
 

Far East Journal of Mathematical Sciences (FJMS) 
© 2016 Pushpa Publishing House, Allahabad, India 
Published Online: June 2016 
http://dx.doi.org/10.17654/MS100010001 
Volume 100, Number 1, 2016, Pages 1-18 ISSN: 0972-0871 

Received: January 5, 2016;  Accepted: February 25, 2016 
2010 Mathematics Subject Classification: 17B01, 17A32. 
Keywords and phrases: Lie-Yamaguti algebra, Lie superalgebra, Lie supertriple system.  

Communicated by K. K. Azad 

A NOTE ON LIE-YAMAGUTI SUPERALGEBRAS 

Patricia Lucie Zoungrana 

University Ouaga II 
12, BP 412, Ouagadougou 12 
Ouagadougou, Burkina Faso 
e-mail: pati@univ-ouaga.bf 

patibffr@yahoo.fr 

Abstract 

A Lie-Yamaguti algebra (or general Lie triple system or Lie triple 
algebra) is a tangent algebraic system of the reductive homogeneous 
space studied by Nomizu in [3]. The class of Lie-Yamaguti algebras 
contains Malcev algebras and Lie triple systems as special classes. 

In this paper, we describe and give some properties of Lie-Yamaguti 
superalgebras. Also, we study a particular class of Lie-Yamaguti 
superalgebras. 

1. Introduction 

In what follows, the algebras and superalgebras considered will be 
defined over a field k of characteristic 0. 

A Lie-Yamaguti algebra [ ]( ),,,, ⋅T  [7] is a vector space T equipped 

with a bilinear operation: TTT →×  and a trilinear operation [ ] ×T:,,  

TTT →×  satisfying the following identities for any :,,,, Twvzyx ∈  
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(1) ;yxxy −=  

(2) [ ] [ ];,,,, zxyzyx −=  

(3) [ ] ( ){ }∑ =+
zyxcycl

zxyzyx
,,

;0,,  

(4) [ ]∑ =
zyxcycl

wzxy
,,

;0,,  

(5) [ ] [ ] [ ];,,,,,, wyxzwzyxzwyx +=  

(6) [ ][ ] [ ][ ] [ ][ ] [ ][ ].,,,,,,,,,,,,,,,, wyxvzwvyxzwvzyxwvzyx ++=  

Lie-Yamaguti algebras are reduced to Lie algebras if we define 
[ ] 0,, =zyx  or [ ] ( ) zxyzyx =,,  while Lie-Yamaguti algebras with    

0=xy  are Lie triple systems. In [2], Kinyon and Weinstein showed that if 

( ).,L  is a Leibniz algebra, that is, ( ) ( ) ( ),xzyzxyyzx −=  for any zyx ,,  in 

L, then [ ] [ ]( ),,,,,L  with [ ] ( );2
1, yxxyyx −=  [ ] ( ) zxyzyx 4

1,, −=  is 

a Lie-Yamaguti algebra. Also, in [6], Yamaguti showed that if in a Malcev 
algebra ( )⋅,M  we set [ ] ( ) ( ) ( ) ,,, zxyxzyyzxzyx +−=  then [ ]( ),,,, ⋅M  

is a Lie-Yamaguti algebra. Then it is clear that Lie-Yamaguti algebras are a 
generalization of Lie algebras, Malcev algebras and Lie triple systems. In [5], 
Sagle gave the construction of remarkable Lie-Yamaguti algebras and in [1] 
examples of irreducible Lie-Yamaguti algebras are provided. 

The purpose of this paper is twofold. We first introduce the concept and 
establish some properties of Lie-Yamaguti superalgebras and we study a 
particular class of Lie-Yamaguti superalgebras composed of Lie supertriple 
systems and Lie superalgebras. Second, we show that a Lie superalgebra         
with a reductive decomposition induces the structure of a Lie-Yamaguti 
superalgebra on the reductive complement to the 2Z -graded subalgebra     

and we show that every Lie-Yamaguti superalgebra has an enveloping Lie 
superalgebra. 
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2. Lie-Yamaguti Superalgebras 

Let us recall that a superalgebra over k is a 2Z -graded algebra 

,10 AAA ⊕=  where .jiji AAA +⊂  The subspaces 0A  and 1A  are called 

the even and the odd parts of the superalgebra and so are called the elements 
from 0A  and ,1A  respectively. Below all the elements are assumed to be 

homogeneous, that is, either even or odd and for a homogeneous element 
,1,0, =∈ iAx i  the notation ix =  is used and means the parity of x. 

