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Abstract 

Studying in submanifolds of para-Sasakian manifolds, we obtain that 
(1) semi-parallel and 2-semi-parallel invariant submanifolds are totally 
geodesic, (2) necessary and sufficient conditions for the integrability 
of distributions and (3) some characterizations for submanifolds to be 
semi-invariant. 
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1. Introduction 

In [1], on a semi-Riemannian manifold ,12 +nM  Kaneyuki and Konzai 
introduced a structure which is called the almost paracontact structure and 

characterized the almost paracomplex structure on .12 R×+nM  Recently, 
Zamkovoy [2] studied paracontact metric manifolds and some subclasses 
which are known as para-Sasakian manifolds and then the study of 
paracontact geometry was continued by several papers [3-7] which are 
contained role of paracontact geometry about semi-Riemannian geometry, 
mathematical physics and relationships with the para-Kähler manifolds. 

Assume that M and M̂  are Riemannian manifolds, MMf ˆ: →  is an 

isometric immersion, h is the second fundamental form and ∇~  is the Van der 
Waerden-Bortolotti connection of M. If the following condition 

( ) ( [ ]) ,0~~~~~,~
, =∇−∇∇−∇∇=⋅ hhYXR YXXYYX  (1.1) 

is provided, then an immersion is called semi-parallel [8]. Several papers on 
semi-parallel immersions have appeared (see [9-11]). In [12], Arslan et al. 
introduced the following condition 

( ) ,0~,~ =∇⋅ hYXR  (1.2) 

for all ( )., MYX Γ∈  If the condition (1.2) satisfying, then submanifold is 

said to be 2-semi-parallel. 

Also, in [13], Bejancu and Papaghiuc examined semi-invariant 
submanifolds and then the study of semi-invariant submanifold was 
continued by several papers [14-18]. In our paper, we give some geometric 
results about invariant and semi-invariant submanifolds of a para-Sasakian 
manifold. 

This manuscript is arranged as follows. There are some basic definitions 
and equations for submanifolds and almost paracontact manifolds in Section 
2. In Section 3, we show that semi-parallel and 2-semi-parallel invariant 
submanifolds of a para-Sasakian manifold are totally geodesic. In Section 4, 
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some characterizations of semi-invariant submanifold of a para-Sasakian 
manifold are given. Finally, totally paracontact umbilical and totally 
paracontact geodesic submanifolds are introduced. 

2. Preliminaries 

Let ( )gM mn ˆ,ˆ +  be a semi-Riemannian manifold and ( )gM n ,  be a 

submanifold of .M̂  Let ∇̂  and ∇  be the Levi-Civita connection of M̂  and 
M, respectively. Then the Gauss and Weingarten formulas are given by 

( ),,ˆ YXhYY XX +∇=∇  (2.1) 

,ˆ NXAN XNX
⊥∇+−=∇  (2.2) 

where ( )MYX Γ∈,  and N is a normal vector field on M. 

The covariant derivative of second fundamental form h is given by 

( ) ( ) ( )( ) ( ) ( ),,,,,ˆ ZYhZYhZYhZYh XXXX ∇−∇−∇=∇ ⊥  (2.3) 

for ( ).,, TMZYX Γ∈  Then h∇̂  is called the third fundamental form of M. 

If ,0ˆ =∇h  then M is said to have parallel second fundamental form [19]. 

In view of (1.1), we have 

( ( ) ) ( ) ( ) ( ) ( )( )VUYXRhVUhYXRVUhYXR ,,,,,,ˆ −=⋅ ⊥  

( )( ),,, VYXRUh−  (2.4) 

for ( ).,,, TMVUYX Γ∈  Furthermore, we get 

( ( ) ) ( )UWZhYXR ,,ˆ,ˆ ∇⋅  

( ) ( ) ( )UWZhYXR ,,ˆ, ∇= ⊥ ( )( )UWZYXRh ,,,∇̂−  

( )( ) ( )( ),,,,ˆ,,,ˆ UYXRWZhUWYXRZh ∇−∇−  (2.5) 

for ( ),,,,, TMUWZYX Γ∈  where ( ) ( ) ( ) ( )UWhUWZh Z ,ˆ,,ˆ ∇=∇  [12]. 
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A paracontact manifold 12ˆ +nM  is smooth manifold equipped with a 
1-form η, a characteristic vector field ξ and a tensor field ϕ of type (1, 1) 
such that [1]: 

( ) .0,0,1,2 =ϕη=ϕξ=ξηξ⊗η−=ϕ I  (2.6) 

If we set { ( ) ( ) },0:ˆker =ηΓ∈=η= XMTXD  then ϕ induces an almost 

paracomplex structure on the codimension 1 distribution defined by D [1]. 

