N(o(t))dt,

where A > 0, isapproached by: for k > 1,
(Eapp) : 0X(X) = 10+ K(x )oX(t)dt + o K (% t)N(o< L)) dt
a a

and the SBA algorithm associated to (Epp) is given by

Pp(x) = f(x) + xJ:K(x. DN Xt)dt, k=1 2, ...
Ppa(X) = kj “K(x Hek)dt, n=0,1 2, ...

If, for k=1, 2, ..., then there exists (pk_l € C([a, T]) such that N((pk_l) =0,
and if the SBA algorithm associated to (Egp,) converges at the step k = 1,
then the solution ¢(x) of the equation (E) is unique, and o(X) =

lim (pk(x).

k—+o0
Proof. When k =1, N(¢°(t)) = 0 and the SBA algorithm is given by
1y =
po(x) = f(x),
RN 1 _
o (x) = xIaK(x, ek (t)dt, n=1 2, ...
wehave f € C([0, T]) and K € C([a, T]x[a, T]) = 3Im> 0, M > 0 such
asVxela T]and V(x, t)e[a T]x[a T]| f(x)|<m, |K(x t)| <M.
Then we have:
|05 | =] ()] <m,

X
[ ohO) | < 2] TK(x ]| oha(®) [dt, n=12,...
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and we get
| 950 [ <m
| o3(x) | < amM (x - a)

x2m2|v| 2 X—a 2
[ 03(x) | < x=2)

A"'m"™ "(x - a)"

| on(x)| < .
+00 +00 n..n n n
AmMi(x—a
= Yl gh0o]< Y MM eipim (x - a)
n=0 n=0

~+00
which shows that [ z (p%](x)) is absolutely convergent.
n=0

We suppose for the step k = p>1, N(pP(x)) =0 and we get a the
stepk=p+1:

| o5 (x)| <m
| of (%) | < AmM (x - a)

2. 2712 2
1 A“m“M “(x — a)
o8| < XM

A"m™™ "(x - a)"

| ok (%) < o
+00 . +o 3m™™ n(X _ a)n
eI CEOIEDY . = exp(.mM (x - a))
n=0 n=0

~+00
which shows that (Z(p,ﬁ’*l(x)j is absolutely convergent, and hence
n=0

000 = lim ¢ (x).
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Let us suppose that the equation (E) admits two distinct solutions ¢(x)
and ¢(x). Taking 8(x) = @(x) — ¢(x), and applying the SBA algorithm with
the preceding hypotheses, we have:

85(x) =0 k=12, ..

X 5
S'rﬁ(x) = xja K(X, t)éﬁ_l(t)dt; n=12, .. ©

the soluion of which at each step k is 8%(x)=0. Then §(x)=
lim 8%(x) = 0. Hence, for t < [a, x], 8(t) = ¢(t) — ¢(t) = 0= ¢(t) = ¢(t).

k—+o0
Thus, the solution of the equation (E) is unique. O
3. Numerical Examples

3.1. Example 1

Let us consider the following Volterra nonlinear equation of the second
kind, which is the canonical form of Adomian:

000 = 1= [ 0c=p(0dt + [ (x=De°(0) - 'O costlet.  (©
The SBA algorithm for this equation is the following:
oK(x) =1+ jox(x CH)N( Yt dt k> 1,
o100 = =[ (= Dol n= 0,

where
N(o(t)) = ¢°(t) — ¢*(t) cost.
When k =1, applying the principle of Picard, for ¢°(x) = 0, we have

N(¢%(x)) = 0 and the approached solution is:
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P5(x) =1
2
Lyy= X
¢1(x) = o
4
1 X
X) = —
02(x) = -
2n
1 n X
X)=(-1 ;N2
2n
which convergesto ¢*(x) = Z( )“ ) . Hence, ¢%(X) = COSX.
When k = 2, we have N(¢*(x)) = 0, and the approached solution is:
0§(x) =1
2
2(x) = - X
ei(x) = o
4
X
(P%(X) ~a
n 2n
X :
000 = (1" i
2N
which convergesto ¢(X) = Z( )n ) 2(x) = cosx.
In the recursive way, ¢X(X) = ¢2(X) = = (pk(x) = cosx. Therefore,

we abtain the exact solution of equation (6) as
o(x) = lim (pk(X) = COSX.
k—+0

3.2. Example 2

Let us consider the following Volterra nonlinear equation of the second
kind, which is the canonical form of Adomian:

o(X) = X — % x4+ j' (:(xt(p(t)dt T % J' ;(xt(t(pg(t) —o}(t)dt. @)
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The SBA algorithm for this equation is the following:
1pX _
P6(X) = X+ E.[o xtN(p H(t))dt; k > 1,

k 1 o4 X, k
(P1( ) 3 Io <Po()

