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Abstract 

In this paper, some common fixed point theorems in metric spaces are 
obtained using implicit function. These contributions generalize a 
theorem in [7]. An example to support the validity of our results is 
given. 

1. Introduction 

Recently, Popa [6] used implicit functions rather than contraction 
conditions to prove fixed point theorems in metric spaces whose strengths lie 
in its unifying power as an implicit function can cover several contraction 
conditions at the same time which includes known and unknown contraction 
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conditions. This fact is evident from examples furnished in Popa [6]. They 
also proved a generalized version of Banach contraction mapping theorem 
which was applied to obtain fixed point semantics for logic programs. The 
pair of weakly compatible mappings [3] is studied, and this pair has a point 
of coincidence. In this paper, some common fixed point theorems in metric 
spaces are obtained using implicit function. These contributions generalize 
the theorem in [7]. An example to support the validity of our results is given. 

2. Preliminary 

Definition 2.1. Let T and S be self maps of a set X. Maps T and S are said 
to be commuting if ( ) ( ) ( ) ( )xTSxST =  for all .Xx ∈  

Definition 2.2. Let T and S be self maps of a set X. If SxTxw ==  for 
some ,Xx ∈  then x is called a coincidence point of T and S, and w is called 
a point of coincidence of T and S. 

Example 2.3. Take [ ],1,0=X  ,2xSx =  .2xTx =  It is clear that 

{ }21,0  is the set of coincidence points of S and T and 0 is the unique 

common fixed point. 

Definition 2.4 [3]. The mappings S and T are said to be weakly 
compatible if and only if they commute at their coincidence points. 

Known result [1]. If a weakly compatible pair ( )TS ,  of self maps has a 

unique point of coincidence, then the point of coincidence is a unique 
common fixed point of S and T. 

Definition 2.5. A function RXf →:  is said to be lower semi-
continuous at 0x  if 

( ) ( )0inflim xfxf ≥  as .0xx →  

Definition 2.6. A function RXf →:  is said to be upper semi-

continuous at 0x  if 

( ) ( )0inflim xfxf ≤  as .0xx →  
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Definition 2.7 (Implicit function). Let F  denote the family of all        

real semi-continuous functions [ ] R→φ 61,0:  satisfying the following 

conditions: 

(F1) φ  is non-increasing in fifth and sixth variables. There exists 

( )1,0∈h  such that for every 0, ≥vu  with ( ) 00,,,,, ≥+φ vuuvvu  or 

( ) ,0,0,,,, ≥+φ vuvuvu  then .hvu <  

(F2) ( ) ,0,,0,0,, <φ uuuu  for all .0>u  

Example 2.8. Define [ ] R→φ 61,0:  as 

( ) { }( ),,,,,max,,,,, 654321654321 tttttttttttt δ−=φ  

where [ ] [ ]1,01,0: →δ  is a lower semi-continuous function such that 

( ) ss >δ  for .10 << s  Then 

(F1) ( ) { }( ) .00,,,,max0,,,,, ≥+δ−=+φ vuuvvuvuuvvu  

If ,hvu ≥  then ( ) 0≥+δ− vuu  implies ( ) ,vuvuu +>+δ≥  a 

contradiction. Hence .hvu <  

(F2) ( ) { }( ) ( ) ,0,,0,0,max,,0,0,, <δ−=δ−=φ uuuuuuuuuu  for 

all .0>u  

3. Main Results 

Theorem 3.1. Let 321 ,, TTT  and 4T  be four self-mappings of a metric 

space ( )dX ,  satisfying the condition: 

( ( ) ( ) ( ),,,,,, 324321 xTyTdyTxTdyTxTdφ  

( ) ( ) ( )) 0,,,,, 423141 ≥yTyTdxTxTdyTxTd  (1) 

for all distinct ,, Xyx ∈  where .F∈φ  
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If ( ) ( ),41 XTXT ⊂  ( ) ( )XTXT 32 ⊂  and one of ( ) ( ) ( )XTXTXT 321 ,,  or 

( )XT4  is a complete subspace of X, then pairs ( )31, TT  and ( )42, TT  have a 

point of coincidence. Moreover, if the pairs ( )31, TT  and ( )42, TT  are weakly 

compatible, then 321 ,, TTT  and 4T  have a unique common fixed point. 