Moreover, if the manifold M̂  is equipped with a semi-Riemannian metric 
ĝ  of signature ( )nn ,1+  which is called compatible metric satisfying [2] 

( ) ( ) ( ) ( ) ( ),ˆ,,,ˆ,ˆ MTYXYXYXgYXg Γ∈ηη+−=ϕϕ  (2.7) 

then we say that M̂  is an almost paracontact metric manifold with an almost 
paracontact metric structure ( ).ˆ,,, gηξϕ  

From the definition, one can see that [2] 

( ) ( ).,ˆ ξ=η XgX  (2.8) 

The fundamental 2-form of M̂  is defined by 

( ) ( ).,ˆ, YXgYX ϕ=Φ  (2.9) 

Definition 2.1. If ( ) ( )YXdYXg ,,ˆ η=ϕ  ( ( ) { ( )YXYXd η=η 2
1,where  

( ) [ ]( )}),, YXXY η−η−  then η is a paracontact form and the almost 

paracontact metric manifold ( )gM ˆ,,,,ˆ ηξϕ  is said to be paracontact metric 

manifold. 

An almost paracontact metric structure ( )ĝ,,, ηξϕ  is a para-Sasakian 

manifold if and only if [2] 

( ) ( ) ( ) ,,ˆˆ XYYXgYX η+ξ−=ϕ∇  (2.10) 

where ( )MTYX ˆ, Γ∈  and ∇̂  is a Levi-Civita connection on .M̂  
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From (2.10), we arrive at 

.ˆ XX ϕ−=ξ∇  (2.11) 

Also, the following relation holds in a para-Sasakian manifold [2]: 

( ) ( ) ( ) ,,ˆ XYYXYXR η−η=ξ  (2.12) 

for ( ).ˆ, MTYX Γ∈  

3. Invariant Submanifolds 

Let M be a submanifold of a para-Sasakian manifold 

( ).,,,,ˆ 12 gM n ηξϕ+  If the structure vector field ( )TMΓ∈ξ  and Xϕ  is 

tangent to M, for any ( )TMX Γ∈  at every point of M, that is, ( )MTxϕ  

( ),MTx⊂  for all ,Mx ∈  then M is called invariant submanifold of .M̂  

Since ( ),TMΓ∈ξ  we write 

( ) ( ).,,ˆ TMXXhX XX Γ∈ξ+ξ∇=ξ∇=ϕ−  

In that case, we obtain ( ) .0, =ξXh  

Proposition 3.1. If M is an invariant submanifold of a para-Sasakian 

manifold ,M̂  then the following relations hold: 

  (i) ( ) ,0,0, =ξ=ξ NAXh  (3.1) 

 (ii) ( ) ( ) ( ),,,, YXhYXhYXh ϕ=ϕ=ϕ  (3.2) 

(iii) .XAXAXA NNN ϕ=ϕ−=ϕ  (3.3) 

Proposition 3.2. Let M be an invariant submanifold of a para-Sasakian 

manifold .M̂  If the second fundamental form h of M is parallel, then M is 
totally geodesic. 

Proof. Assume that h is parallel. Thus, for any ( ),, TMYX Γ∈  we have 

( ) ( ) ( ) ( ) ( ).,,,,0 ξ∇−ξ∇−ξ∇=ξ∇= XXXX YhYhYhYh  
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From (2.11) and (3.1), we get 

( ) .0, =ϕ YXh  

By use of (3.2), we conclude 

( ) ,0, =YXh  

which completes the proof.  

Theorem 3.1. Let M be an invariant submanifold of a para-Sasakian 

manifold .M̂  If M is totally umbilical, then M is totally geodesic. 

Proof. From (3.1), we obtain 

( ) .0, =ξξh  

If M is totally umbilical, then we get 

( ) ( ),,0, ξξμ==ξξ gh  

which implies .0=μ  Hence, we obtain 

( ) ( ).,,0, TMYXYXh Γ∈∀=  

This completes the proof.  

Theorem 3.2. Let M be an invariant submanifold of a para-Sasakian 

manifold .M̂  Then M is semi-parallel if and only if M is totally geodesic. 