Let ( )...,2,1,,1 == iealgG i  be the Grassmann algebra over a 

countable set of generators ,ie  with ,02 =ie  ijji eeee −=  for .ji ≠  The 

elements riii iiieee r <<< 21,,1 21  form a k basis of G. Denote by 0G  

(respectively )1G  the span of the products of even length (respectively odd 

length) in the generators. The product of zero sei′  is by convention equal to 

1. Then 10 GGG ⊕=  is an associative and supercommutative superalgebra, 

that is, ( ) ,1 1221 21 gggg gg−=  where ., 1021 GGgg ∪∈  Let 10 AAA ⊕=  

be a superalgebra; the graded tensor product ,AG ⊗  where G is the 

Grassmann superalgebra, becomes a superalgebra with the product given by 

( ) ( ) ( ) ,1 2121 2 ggxygygx gx ⊗−=⊗⊗  for homogeneous elements 21, gg   

,G∈  Ayx ∈,  and grading given by ( ) ,11000 AGAGAG ⊗⊕⊗=⊗  

( ) .01101 AGAGAG ⊗⊕⊗=⊗  By the Grassmann envelope of the 

superalgebra ,10 AAA ⊕=  we mean the subalgebra ( ) ( ) =⊗= 0AGAG  

1100 AGAG ⊗⊕⊗  of the tensor product .AG ⊗  

Let V be a homogeneous variety of algebras, that is, a class of algebras 
satisfying a certain set of homogeneous identities and all their partial 
linearizations [8]. A superalgebra 10 AAA ⊕=  is called a V-superalgebra, if 

its Grassmann envelope ( )AG  belongs to V. 
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Thus, the concept of Lie-Yamaguti superalgebra introduced here has 
been modeled with the aim in mind that a superalgebra 10 TTT ⊕=  should 

be a Lie-Yamaguti superalgebra if its Grassmann envelope ( )TG  is a Lie-

Yamaguti algebra. We have the following definition. 

Definition 2.1. A Lie-Yamaguti superalgebra is a 2Z -graded vector 

space ,10 TTT ⊕=  with a bilinear operation: TTT →×  and a trilinear 

operation [ ] TTTT →××:,,  such that for any ,,,,, 10 TTwvzyx ∪∈  

,,, 2Z∈kji  

(LYS1) jiTTT jiji +⊂ + ;  calculated modulo 2; 

(LYS2) [ ] kjiTTTT kjikji ++⊂ ++ ;,,  calculated modulo 2; 

(LYS3) ( ) ;1 yxxy yx−−=  

(LYS4) [ ] ( ) [ ];,,1,, zxyzyx yx−−=  

(LYS5) ( ) [ ] ( )( )∑ =+−
zyxcycl

zx zxyzyx
,,

;0,,1  

(LYS6) ( ) [ ]∑ =−
zyxcycl

zx wzxy
,,

;0,,1  

(LYS7) [ ] [ ] ( ) ( ) [ ];,,1,,,, wyxzwzyxzwyx yxz +−+=  

(LYS8) [ ][ ] [ ][ ]wvzyxwvzyx ,,,,,,,, =  

( ) ( ) [ ][ ] ( )( ) ( ) [ ][ ].,,,,1,,,,1 wyxvzwvyxz yxvzyxz +++ −+−+  

Remark 2.2. 1. Obviously, 0T  is a Lie-Yamaguti algebra. 

2. In [4] (see Definition II.1.4), the concept of Lie-Yamaguti 
superalgebras introduced as Lie triple superalgebras is defined as follows:     
a Lie triple superalgebra is a 2Z -graded vector space ,10 TTT ⊕=  with      

a bilinear operation: TTT →×  and a trilinear operation [ ] TTT ××:,,  
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T→  such that for any ,,,,, 10 TTwvzyx ∪∈  ,,, 2Z∈kji  

  (i) ( ) ;1 yxxy yx−−=  

 (ii) [ ] ( ) [ ];,,1,, zxyzyx yx−−=  

(iii) [ ] ( ) ( )[ ]xzyzyx zyx ,,1,, +−+  

( ) ( )[ ] ( ) ( ) ;0,,~1,,1 =−+−+ +++ zyxJyxz zxzyyxyxz  

(iv) [ ] ( ) ( )[ ] ( ) ( )[ ] ;0,,1,,1,, =−+−+ ++ vyzxvxyzvzxy zxyyxz  

 (v) [ ][ ] [ ][ ]wvzyxwvzyx ,,,,,,,, =  

( ) ( ) [ ][ ] ( )( ) ( ) [ ][ ],,,,,1,,,,1 wyxvzwvyxz yxvzyxz +++ −+−+  

where ( ) ( ) ( ) ( ) ( ) .1,,~ yxzyzxzxyzyxJ zy−−−=  

By setting 

{ } ( ) [ ],,,1,, zyxzyx zxzyyx ++−=  

we can see by straightforward calculations that if [ ]( ),,,.,T  is a Lie-

Yamaguti superalgebra in our sense, then { }( ),,,.,T  is a Lie triple 

superalgebra in the sense of [4] and conversely. 