Proof. Let 0x  be an arbitrary point in X. Construct sequences { }nx  and 

{ }ny  in X such that nnn xTxTy 211242 == +  and .12222312 +++ == nnn xTxTy  

The sequences { }nx  and { }ny  in X are such that ,xxn →  yyn →  

imply ( ) ( ).,, yxdyxd nn →  Now, it gives that 

( ) ( )( ,,,, 1242312221 ++φ nnnn xTxTdxTxTd  

( ) ( ),,,, 1242123122 ++ nnnn xTxTdxTxTd  

( ) ( )) 0,,, 1241222321 ≥++ nnnn xTxTdxTxTd  

or 

( )( ( ) ( ),,,,,, 1212212122 −+−+φ nnnnnn yydyydyyd  

( ) ( ) ( )) .0,,,,, 21212222 ≥+− nnnnnn yydyydyyd  

In view of (F1) in Definition 2.7, it follows that ( ) <+122 , nn yyd  

( )., 212 nn yyd −  

Thus, ( ){ },, 122 +nn yyd  0>n  is a non-increasing sequence of positive 

real numbers in [0, 1] and hence it tends to 0. Therefore, using analogous 
arguments we show that ( ){ } 0,, 2212 ≥++ nyyd nn  is a sequence of positive 

real numbers in [0, 1] that converges to 0. So ( ) ( )nnnn yydyyd ,, 11 −+ <  

and ( ) 0, 1 →+nn yyd  for every .Nn ∈  Now ( ) ( )1,, ++ ≤ nnpnn yydyyd  

( )pnpn yyd +−+++ ,1  for any positive integer p, and it follows that 

( ) 0, →+ pnn yyd  which shows that { }ny  is a Cauchy sequence in X. Now 

given that ( )XS  is a complete subspace of X. Then it implies that the 
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subsequence { }12 +ny  must converge in ( ).XS  Call this limit to be u. Then 

.uSv =  

Since { }ny  is a Cauchy sequence containing a convergent subsequence 

{ },12 +ny  the sequence { }ny  converges implying thereby the convergence of 

{ }ny2  being a subsequence of the convergent sequence { }.ny  

Suppose .31 vTvT ≠  Then on setting vx n =2  and ,12 += nxy  it gets that 

( ) ( ) ( ) ( )( ,,,,,,,, 1241312212431221 ++++φ nnnn xTvTdvTxTdxTvTdxTvTd  

( ) ( )) 0,,, 12412231 ≥++ nn xTxTdvTvTd  

which on letting ∞→n  reduces to 

( ) ( ) ( ) ( ) ( ) ( )( ) ,0,,,,,,,,,,, 311331 ≥φ uudvTvTduvTdvTuduvTduvTd  

( ) ( ) ( ) ( ) ( ) ( )( ) .00,,,,,,,,,,, 311331 ≥+φ vTuduvTduvTdvTuduvTduvTd  

Therefore, ( ) ,0, 31 <vTvTd  a contradiction. Hence, vTvT 31 =  which shows 

that the pair ( )31, TT  has a point of coincidence. 

Since ( ) ( )XTXT 41 ⊂  and ,1 uvT =  ( ).4 XTu ∈  Let .1
4 uTw −∈  Then 

.4 uwT =  Suppose that .24 wTwT ≠  

Using (1),  

( ) ( ) ( ) ( )( ,,,,,,,, 4214244221 wTxTdwTwTdwTwTdwTxTd nnφ  

( ) ( )) 0,,, 422321 ≥wTwTdxTxTd nn  

which on letting ∞→n  reduces to 

( ) ( ) ( ) ( )( ,,,,,,,, 44424424 wTwTdwTwTdwTwTdwTwTdφ  

( ) ( )) ,0,,, 4244 ≥wTwTdwTwTd  

( ) ( ) ( )( ) 0,,0,0,,,0,, 424224 ≥φ wTwTdwTwTdwTwTd  

which implies ( ) ,0, 24 <wTwTd  a contradiction. Hence .24 wTwT =  
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Thus, wTwTvTvTu 4231 ====  and thus both the pairs have a point 

of coincidence. 