Proof. Let M be a semi-parallel invariant submanifold of .M̂  Then from 
(2.4), we get 

( ) ( ) ( )( ) ( )( ) ,0,,,,,, =−−⊥ ZYXRVhZVYXRhZVhYXR  (3.4) 

for any ( ).,,, TMZVYX Γ∈  

Putting ξ== ZX  in (3.4) and using (3.1), we have 

( )( ) .0,, =ξξ YRVh  
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From (2.12) and (3.1), we get 

( ) ,0, =YVh  

which implies that M is totally geodesic. 

The proof sufficiency part is clear. ~ 

Theorem 3.3. An invariant submanifold M of a para-Sasakian manifold 

M̂  has parallel second fundamental form if and only if M is totally geodesic. 

Proof. By use of (2.3), for any ( ),,, TMWYX Γ∈  we get 

( )( ) ( ) ( ) .0,,, =∇−∇−∇⊥ WYhWYhWYh XXX  (3.5) 

Taking ξ=W  in (3.5), we find 

( )( ) ( ) ( ) .0,,, =ξ∇−ξ∇−ξ∇⊥
XXX YhYhYh  

From (3.1), we obtain 

( ) .0, =ξ∇XYh  

Therefore, from (2.11), we get 

( ) .0, =ϕXYh  (3.6) 

Replacing X by Xϕ  in (3.6) and in view of (2.6) with (3.1), we have 

( ) ,0, =XYh  

which gives that M is totally geodesic. ~ 

Theorem 3.4. An invariant submanifold M of a para-Sasakian manifold 

M̂  is 2-semi-parallel if and only if M is totally geodesic. 

Proof. Assume that M is 2-semi-parallel. Thus, from (2.5), we write 

( ) ( ) ( ) ( )( )UWZYXRhUWZhYXR ,,,~,,~, ∇−∇⊥  

( )( ) ( )( ) ,0,,,~,,,~ =∇−∇− UYXRWZhUWYXRZh  (3.7) 

for any ( ).,,,, TMZWUYX Γ∈  
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By putting ξ== WX  in (3.7) and then by using (2.3), (2.12) and (3.1), 

we have 

( ) ( ) ( ) ( ) ( )UYhUYhZUZhYR Z ,,,, ⊥⊥ ∇−ϕη+ϕξ  

( ( ) ) ( ) ( ) ( ) .0,,,, =ϕη−∇+ξξ∇+ YZhUUYhUYRh ZZ  (3.8) 

Taking ξ=U  in (3.8) and from (2.6) with (3.1), we have 

( ) ( ) ,0,, =ϕ−ξ∇ YZhYh Z  

which yields 

( ) .0, =ϕ YZh  (3.9) 

Replacing Z by Zϕ  in (3.9) and in view of (2.6) and (3.1), we obtain 

( ) .0, =YZh  

Hence, M is totally geodesic. 

Since the proof of contrary is clear, we omit it. ~ 

4. Semi-invariant Submanifolds 

Definition 4.1. A submanifold M of an almost paracontact metric 

manifold M̂  with ( )TMΓ∈ξ  is called a semi-invariant submanifold, if there 

exist two differentiable distributions D and ⊥D  on M such that [22] 

  (i) { },ξ⊕⊕= ⊥DDTM  

 (ii) ( ) ,DD =ϕ  that is, D is invariant by ϕ, 

(iii) ( ) ,MTD ⊥⊥ ⊆ϕ  that is, ⊥D  is anti-invariant by ϕ. 

A semi-invariant submanifold is an invariant submanifold (resp. anti-

invariant submanifold) if { }0=⊥D  { }( ).0.resp =D  Also, if { } ,0 ⊥≠≠ DD  

then a semi-invariant submanifold is called proper. 
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For ( ),TMX Γ∈  we put 

( ) ,21 ξη+ω+ω= XXXX  (4.1) 

where 1ω  and 2ω  are projection operators of TM on D and ,⊥D  respectively. 