Proposition 2.3. A superalgebra 10 TTT ⊕=  equipped with bilinear 

and trilinear products satisfying jiji TTT +⊂  and [ ] kjikji TTTT ++⊂,,  is a 

Lie-Yamaguti superalgebra if its Grassmann envelope ( ) ⊕⊗= 00 TGTG  

11 TG ⊗  is a Lie-Yamaguti algebra under the following products: 

( ) ( ) ( ) ,1 2121 ggxygygx yx ⊗−=⊗⊗  

[ ] ( ) [ ] .,,1,, 321321 gggzyxgzgygx zxzyyx ⊗−=⊗⊗⊗ ++  

Proof. The proof is straightforward by using the fact that for any element 
gx ⊗  in ( ),TG  we have .gx =  ~ 
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Examples. 1. It is clear that Lie superalgebras are Lie-Yamaguti 
superalgebras with [ ] .0,, =zyx  

2. If 0=xy  for any ,, 10 TTyx ∪∈  then (LYS1), (LYS3), (LYS6),  

(LYS7) are trivial and (LYS2), (LYS4), (LYS5), (LYS8) define a Lie supertriple 
system that is a 2Z -graded vector space ,10 TTT ⊕=  with trilinear 

composition [ ] TTTT →××:,,  such that for any ,,,,, 10 TTwvzyx ∪∈  

,,, 2Z∈kji  

(LSS1) [ ] kjiTTTT kjikji ++⊂ ++ ;,,  calculated modulo 2; 

(LSS2) [ ] ( ) [ ];,,1,, zxyzyx yx−−=  

(LSS3) ( ) [ ]∑ =−
zyxcycl

zx zyx
,,

;0,,1  

(LSS4) [ ][ ] [ ][ ]wvzyxwvzyx ,,,,,,,, =  

( ) ( ) [ ][ ] ( )( ) ( ) [ ][ ].,,,,1,,,,1 wyxvzwvyxz yxvzyxz +++ −+−+  

Let us recall that a superalgebra 10 MMM ⊕=  is said to be a Malcev 

superalgebra if the following identities are satisfied: 

( ) ;1 yxxy yx−−=  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) xtyztzxyytxz tzyxzy ++−+=−− 11  

( )( ) ( ) ( )( ) ( ) ( ) ( )( ) .11 zytxyxzt zyxttzyx ++++ −+−+  

The next proposition is a superanalogue of the corresponding result for 
Malcev algebras [6]. 

Proposition 2.4. Let [ ]( ),,,.,T  be a Lie-Yamaguti superalgebra     

such that [ ] ( ) ( ) ( ) ( ) .1,, zxyxzyyzxzyx yx +−−=  Then ( )⋅,T  is a Malcev 

superalgebra. Conversely, if we define on a Malcev superalgebra ( )⋅,T  a 

trilinear operation by 
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[ ] ( ) ( ) ( ) ( ) ,1,, zxyxzyyzxzyx yx +−−=  

then [ ]( ),,,.,T  is a Lie-Yamaguti superalgebra. 

Proof. Let [ ]( ),,,.,T  be a Lie-Yamaguti superalgebra with a trilinear 

composition satisfying [ ] ( ) ( ) ( ) ( ) .1,, zxyxzyyzxzyx yx +−−=  Then its 

Grassmann envelope ( ) 1100 TGTGTG ⊗⊕⊗=  is a Lie-Yamaguti algebra 

such that 

( ) ( ) ( ) ,1 2121 ggxygygx yx ⊗−=⊗⊗  

[ ] ( ) [ ] .,,1,, 321321 gggzyxgzgygx zxzyyx ⊗−=⊗⊗⊗ ++  

We have: 