Since ( )XT  is to be complete, analogous arguments establish this claim. 

The remaining two cases pertain essentially to the previous cases. 

Since ( )XT1  is complete, ( ) ( ).41 XTXTu ⊂∈  If ( )XT2  is complete, 

then ( ) ( ).32 XTXTu ⊂∈  

Moreover, the pairs ( )31, TT  and ( )42, TT  are weakly compatible at v   

and w, respectively, implies that ( ) ( ) uTvTTvTTuT 313311 ===  and =uT2  

( ) ( ) .42442 uTwTTwTT ==  

If ,1 uuT ≠  then 

( ) ( ) ( )( ,,,,,, 324321 uTwTdwTuTdwTuTdφ  

( ) ( ) ( )) ,0,,,,, 421341 ≥wTwTduTuTdwTuTd  

( ) ( ) ( ) ( ) ( ) ( )( ) ,0,,,,,,,,,,, 111 ≥φ uuduTuduuTduuduuduuTd  

( ) ( ) ( )( ) 00,,,,,0,0,, 111 ≥φ uTuduuTduuTd  

which contradicts (F2). Hence .1 uuT =  Similarly, uuT =2  is easily obtained. 

Thus, u is a common fixed point of 321 ,, TTT  and .4T  The uniqueness of 

common fixed point follows easily. Also u remains the unique common fixed 
point of both the pairs separately. This completes the proof. 

Corollary 3.2. Let S and T be two self-mappings of a metric space 
( )dX ,  satisfying the condition: ( ( ) ( ) ( ) ( ),,,,,,,, TySxdTxSydTyTxdSySxdφ  

( ) ( )) 0,,, ≥TySydTxSxd  for all ,, Xyx ∈  where .F∈φ  If ( ) ( )XTXS ⊂  

and one of ( )XS  and ( )XT  is complete subspace of X, then the pair ( )TS ,  

has a point of coincidence. Moreover, if the pair ( )TS ,  is weakly 

compatible, then S and T have a unique common fixed point. 



Common Fixed Point Theorems of Weakly Compatible Mappings … 7 

Proof. The proof of this corollary follows by setting STT == 12  and 

TTT == 34  in the above theorem. 

Definition 3.3 (Implicit function). Let F  denote the family of all 

continuous functions [ ] R→ψ 61,0:  satisfying the following conditions: 

Ψ:1G  is non-increasing in the fifth and sixth variables; there exists 

( )1,0∈h  such that for every 0, ≥vu  with ( ) 00,,,,, ≥+ψ vuuvvu  or 

( ) 0,0,,,, ≥+ψ vuvuvu  we have .hvu <  

( ) 0,0,0,,,:2 ≥Ψ uuuuG  for all .0>u  

Example 3.4. Define [ ] R→Ψ 61,0:  as ( ) −=ψ 1654321 ,,,,, ttttttt  

{ }( ),,,,,max 65432 tttttδ  where [ ] [ ]1,01,0: →δ  is a continuous function 

such that ( ) ss >δ  for .10 << s  Then 

:1G ( ) { }( ) .00,,,,max00,,,,, ≥+δ−=≥+Ψ vuuvvuvuuvvu  If 

,hvu ≥  then ( ) 0≥+δ− vuu  implies ( ) vuvuu +>+δ≥  a contradiction. 
Hence .hvu <  

:2G ( ) { }( ) ( ) 0,,0,0,max,0,0,,, <δ−=δ−=Ψ uuuuuuuuuu  for 

all .0>u  

Theorem 3.5. Let ( )dX ,  be a complete metric space and 321 ,, TTT  

and 4T  be the self-mappings of X satisfying the following conditions: 

(1) ( ) ( )XTXT 41 ⊂  and ( ) ( ).32 XTXT ⊂  

(2) The pairs ( )41, TT  and ( )32, TT  are weakly compatible. 

(3) ( )XT3  or ( )XT4  is complete. 