X
Prs1(X) = Joxtcpﬁ(t)dt; n>1,

where N(g(1)) = to3(t) — o™ ().

When k =1, applying the principle of Picard, for (pO(X) =0, we have
N(¢%(x)) = 0 and the approached solution is:

95(X) = X

¢1(x) = 0
¢5(x) =0

(p}](x) =0;n>1
+00
which convergesto ¢ (X) = Z(p:h(x). Hence, o1(X) = X.
n=0
When k = 2, we have N(¢'(x)) = 0, and the approached solution is:
05(x) =
97(x)=0
03(x) = 0

e2(x)=0,n>1

+00
which convergesto ¢?(x) = Z(pﬁ(x). Hence, ¢2(X) = X.
n=0
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In the recursive way, ¢-(x) = ¢2(X) = -+ = (pk(x) = X. Therefore, we

obtain the exact solution of equation (7) as
o(x) = lim (pk(x) = X
k—+o0

3.3. Example 3

Let us consider the following Volterra nonlinear equation of the second
kind, which is the canonical form of Adomian:

0() = > —eX(e 1)+ [ ;ex_t(p(t)dt -3 [ Oxex—t € JoO -o2(t)dt. (8)
The SBA algorithm for this equation is the following:
X
060 =&+ [ & IN@ H0)dt; k=1

X
of() = - -1+ | ot

<P|r(1+1(X) = _[Oxex_t(plr(,(t)dt; n>1
where
N(q(t) = e¥o(t) - %(t).

When k =1, applying the principle of Picard, for (po(x) =0, we have

N(¢%(x)) = 0 and the approached solution is:

o5(x) = €
¢1(x) = 0
¢5(x) =0

(p:rL](X)z On>1
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which convergesto

o' = D oh(x) = o'(x) = .
n=0

When k = 2, we have N(¢*(x)) = 0 and the approached solution is:

05(x) = €
ef(x) =0
93(x) =0

(pﬁ(x) =0n>1
which converges to
+00
92(x) = D 9A(x) = ¢%(x) = €.
n=0

In the recursive way, ¢X(x) = ¢2(X) = --- = ¢¥(x) = €®X. Therefore, we

obtain the exact solution of equation (8) as
o(x) = lim ¢X(x) = e®X.
kK— -+

3.4. Example 4

Let us consider the following Volterra nonlinear equation of the second
kind, which is the canonical form of Adomian:

o(x) = e? (e -1+ [ o)

-3 et olt) - o) ©)
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The SBA agorithm for this equation is the following:

3 (X x-t k-1 .
) &N D)t k21

X
of(9) = —e*(e" 1)+ [ ol Ok,

k 2
9o(x) = e X

X
o) = [ & ofmdn=1,

where N(o(t)) = €¥/o(t) - 9%(1).

When k =1, applying the principle of Picard, for (pO(X) =0, we have
N(¢°(x)) = 0 and the approached solution is:

o5(x) =1
¢1(x) = 0
¢3(x) =0

pL(x)=0n>1

which converges to
1 < 1 1
¢'(X) = Y on(x) = ¢'(x) = 1.
n=0

When k = 2, we have N(¢Y(x)) = 0 and the approached solution is:
05(x) =1
of(x) =0
05(x) = 0

(p%(x) =0n>1
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which converges to

0?(x) = Z(pﬁ(x) = ¢?(x)=1.
n=0

In the recursive way, ¢Y(x) = (pz(x) == (pk(x) =1. Therefore, we

obtain the exact solution of equation (9) as

(1]

(2]

(3]

(4]

(5]

(6]

(7]

009 = lim o(x) = 1.
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