( ) ( ) ( )( ) ( ) ( ) ( )( )312321 gzgxgygzgygx ⊗⊗⊗−⊗⊗⊗  

( ) ( )( ) ( )321 gzgygx ⊗⊗⊗+  

( ) ( )( ) ( ) ( ) 312321 11 gggxzygggyzx zxzyyxzxzyyx ⊗−−⊗−= ++++  

( ) ( ) 3211 gggzxyzxzyyx ⊗−+ ++  

( ) [ ( ) ( ) ( ) ( ) ] 32111 gggzxyxzyyzx yxzxzyyx ⊗+−−−= ++  

( ) [ ] [ ].,,,,1 321321 gzgygxgggzyxzxzyyx ⊗⊗⊗=⊗−= ++  

Thus, ( ) [ ]( ),,,.,TG  is a Lie-Yamaguti algebra such that 

[ ]321 ,, gzgygx ⊗⊗⊗  

( ) ( ) ( )( )321 gzgygx ⊗⊗⊗=  

( ) ( ) ( )( ) ( ) ( )( ) ( ).321312 gzgygxgzgxgy ⊗⊗⊗+⊗⊗⊗−  

Having in mind that any Lie-Yamaguti algebra [ ]( ),,,.,T  with [ ]zyx ,,  

( ) ( ) ( ) zxyxzyyzx +−=  is a Malcev algebra [6], we deduce that ( )( ).,TG  is 

a Malcev algebra and then ( ).,T  is a Malcev superalgebra. 

The converse is proved in the same way. ~ 
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Definition 2.5. Let 10 TTT ⊕=  be a Lie-Yamaguti superalgebra. A 

graded subspace 10 HHH ⊕=  of T is a graded Lie-Yamaguti subalgebra of 

T if jiji HHH +⊂  and [ ] kjikji HHHH ++⊂,,  for any .,, 2Z∈kji  

Definition 2.6. Let 10 TTT ⊕=  and 10 TTT ′⊕′=′  be Lie-Yamaguti 

superalgebras. A linear map TTf ′→:  is said to be of degree α  if 

( ) ii TTf +α′⊂  for all ., 2Z∈α i  

Definition 2.7. Let 10 TTT ⊕=  and 10 TTT ′⊕′=′  be Lie-Yamaguti 

superalgebras. A linear map TTf ′→:  is called a homomorphism of Lie-

Yamaguti superalgebras if 

1. f preserves the grading, that is, ( ) ;, 2Z∈′⊂ iTTf ii  

2. ( ) ( ) ( );yfxfxyf =  

3. [ ]( ) ( ) ( ) ( )[ ]zfyfxfzyxf ,,,, =  for any .,, 10 TTzyx ∪∈  

Let us recall that if 10 VVV ⊕=  is a 2Z -graded vector space, then      

we set ( ) ( ) ( ){ },ii VVfVEndfVEnd +αα ⊂∈=  we obtain an associative 

superalgebra ( ) ( ) ( );10 VEndVEndVEnd ⊕=  ( )VEndα  consists of the linear 

mappings of V into itself which are homogeneous of degree .α  The bracket 

[ ] ( ) gffggf gf1, −−=  makes ( )VEnd  into a Lie superalgebra. 

Definition 2.8. Let 10 TTT ⊕=  be a Lie-Yamaguti superalgebra. Then 

( )TEndD α∈  is a superderivation of T if for any ,,, 10 TTzyx ∪∈  

1. ( ) ( ) ( ) ( );1 yxDyxDxyD xα−+=  

2. [ ]( ) ( )[ ] ( ) ( )[ ]zyDxzyxDzyxD x ,,1,,,, α−+=  

( ) ( ) ( )[ ].,,1 zDyxyx+α−+  
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Let ( )TDα  consist of the superderivation of degree α  and ( ) =TD  

( ) ( ).10 TDTD ⊕  It is easy to check that ( )TD  is a graded subalgebra of 

( )TEnd  called the Lie superalgebra of superderivation of T. 

Let 10 TTT ⊕=  be a Lie-Yamaguti superalgebra. For any ,, 10 TTyx ∪∈  

denote by yxD ,  the endomorphism of T defined by ( ) [ ]zyxzD yx ,,, =  for 

any .Tz ∈  We have for any ,, 10 TTyx ∪∈  ,2Z∈α  ( ) ,, yxyx TTD ++αα ⊂  

that is, yxD ,  is a linear map of degree .yx +  The axioms (LYS4), (LYS6), 

(LYS7) and (LYS8) can be written as: 