(4) There exists ( )1,0∈k  such that 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
0

,,,,

,,,,,2
,,,,

413442

42
31

411321
≥

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

Ψ

yTxTdxTyTdyTyTd

k
yTyTdxTxTdyTxTdxTxTd

k
yTxTd

 

 (2) 
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for some ,F∈Ψ  and ., Xyx ∈  Then 321 ,, TTT  and 4T  have a unique 

common fixed point in X. 

Proof. Let 0x  be any arbitrary point. Since ( ) ( )XTXT 41 ⊂  and ( )XT2  

( ),3 XT⊂  there must exist points Xxx ∈21,  such that 1401 xTxT =  and 

.2312 xTxT =  

In general, sequences { }ny  and { }nx  in X are obtained in such a way that 

nnn xTxTy 211242 == +  and ,12222312 +++ == nnn xTxTy  

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

,0

,

,,,,,

,,,2
,,,,

12421

23124124122
124122

2321
12421212312221

≥

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

+

Ψ

+

+++
++

++

nn

nnnn
nn

nn
nnnnnn

xTxTd

xTxTdxTxTdk
xTxTd

xTxTdxTxTdxTxTd
k

xTxTd

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0

,,,,,,

,,,2
,,,,

22122212
122

122
22212122

≥
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

+

+

Ψ

−+
+

−
−+

nnnnnn
nn

nn
nnnnnn

yydyydyydk
yyd

yydyydyyd
k

yyd

 

imply Ψ  is non-increasing function, and it gives that 

( ) ( ) ( )⎜
⎝
⎛Ψ −

−+ ,,,2
,,,

122
212122

nn
nnnn yydyyd

k
yyd  

    ( ) ( ) ( ) ,00,,,,,
122212

122 ≥⎟
⎠
⎞+ −+

+
nnnn

nn yydyydk
yyd  

( ) ( ) .,, 212
122 k

yydyyd nn
nn

−
+ ≤  

Similarly, ( ) ( ) .,, 212
2212 k

yydyyd nn
nn

+
++ ≤  

Therefore, ( ) ( )
k

yydyyd nn
nn

,, 1
1

−
+ ≤  is obtained for all n. 
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Hence ( ) ( ) ( ) ( ) .,,,, 10
2

121
1 n

nnnn
nn

k
yyd

k
yyd

k
yydyyd ≤≤≤≤ −−−

+  

Thus ( ) .0,lim 1 =+
∞→

nn
n

yyd  

Now, for any positive integer p, it gives that 

( ) ( ) ( ).,,, 11 pnpnnnpnn yydyydyyd +−+++ ++≤  

It follows that ( ) 0, →+ pnn yyd  which shows that { }ny  is a Cauchy sequence 

in X which is complete. Therefore, { }ny  converges to z, for some .Xz ∈  

So it implies that { },21 nxT  { },23 nxT  { }122 +nxT  and { }124 +nxT  also 

converge to z. 

Now if ( )XT4  is complete, then ( ).4 XTz ∈  So there exists Xu ∈  such 

that ,4uTz =  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
.0

,,,,,,,

,,2
,,,,

4212223442
42

2321
4212123221

≥
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

+

+

Ψ
uTxTdyydxTuTduTuTdk

uTuTd

xTxTduTxTdxTxTd
k

uTxTd

nnnn

nn
nnnn

 

As ,∞→n  it becomes  

( ) ( ) ( ) ( )⎜
⎝
⎛ +Ψ ,,,2

,,,, 2 zzdzzdzzd
k

uTzd
 

( ) ( ) ( ) ( ) ,0,,,,,,
2

2 ≥⎟
⎠
⎞+ zzdzzdzuTdk

zuTd  

( ) ( ) ( ) .00,,,,,0,0,,
2

22 ≥⎟
⎠
⎞⎜

⎝
⎛Ψ zuTdk

zuTd
k

uTzd  

So ( ) .0, 2 ≤uTzd  Hence .432 uTuTuTz ===  

Now ( )32, TT  is weakly compatible, so ,2332 uTTuTT =  and thereby zT2  

.3zT=  
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Putting nxx 2=  and zy =  in (2), we get 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
.0

