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Abstract

A group G is said to be a quasi-free group if G is a free product
of a number of infinite cyclic groups and a certain number of cyclic
groups of order 2. In this paper, we find the rank, structure, and a
formula indicating the number of subgroups of finite index in a finitely
generated quasi-free group.

1. Introduction

A group is said to be a quasi-free group if it is a free product of copies
of infinite cyclic groups and of cyclic groups of order 2. So a group G is a
quasi-free group if and only if G is a free product of a free group and copies
of cyclic groups of order 2. In [6], Mahmood and Khanfar proved that a
group G is a quasi-free group if and only if G is a fundamental group of
a connected quasi-graph where an edge of the graph equals its inverse is
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allowed. Thus, if C,, stands for an infinite cyclic group and C, stands for a

finite cyclic group of order 2, then a finitely generated quasi-free group G

can be written as a free product G = C,, * Cy, * - % Cy, ¥ Cy ¥ Cy % -+ %,

p-factors q-factors

where one of the cases p =0 or g =0 is possible. In this case, G has
the presentation G = (yy, ..., Vs X oees Xg |x12 =1, .., xg =1), where all

the symbols yi, ..., Vps X5 ey Xg are distinct. This implies that every free

q
group is a quasi-free group of a free product of a number of infinite cyclic
groups and a zero number of cyclic groups of order 2. In view of Grushko-
Neumann theorem [5, p. 192], the rank of the quasi-free group G introduced
above is 7(G) = p + q. The aim of this paper is to find the generators and

the ranks of subgroups of finite index of finitely generated quasi-free groups
by applying the theory of groups acting on trees with inversions introduced
in [8], and the structures of subgroups of groups acting on trees with
inversions introduced in [7], and then find the number of subgroups of finite
index by using the methods of [1]. This paper is divided into 4 sections. In
Section 2, we introduce basic concepts of groups acting on trees with
inversions. In Section 3, we use the results of [7] and [8] to prove that a
group G is a quasi-free group if and only if there exists a tree X such that G
acts on X with inversions and the stabilizer of each vertex is trivial. Then we
use the results of [7] to show that a subgroup of a quasi-free group is a quasi-
free and find a formula of the rank of such subgroups. In Section 4, we
generalize Theorem 5.2 [3] of Hall to obtain a formula for the number of
subgroups of finite index of finitely generated quasi-free groups by using the
methods of [1, Theorem 6.10] of Dey.

2. Basic Concepts of Groups Acting on Trees with Inversions

The theory of groups acting on trees without inversions, known Bass-
Serre theory is introduced in [2] and [10] and with inversions is introduced
in [8]. We begin a general background. A graph X consists of two disjoint
sets V(X) (the set of vertices of X) and E(X) (the set of edges of X),
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with V(X) non-empty, together with three functions 0, : E(X) — V(X),
01 1 E(X) —> V(X), and an involution m: E(X)— E(X) satisfying the
conditions dyn = 9, and 0y = 9. For simplicity, if e € E(X), we write
0p(e) = o(e), 0i(e)=t(e) and m(e) =e. This implies that o(e) = t(e),
t(e) = o(e) and @ =e. The case ¢ =e is allowed. There are obvious
definitions of trees, subtrees, morphisms of graphs and Au#(X), the set of

all automorphisms of the graph X which forms a group under the
composition of morphisms of graphs. For more details, the interested readers
are referred to [2, 8, 10]. We say that a group G acts on a graph X if there
is a group homomorphism ¢ : G — Aut(X). In this case, if x € X (vertex

or edge) and g € G, we write g(x) for (¢(g))(x). Thus, if g € G, and

v € E(X), then g(o(y)) = o(g(»)), g(t(»)) = t(g(»)) and g(¥) = g(»).
The case g(y) = y is allowed for some g € G, and y € E(X).

Convention. If the group G acts on the graph X and x € X (x is a vertex
or edge), then:

(1) The stabilizer of x, denoted G, is the set G, = {g € G : g(x) = x}.
It is clear that G, < G, and if x € E(x) and u € {o(x), #(x)}, then G5 = G,
and G, < G,.

(2) The orbit of x is the set G(x)={g(x):ge G} < X. It is clear
that G acts on the graph X without inversions if and only if G(e) = G(e)
for any e € E(X). Otherwise, G acts on X with inversions if and only if
G(e) = G(e) for some e € E(X).