  (i) ( ) ;1 ,, xy
yx

yx DD −−=  

 (ii) ( )∑ =−
zyxcycl

zxy
zx D

,,
, ;01  

(iii) ( ) ( ) ( ) ( ) ( );1 ,,, wzDwzDzwD yx
yxz

yxyx
+−+=  

(iv) [ ]( ) [ ( ) ]wvzDwvzD yxyx ,,,, ,, =  

( ) ( )[ ( ) ] ( )( ) ( )[ ( )]wDvzwvDz yx
yxvz

yx
yxz

,, ,,1,,1 +++ −+−+  

for any .,,,, 10 TTwvzyx ∪∈  By (iii) and (iv), we have that yxD ,  is a 

superderivation of T called an inner superderivation of T. From (iv), we also 
have that for any ,,,,, 10 TTwvzyx ∪∈  

(iv)’ [ ] [ ] ( ) ( )
[ ].1, ,,,,,,,, vyxz

yxz
vzyxvzyx DDDD +−+=  

Let ( )TTD ,  be the vector space spanned by all ( ).,, TyxD yx ∈  

We can define naturally a 2Z -gradation by setting ( ) =TTD ,  

( ) ( ),,, 10 TTDTTD ⊕  where ( )TTD ,α  consists of the superderivation 

yxD ,  of degree .α  It is clear from (iv)’ that ( )TTD ,  is a 2Z -graded Lie 

subalgebra of ( )TD  called the Lie superalgebra of all inner superderivations 

of T. 
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Let [ ]( ),,,.,T  be a Lie-Yamaguti superalgebra; T can be written        

as a pair ( ),, DB TTT =  where ( ).,TTB =  is the bilinear system and 

[ ]( ),,,.,TTD =  the trilinear system. Thus, the relations (iii) and (iv) mean 

that every inner superderivation of [ ]( ),,,.,T  is a superderivation of both 

of the bilinear system BT  and the trilinear system ,DT  that is, ( ) ⊂TTD ,  

,DB DerTDerT ∩  where BDerT  (respectively )DDerT  denotes the Lie 

superalgebra of all superderivations of BT  (respectively .)DT  

Now, we consider a particular class of Lie-Yamaguti superalgebras 
composed of Lie supertriple systems and Lie superalgebras. 

The following result is obvious: 

Proposition 2.9. Let [ ]( ),,,.,T  be a Lie-Yamaguti superalgebra. Then 

the bilinear system ( ).,TTB =  forms a Lie superalgebra if and only if the 

trilinear system [ ]( ),,,.,TTD =  forms a Lie supertriple system. A pair of 

a Lie superalgebra BT  and a Lie supertriple system DT  on the same 

underlying vector space T forms a Lie-Yamaguti superalgebra if and only if 
the following relations are verified: 

 (i) ( ) [ ]∑ =−
zyxcycl

zx vzxy
,,

;0,,1  

(ii) ( ) ., BDerTTTD ⊂  

Proposition 2.10. Let ( )DB TTT ,=  be a Lie-Yamaguti superalgebra. 

Suppose that BT  forms a Lie superalgebra (or DT  forms a Lie supertriple 

system). Then the following assertions are equivalent for any ,,, zyx  

:Tv ∈  

 (i) ,Dx DerTB ∈  where ;,: xyyTTBx →  

(ii) [ ] [ ] .,,,, vzyxvzxy =  
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Proof. Suppose that for any x in ., Dx DerTBT ∈  Notice that ( ) =ix TB  

,xii TxT +⊂  that is, xB  is homogeneous of degree .x  

By (LYS6), it follows that for any ,,,, Tvzyx ∈  

( ) [ ] ( ) [ ] ( ) [ ] ,0,,1,,1,,1 =−+−+− vyzxvxyzvzxy zyyxzx  

that is, [ ] ( ) ( )[ ] ( )( ) [ ].,,1,,1,, vyzxvxyzvzxy zyxzyx ++ −−−−=  

But, for any z in Dz DerTBT ∈,  gives 

[ ] [ ] ( ) [ ] ( )( ) [ ],,,1,,1,,,, zvyxvzyxvyzxvyxz zyxxz +−+−+=  

that is, 

[ ] [ ] ( ) [ ] ( )( ) [ ]zvyxvzyxvyxzvyzx zyxxz ,,1,,1,,,, +−−−−=  

[ ] ( )( ) [ ] ( )( ) [ ].,,1,,1,, zvyxvxyzvyxz zyxyzx ++ −−−−=  

Then 

[ ] ( ) ( )[ ] ( )( ) [ ]vyzxvxyzvzxy zyxzyx ,,1,,1,, ++ −−−−=  

( )( ) [ ] [ ]zvyxvyxzzyx ,,,,1 +−−= +  

[ ]vzyx ,,=  by (LYS7). 