,,,,,,

,,,2
,,,,

42123442
42

2321
4212123221

≥
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

+

+

Ψ
zTxTdxTzTdzTzTdk

zTzTd

xTxTdzTxTdxTxTd
k

zTxTd

nn

nn
nnnn

 

Taking limit as ,∞→n  we have 

( ) ( ) ( ) ( )⎜
⎝
⎛ +Ψ ,,,2

,,,, 42 zzdzTzdzzd
k

zTzd  

           ( ) ( ) ( ) ( ) ,0,,,,,,
4442

42 ≥⎟
⎠
⎞+ zTzdzzTdzTzTdk

zTzTd  

( ) ( ) ( ) ( ) ( ) .0,,,,,,0,2
,,,

42
4242 ≥⎟

⎠
⎞⎜

⎝
⎛Ψ zTzdzzTdk

zTzTdzTzd
k

zTzd  

Since ( ),, 44 XTzzTz ∈=  

( ) ( ) ( ) ( ) ( ) ,0,,,,,,0,2
,,,

2
22 ≥⎟

⎠
⎞⎜

⎝
⎛Ψ zzdzzTdk

zzTdzzd
k

zTzd  

( ) ( ) ( ) .00,,,,,0,0,,
2

22 ≥⎟
⎠
⎞⎜

⎝
⎛Ψ zzTdk

zzTd
k

zTzd  

Since Ψ  is non-increasing, ,42 zzTzT ==  as ( ) ( ).32 XTXT ⊂  

Suppose there exists ,Xv ∈  such that .32 zvTzT ==  

Taking zyvx == ,  in (2),  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
,0

,,,,

,,,,,2
,,,,

413442

42
31

411321
≥

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

Ψ

zTvTdvTzTdzTzTd

k
zTzTdzTvTdzTvTdvTvTd

k
zTvTd

 

( ) ( ) ( ) ( )⎜
⎝
⎛ +Ψ ,,,2

,,,,
1

111 zvTdzvTdvTzd
k

zvTd
 

( ) ( ) ( ) ( ) ,0,,,,,,
1 ≥⎟

⎠
⎞+ zvTdzzdzzdk

zzd  
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( ) ( ) ( ) ( ) .0,,0,0,,,,,,
111

1 ≥⎟
⎠
⎞

⎜
⎝
⎛Ψ zvTdzvTdvTzdk

zvTd  

This implies that .1 zvT =  As ( ) ( ),41 XTXT ⊂  ( ).41 XTvTz ∈=  Thus 

.41 vTvTz ==  Furthermore, since ( )41, TT  is weakly compatible, 

vTTvTT 1441 =  and .41 zTzT =  

Combining all the results, .3241 zzTzTzTzT ====  

Similarly, we obtain that zzTzTzTzT ==== 3241  by taking ( )XT3  to 

be complete. Thus, z is the common fixed point of 321 ,, TTT  and .4T  

Uniqueness. Let p and z be the two common fixed points of maps 

321 ,, TTT  and .4T  Putting zx =  and py =  in condition (1), we have 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
,0

,,,,

,,,,,2
,,,,

413442

42
31

411321
≥

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

Ψ

zTvTdvTzTdzTzTd

k
zTzTdzTvTdzTvTdvTvTd

k
zTvTd

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
,0

,,,,

,,,,,2
,,,,

413442

42
31

411321
≥

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

Ψ

pTzTdzTpTdpTpTd

k
pTpTdzTpTdpTzTdzTzTd

k
pTzTd

 

( ) ( ) ( ) ( )⎜
⎝
⎛ +Ψ ,,,2

,,,, zpdpzdzzd
k

pzd  

        ( ) ( ) ( ) ( ) ,0,,,,,, ≥⎟
⎠
⎞+ pzdzpdppdk

ppd  

( ) ( ) ( ) ( ) ( ) .0,,,,0,,,2
,,, ≥⎟

⎠
⎞⎜

⎝
⎛Ψ pzdzpdzpdpzd

k
pzd  

Hence .zp =  So z is the unique common fixed point of 321 ,, TTT  and 
.4T  
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