Definition. Let G be a group acting on a tree X with inversions and let T
and Y be two subtrees of X such that T < Y and each edge of Y has at least

one end in 7. Assume that 7 and Y satisfy the following:

(i) T contains exactly one vertex from each vertex orbit.
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(ii) Y contains exactly one edge y (say) from edge orbit if G(y) # G()

and exactly one pair x, X from each edge orbit if G(x)= G(x). The pair

(T; Y) is called a fundamental domain for the action of G on X.

For the existence of fundamental domains, we refer the readers to [4].

For the rest of this section, G is a group acting on a tree X with

inversions and (7; Y) is the fundamental domain for the action of G on X.

We have the following notation:

(1) For any vertex v € V(X), there exists a unique vertex denoted v* of
T and an element g (not necessarily unique) of G such that g(v*) = v; that

is, G(v*) = G(v). Moreover, if v € V(T), then v* = v.

(2) For each edge y € E(Y), the value of y is denoted by [y] and is
defined to be an element of G satisfying the following:

(a) If o(y) € V(T), then [y]((¢(»))") = #(y), [y]=1 incase y € E(T),
and [y](y) = y if G(y) = G(¥).

() If 1(y) € V(T), then [y](o(¥)) = (o(»))", [¥]=[F]"" if G(») = G(¥)
and [y] = [y] if G(y) = G(¥).

(3) For each edge y € E(Y), let +y be the edge +y =y if o(y) €

V(T) and +y = [y](y) if «(y) € V(T). Tt is clear that o(+y) = (o(y))" and

Gy < G(O(y))* and if G(y) = G(y) or y € E(T), then G, = G,.

In the next two theorems, G is a group acting on a tree X with inversions

and (T; Y) is a fundamental domain for the action of G on X. Furthermore,
m, y and x stand for edges of E(Y) such that m € E(T), o(y)e V(T),
t(y)eV(T), G(y)#G(y), and o(x) e V(T), t(x) ¢ V(T) and G(x)=G(X).
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Theorem 2.1. G has the presentation
(gen(G,). y, x| rel(G,). Gy, = G, y -G, 11y = G,
X Gy x ' =Gy x? =[x
Proof. See [8, Th. 5.1].

Theorem 2.2. If H is a subgroup of G, v e V(T) and e € E(Y), define
the following:

(@) D, is a double coset representative system for G mod(H, G,,);
(b) for any element g e G, DS and Df are any double coset

representative systems for Gy mod(Gy(e) N g 'Hg, G,) and

- mod(G, . Mg~ Hg. [e] ' Gle]).

o) (©)

Then for any element we G, there exist unique elements denoted

we] e D(t(e))*, wle] e Dg , and an element denoted g, € G, such that

—1—
Oy e = wgle]wle] wle] : € H. Then H is generated by the elements of the
following forms:

(1) the generators of H \ aG,a™\, where a € D, and v e V(T);

2) 6 , Where a € D and b € Dy, such that ab ¢ D,(,,);
ab,m o(m) m t(m)
3) o , where a € D and b € D% such that ab|y] ¢ D, .
ab, y o(y) y (t(»)

(4) 8up, x» where a € Dy, and b € Dy such that ab[x] ¢ Dy(x) and
HN ab[x]be_la_1 = (J;

5) ab[x]b_la_l, where a € D,(yy and b e DY such that ab|x]¢
Dy(x)> and H ab[x]G b7 la7 = @.

Proof. See [7, Th. 3].
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3. Quasi-free Groups and Groups Acting on Trees with Inversions

In this section, we find the relations between quasi-free groups and
groups acting on trees with inversions. First, we start the following lemma:

Lemma 3.1. 4 group G is a quasi-free group if and only if there exists a
tree X such that G acts on X with inversions and the stabilizer of each vertex
is trivial.

Proof. Let the group G act on the tree X with inversions such that the
stabilizer of each vertex v € V(X) of G is trivial. That is, G, = {1}, where 1
is the identity element of G. Then G has a fundamental domain (7; Y) for
the action of G on X. By Theorem 2.1, G has the presentation

(gen(G,). y. x|rel(G,). Gy = G v Y] G, 11y = Gy,
x-G, xl = G,, X = [x]2>,
where m, y and x are edges of E(Y) such that m € E(T), o(y)e V(T),
(y)e V(T), G(y)= G(y), and o(x) e V(T), t(x) e V(T), G(x)= G(x).
The condition that the stabilizer of each vertex is trivial implies that G,, =
G, = G, = {1} and G has the presentation G = (y, x|x? = 1). This implies

that G is a free product of infinite cyclic groups generated by the edges
y € E(Y) and cyclic groups of order 2 generated by the edges x € E(Y).