Now, let us consider that [ ] [ ] .,,,, vzyxvzxy =  Then, by the equality 

(LYS7), we have 

[ ] [ ] ( ) ( ) [ ]vzyxvxzyxvzy zyx ,,1,,,, +−+=  

and 

[ ] ( ) ( )[ ] ( ) ( )[ ] ,,,1,,1,, vxzyxvzyvzyx zyxzyx ++ −−−=  

that is, 

[ ] ( ) ( )[ ] ( ) ( )[ ]vxyzxvzyvzyx zyxzyx ,,1,,1,, ++ −−−=  

by using the assumption. 
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It follows that 

[ ] [ ] ( ) ( )[ ] ( ) ( )[ ].,,1,,1,,,, vxyzxvzyvzyxvzyB zyxzyx
x

++ −−−==  

But (LYS6) gives 

( ) [ ] ( ) [ ] ( ) [ ].,,1,,1,,1 vzxyvyzxvxyz zxzyyx −−−−=−  

Then 

[ ]vzyBx ,,  

( ) ( )[ ] ( ) ( )[ ]vxyzxvzy zyxzyx ,,1,,1 ++ −−−=  

( ) ( )[ ] ( ) ( ( ) [ ] ( ) [ ])vzxyvyzxxvzy zxzyzxzyx ,,1,,11,,1 −−−−−−−= +  

[ ] ( ) [ ] ( ) ( )[ ].,,1,,1,, xvzyvxzyvzxy zyxyx +−+−+=  

Thus, .Dx DerTB ∈  ~ 

Theorem 2.11. Let ( )DB TTT ,=  be a Lie-Yamaguti superalgebra. 

Suppose that BT  forms a Lie superalgebra (or DT  forms a Lie supertriple 

system). Then the following assertions are equivalent: 

1. For any fixed ,k∈α  the trilinear system α
DT  given by 

[ ] [ ] ( ) zxyzyxzyx α+=α ,,,,  forms a Lie supertriple system. 

2. .Dxy DerTB ∈  

Proof. Suppose that the trilinear system α
DT  forms a Lie supertriple 

system. Let us show that .Dxy DerTB ∈  

As α
DT  is a Lie supertriple system, then by definition, we have 

[ [ ] ] [[ ] ] ( ) ( )[ [ ] ]111111 ,,,,1,,,,,,,, wvyxzwvzyxwvzyx yxz +−+=  

( )( ) ( )[ [ ] ] .,,,,1 11wyxvzyxvz ++−+  
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As [ ] [ ] ( ) ,,,,, 1 zxyzyxzyx +=  we have 

[ [ ] ] [ [ ] ] ( ) [ ]1111 ,,,,,,,,,, wvzxywvzyxwvzyx +=  

[ [ ] ( ) ] ( ) [ ] ( )( ),,,,,,, wzvwvzxywzvwvzyx +++=  

[[ ] ] [[ ] ] ([ ] )wvzyxwvzyxwvzyx 1111 ,,,,,,,,,, +=  

[[ ] ( ) ] [ ] ( )( )( ) ,,,,,,, wvzxyzyxwvzxyzyx +++=  

[ [ ] ] [ [ ] ] ( [ ] )wvyxzwvyxzwvyxz 1111 ,,,,,,,,,, +=  

[ [ ] ( ) ] [ ] ( )( )( ) ,,,,,,, wvxyvyxzwvxyvyxz +++=  

[ [ ] ] [ [ ] ] ( ) [ ]1111 ,,,,,,,,,, wyxzvwyxvzwyxvz +=  

[ [ ] ( ) ] ( ) [ ] ( )( ).,,,,,, wxywyxzvwxywyxvz +++=  

Hence, we have 

[ ] ( )[ ] ( ) [ ] ( )( )wzvwvzxywzvwvzyx +++ ,,,,,,  

[ ] ( )[ ] [ ] ( )( )( )wvzxyzyxwvzxyzyx +++= ,,,,,,  

( ) ( ) [ ] ( )[ ]( [ ] ( )( )( ) )wvxyvyxzwvxyvyxzyxz +++−+ + ,,,,,,1  

( )( ) ( ) [ ] ( )[ ]( ( ) [ ] ( )( )).,,,,,,1 wxywyxzvwxywyxvzyxvz +++−+ ++  

Using the fact that BT  is a Lie superalgebra, we also have due to the 

Jacobi’s superidentity: 

( ) ( )( ) ( )( ) ( )( ) ( )( ) ( ) ( ) ( )( )( )wvxyzwxyzvwzvxy yxzyxvz +++ −+−= 11  

( )( )( ) .wvzxy+  

In consequence, we have: 

( )[ ] ( ) [ ]wvzxywzvyx ,,,, +  

( )[ ] ([ ] ( ) ( ) [ ]) ( ) ( ) ( )[ ]wvxyzwvyxzvzyxwvzxy yxzyxz ,,1,,1,,,, ++ −+−++=  
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( )( ) ( ) ( )[ ] ( )( ) ( )( ) [ ]wyxzvwxyvz yxvzyxvz ,,1,,1 ++++ −+−+  

( )[ ] [ ] ( ) ( ) ( )[ ]wvxyzwzvyxwvzxy yxz ,,1,,,, +−++=  

( )( ) ( ) ( )[ ] ( )( ) ( )( ) [ ],,,1,,1 wyxzvwxyvz yxvzyxvz ++++ −+−+  

that is, 

( ) [ ] ( )[ ] ( ) ( ) ( )[ ]wvxyzwvzxywvzxy yxz ,,1,,,, +−+=  

( )( ) ( ) ( )[ ]wxyvzyxvz ,,1 ++−+  

and .Dxy DerTB ∈  

The converse is obtained by straightforward calculations. ~ 

3. Lie Enveloping Superalgebra 

Let 10 AAA ⊕=  and 10 BBB ⊕=  be two 2Z -graded vector spaces; 

BA ⊕  has a natural 2Z -gradation defined by ( ) ,ααα ⊕=⊕ BABA  

.1,0=α  Let [ ]( ),,L  be a Lie superalgebra with a reductive decomposition 

,mhL ⊕=  that is, 10 hhh ⊕=  is a 2Z -graded subalgebra of L and =m  

10 mm ⊕  a 2Z -graded subspace of L with [ ] ., mhm ⊂  On m, define a 

bilinear map : mmm →×  and a trilinear map [ ] mmmm →××:,,  by: 

[ ]( );, yxxy mπ=  

[ ] [ ]( )[ ],,,,, zyxzyx hπ=  

for any ,,, mzyx ∈  where mπ  and hπ  denote the projections on m and h 

with respect to the reductive decomposition. We have the following: 

Theorem 3.1. [ ]( ),,,.,m  is a Lie-Yamaguti superalgebra. 

Proof. Obviously, we have jiji mmm +⊂  and [ ] kjikji mmmm ++⊂,,  

for any .,, 2Z∈kji  For any ,, myx ∈  [ ] ( ) [ ]xyyx yx ,1, −−=  gives +xy  
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[ ]( ) ( ) [ ]( )( ),,1, xyyxyx h
yx

h π+−−=π  that is, ( ) yxxy yx1−−=  and [ ]( )yxh ,π  

( ) [ ]( )( ).,1 xyyx h
yx π+−−=  This gives 

[ ] [ ]( )[ ] ( ) [ ]( )[ ] ( ) [ ]zxyzxyzyxzyx yx
h

yx
h ,,1,,1,,,, −−=π−−=π=  

for any .mz ∈  

For any ,,, mzyx ∈  the relation 

( ) [ ][ ] ( ) [ ][ ] ( ) [ ][ ] 0,,1,,1,,1 =−+−+− yxzxzyzyx zyyxzx  

implies 

( ) [ ]( ) [ ]( )[ ] ( ) [ ]( ) [ ]( )[ ]xzyzyzyxyx hm
yx

hm
zx ,,,1,,,1 π+π−+π+π−  

( ) [ ]( ) [ ]( )[ ] 0,,,1 =π+π−+ yxzxz hm
zy  

and 

( ) [ ] ( ) [ ]( )[ ] ( ) [ ] ( ) [ ]( )[ ]xzyxyzzyxzxy h
yxyx

h
zxzx ,,1,1,,1,1 π−+−+π−+−  

( ) [ ] ( ) [ ]( )[ ] .0,,1,1 =π−+−+ yxzyzx h
zyzy  

We obtain 

( ) [ ]( ) ( ) [ ] ( ) [ ]( ) ( ) [ ]xzyxyzzyxzxy yx
m

yxzx
m

zx ,,1,1,,1,1 −+π−+−+π−  

( ) [ ]( ) ( ) [ ] 0,,1,1 =−+π−+ yxzyzx zy
m

zy  

and 

( ) [ ]( ) ( ) [ ]( ) ( ) [ ]( ) ,0,1,1,1 =π−+π−+π− yzxxyzzxy h
zy

h
yx

h
zx  

that is, 

( ) [ ] ( ) [ ] ( ) [ ]yxzxzyzyx zyyxzx ,,1,,1,,1 −+−+−  

( ) ( ) ( ) ( ) ( ) ( ) 0111 =−+−+−+ yzxxyzzxy yzyxzx  
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and for any ,mv ∈  