Now assume that G is a quasi-free group. We need to find a tree X such that

G acts on X with inversions and the stabilizer of each vertex v € V(X) of X
is G, = {1}. Then G is the free product of infinite cyclic groups generated by
t;, i € I, and cyclic groups of order 2 generated by #;, j € J. Then G has

the presentation G = (¢;, |t]2 =1) for i € [ and j € J. Let X be the graph

J
where the set of vertices is V(X) ={g : g € G} = G, and the set of edges
is E(X)=1{(g.4).(g. 1), (g.1;)}, where g G, iel and jeJ. For

the edges (g, 1), (g, ti_l) and (g, tj), iel, jelJ, define o(g, ;)=
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olg. ;) =o(g.1;)=g. Hg.t;)=gy. t(g.t;') =g, and (g, 1;)=
gtjs and (g, ) = (g, ), (g 17) = (g™ 1), and (g 1) = (g1, 17') =
(gtj, t;) because t}l =t; on which ¢; has order 2. G acts on X as follows.

Let /' € G. Then for the vertex g € G and the edges (g, ), (g, tl-_l) and
(8. 1;) of X, define f(g) = f. f(g. 1) = (fe. 1), f(g. i) =(fe. i),

and f(g,;)=(fg,t;). The action of G on X is with inversions because

the element 7; € G maps the edge (I, ¢;) to its inverse (1,¢;); that is,

tj(1,¢;)=(t;, t;) = (1, ¢;). The stabilizer of the vertex v € g is G, = {l},
the stabilizers of the edges (g, %), (g,#') and (g, tj) are {l}. Each

element g € G, g #1 can be written uniquely as g = g;g,...g,, where

g5 €, titiel, je J}, s =1, ..., n. Then it is clear that

Py (L g1), (215 €2)- (21225 83), - (2182 - &n—15 &)

is a reduced path in X joining the vertices 1 and g. Then for any non-identity

elements a, b of G, Pa_le is a path in X joining the vertices a and b. This

implies that X is a connected graph. By the normal theorem for free product
of groups, we can show that any two vertices of the graph are joined
by exactly one reduced path. Consequently, X is a tree. It is clear that T
and Y are subtrees of X, where 7 = {l}, V(Y)={l,4,¢;:iel, jeJ} and
EY)={(1), 1Y), q, t;), (tj, t;)}. So (T;Y) is a fundamental domain
for the action of G on X. The structure of E(Y) implies that if e € E(Y),
then the value of e is [e] e {t;, £, tj:iel, jeJ}. This completes the
proof.

Theorem 3.1. Let G be a quasi-free group of free product of infinite
cyclic groups generated by t;,i €l and finite cyclic groups of order 2

generated by t;, j € J.
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Let A=, t;:iel, jeJ}. Let H be a subgroup of G and B be a
right transversal for H in G. Then for each elements a € A and b € B,

there exists a unique element denoted ba € B such that ba(%)_1 e H.

Furthermore, H is a quasi-free group generated by the set {ba(%)_1 :
ae A, be B}

Proof. Lemma 3.1 implies that there exists a tree X such that G acts on X
with inversions and the stabilizer of each vertex v € E(X) under the action

of G on X is trivial. That is, G, = {1}. This implies that / acts on X and the
stabilizer of each vertex v € E(X) under the action of H on X is trivial
because H, = H (N G, = H N {1} = {l}. Again, Lemma 3.1 implies that H is
a quasi-free group. Since for each edge x € E(X) of X, G, < G,, where
u € {o(x), t(x)}, and G, is trivial, this implies that the stabilizer G, is
trivial. Then the elements DF and D of Theorem 2.2 are trivial. So, for

any element w of G, we have wle]=1. Furthermore, the double cosets
become right cosets. Since 7 = {1} is the tree of representatives for the

action of G on X, where T has no edges, H is generated by the elements of
forms (2) and (3) of Theorem 2.2. As Y is a transversal for the action of G on
X,where V(Y)={l, 1, ¢t;:iel, jeJ},

-1
E(Y) = {(13 Zi)a (1’ i )’ (1’ t')’ (tj’ t])}
and for each e e E(Y), we have [e] e {t;, £, tj:iel, jeJ}. Then His
generated by {ba(%)_1 :a € A, b € B}. This completes the proof.