( ) [ ] ( ) [ ] ( ) [ ] .0,,1,,1,,1 =−+−+− vyzxvxyzvzxy zyyxzx  

Also, due to the Jacobi’s superidentity, we have, for any ,,,, mvzyx ∈  

( )( ) [ ]( ) [ ][ ] ( ) ( ) [ ]( )[ ][ ]yxvzvzyx h
yxz

h
vyx ,,,1,,,1 π−+π− ++  

( ) [ ]( )[ ][ ] .0,,,1 =π−+ zyxv h
zv  

Hence, 

( )( ) [ ]( ) [ ][ ] ( ) ( ) [ ]( )[ ][ ]yxvzvzyx hm
yxz

mh
vyx ,,,1,,,1 ππ−+ππ− ++  

( ) [ ]( )[ ][ ] 0,,,1 =ππ−+ zyxv hm
zv  

and 

( )( ) [ ] ( )( ) ( ) [ ] ( ) [ ] ,0,,1,,1,,1 =−+−−− +++ zyxvvyxzzvyx zvyxvzvyx  

that is, [ ] [ ] ( ) ( ) [ ].,,1,,,, vyxzvzyxzvyx yxz +−+=  

Again, due to the Jacobi’s superidentity, we have: 

( )( ) [ ]( ) [ ]( )[ ][ ]wvzyx hh
wyx ,,,,1 ππ− +  

( )( ) ( ) [ ]( ) [ ]( )[ ][ ]yxwvz hh
vzyx ,,,,1 ππ−+ ++  

( ) ( ) [ ]( ) [ ]( )[ ][ ] .0,,,,1 =ππ−+ + vzyxw hh
vzw  

But 

[ ]( ) [ ][ ] ( ) ( ) [ ]( )[ ][ ] [ ]( )[ ][ ],,,,,,,1,,, vzyxvyxzvzyx hh
yxz

h π+π−−=π +  

that is, 

[ ]( ) [ ]( )[ ] ( ) ( ) [ ][ ] [ ][ ].,,,,,,1,,, vzyxvyxzvzyx hh
yxz

hh π+π−−=ππ +  
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Thus, 

[ ]( ) [ ][ ] ( )( ) ( ) [ ][ ]wyxvzwvzyx vzyx
h ,,,,1,,,, ++−−π  

( ) ( ) [ ][ ] [ ][ ] 0,,,,,,,,1 =−−− + wvzyxwvyxzyxz  

and 

[ ][ ] [ ][ ] ( ) ( ) [ ][ ]wvyxzwvzyxwvzyx yxz ,,,,1,,,,,,,, +−+=  

( )( ) ( ) [ ][ ].,,,,1 wyxvzyxvz ++−+  

It follows that [ ]( ),,,.,m  is a Lie-Yamaguti superalgebra. ~ 

Now, let [ ]( ),,,.,T  be a Lie-Yamaguti superalgebra. Set += ii TL  

( ),, TTDi  1,0=i  and define a new bracket operation in 10 LLL ⊕=  as 

follows: for any ,, 10 TTyx ∪∈  ( ) ( ),,,, 1021 TTDTTDDD ∪∈  

[ ] ( );,, yxDxyyx +=  

[ ] ( ) [ ] ( );,1, xDDxxD Dx =−−=  

[ ] ( ) .1, 122121 21 DDDDDD DD−−=  ( )∗  

Theorem 3.2. Let 10 TTT ⊕=  be a Lie-Yamaguti superalgebra. Then 

( )TTDTLLL ,10 ⊕=⊕=  is a reductive decomposition and the operations 

in T coincide with those given by ( ).∗  

Proof. The bracket [ ],  is bilinear by definition and ( ) YXXY YX1−−=  

for any LYX ∈,  by (LTS3) and (LTS4). The Jacobi’s superidentity follows 

from ( );8-5 LTSLTS  ( )[ ] TTTTD ⊂,,  is obvious from ( ),∗  so the 

decomposition is reductive. Also, we have [ ]( ) xyyxT =π ,  and  

[ ( ) [ ]( ) ] [ ]zyxzyxTTD ,,,,, =π  

for any Tzyx ∈,,  which proves the remaining assertion. ~ 
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Note that L is called the standard enveloping lie superalgebra of T. 
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