Corollary 3.1. Let H be a non-decomposable subgroup of the quasi-free
group
G=Cpo#Cpt#Cpy#Cy#Cyse-tCy.

p-factors q-factors

Then either H = C,, or H = C,.
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4. The Number of Subgroups of Index » in Quasi-free Groups

Given a finitely generated quasi-free group

G=Cp*Cp ¥ xCp*xCy*xCyk--xCy

p-factors q-factors

of rank » = p+¢. In this section, we obtain a formula that calculates
the number of subgroups of G of index n. In the symmetric group §,, a
transposition is a cycle of length 2, and any element of S, of order 2 is
a product of disjoint transpositions. It is clear that S, has n(n—1)/2

transpositions. Furthermore, in [9, p. 133], Rotman showed that the number

Dy, of sets of k disjoint transpositions in S,, is given by the formula

11
=L L
Kl Sk

n
o
This implies that there are z Dy, elements of order 2 in S,, where [x] is
k=0

n(n—1)(n—=2)--(n—2k +1).

the integer function of the real number x. By taking Dy =1, we see that in

S,, the number of elements E, of order 2 including the identity element of

n
H
S, is given by the formula £,

= > Dy.
k=0

The following lemma is needed to prove the main result of this paper.
Lemma 4.1. (1) If d2 denotes the number of homomorphisms from the

infinite cyclic group C,, to the symmetric group S,, then dl} = n!.

(2) If d3 denotes the number of homomorphisms from the cyclic group

C, to the symmetric group S,,, then d5 = E,,.
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Proof. (1) Let c be a generator of C,, and g be any element of §,,, and
¢ : {c} > S, be the mapping given by ¢(c) = g. C,, being a free group of
base {c} implies that there exists a unique homomorphism 5 :Cp — S,
given by the formula §(c™) = g™, g being an arbitrary element of S, and
the order of S, is | S,, | = n! which implies that dJ, = n!.

(2) Any homomorphism from C, to §,, takes every element of C, to
the identity element of §,,, or takes the identity to the identity, and takes the
generator of C, to any element of S, of order 2. Consequently, there are
E,, homomorphisms from C, to §,,.

This completes the proof.

Convention. Let dO% = dg =1.

The main result of this paper is the following theorem:
Theorem 4.1. The number of subgroups N, of finite index n of the

finitely generated quasi-free group

G:COO*COO*...*COO*Cz*Cz*...*CZ

p-factors q-factors

is given by the formula Ny =1 if n =1, and if n > 1, then

(P (E)! S [P (BTN,
No =20 _é (n-1)! ‘

Proof. In [1, Theorem 6.10], Dey proved that if 4 = H* 4; (jelJ)is
a free product of the groups A4 ’Z where J is the finite set {1, 2, ..., k}, and
d;’ (n > 0) is the number of homomorphisms of 4 ; into the symmetric

group S, on n symbols and d? =1 then the number N,, of the subgroups
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of 4 of index n is given by N; =1 and if n > 1, then

In our case, the product H d 7 is replaced by the product
j=1

d ¥ dgg X+ x dig x dy xdj x - xdy =(dg)"(dy)T = (n)P(E, ).

p-factors q-factors

From above, we see that the number of subgroups N,, of finite index n of the

group G is given by the formula

This completes the proof.
We have the following corollaries:
Corollary 1. If G is the finitely generated free group

G =Cp#Cp#-%Cy

p-factors

of rank p, then the number of subgroups N, of finite index n of G is given by
the formula Ny =1 if n =1, and if n > 1, then

AP a n!pn_iNl-
PRI G

which is the formula of Theorem 5.2 of [3].
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Corollary 2. If G is the quasi-free group

G=C2*C2*"'*C2

q-factors

of rank q, then the number of subgroups of finite index n of G is given by the
formula Ny =1 if n =1, and if n > 1, then

[4]

[3]

[6]

[7]

(8]

[9]
[10]

Ny = 5 Z[(E)“1

(n=1) (n—1)!
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