Moreover, for ( )TMX Γ∈  and ( ),MTN ⊥Γ∈  we get 

( ) [( ) ( )]YXBhYAYfY wXXX ,ˆ −−∇=ϕ∇  

 [( ) ( ) ( )],,, YXChYfXhYwX −+∇+  (4.2) 

( ) [( ) ]XfAXANBN NCNXX −−∇=ϕ∇̂  

 [( ) ( ) ],, XwABNXhNC NX −+∇+  (4.3) 

where 

( ( ) ( )),,, MTwXTMXfwXXfX ⊥Γ∈Γ∈+=ϕ  (4.4) 

( ( ) ( )),,, MTCNTMBNCNBNN ⊥Γ∈Γ∈+=ϕ  (4.5) 

( ) ( ) ,, YwwYYwYfYfYf XXXXXX ∇−∇=∇∇−∇=∇ ⊥  (4.6) 

( ) ( ) ., NCCNNCNBBNNB XXXXXX
⊥⊥⊥ ∇−∇=∇∇−∇=∇  (4.7) 

Example 4.1. Let 9ˆ R=M  be the 9-dimensional real number space with 

( )zyxyxyxyx ,,,,,,,, 44332211  

standard coordinate system. If we set 

( ),41,0,, ≤≤=
∂
∂ϕ

∂
∂=

∂
∂ϕ

∂
∂=

∂
∂ϕ izxyyx iiii  

then ϕ is a tensor field of type ( )1,1  on .9R  We define the differential 

1-form η and the vector field ξ by 

dz=η  and .z∂
∂=ξ  
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Also, we define metric ĝ  by 

( )∑
=

⊗−⊗+η⊗η=
4

1
.ˆ

i

iiii dydydxdxg  

Then the set ( )gM ˆ,,,,ˆ ϕηξ  is an almost paracontact metric manifold. 

Now, we define a 4-dimensional submanifold M of ,M̂  with ( ),TMΓ∈ξ  
by 

.0,0,,, 43432211 ===−=−= yyxxyxyx  

In this case, TM is spanned by { } ,41 ≤≤iiU  where 

,, 222111
yx

U
yx

U
∂
∂−

∂
∂=

∂
∂−

∂
∂=  

., 4433 zU
xx

U
∂
∂=ξ=

∂
∂+

∂
∂=  

Furthermore, MT ⊥  is spanned by { } ,51 ≤≤iiN  where 

,, 222111
yx

N
yx

N
∂
∂+

∂
∂−=

∂
∂+

∂
∂−=  

,, 434433
yy

N
xx

N
∂
∂−

∂
∂−=

∂
∂−

∂
∂−=  

.435
yy

N
∂
∂+

∂
∂=  

If we set { } { } { }4321321 ,,,,,, NNNNSpanDUSpanDUUSpanD === ⊥  

and { },5NSpanD =⊥  then we have that ,DD =ϕ  ,MTDD ⊥⊥⊥ ⊂=ϕ  

.DD =ϕ  Thus, M is a semi-invariant submanifold of .M̂  

Theorem 4.1. Let M be a semi-invariant submanifold of a para-Sasakian 

manifold .M̂  Then the distribution D is integrable if and only if 
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( ) ( ),,, YXhYXh ϕ=ϕ  

for all ( )., DYX Γ∈  

Proof. In view of (2.1), (2.2), (2.10) and symmetry of h, then we get 

[ ]( ) ( )ZXYgZYXg YX ϕ∇−∇=ϕ ,,,  

( )ZXYg YX ϕ∇−∇= ,ˆˆ  

( )ZYXg XY ,ˆˆ ∇ϕ−∇ϕ=  

(( ) )ZYYg XX ,ˆˆ ϕ∇−ϕ∇=  

 (( ) )ZXXg YY ,ˆˆ ϕ∇−ϕ∇−  

( ) ( ) ( ) ( ) ( )ZYgYZXgZYXg X ,ˆ,, ϕ∇−η+η−=  

 ( ) ( ) ( ) ( ) ( )ZXgXZYgZYXg Y ,ˆ,, ϕ∇+η−η+  

( ) ( ),,ˆ,ˆ ZYgZXg XY ϕ∇−ϕ∇=  (4.8) 

for any ( ) ( ).,, ⊥Γ∈Γ∈ DZDYX  Again using (2.1) in (4.8), we have 

[ ]( ) ( ) ( )( )ZXYhgZXgZYXg Y ,,,,, ϕ+ϕ∇=ϕ  

( ) ( )( )ZYXhgZYg X ,,, ϕ−ϕ∇−  

( )( ) ( )( )ZYXhgZXYhg ,,,, ϕ−ϕ=  

( ) ( )( ).,,, ZYXhXYhg ϕ−ϕ=  

Therefore, [ ] ( )DYX Γ∈,  if and only if ( ) ( ) ,0,, =ϕ−ϕ YXhXYh  which 

completes the proof. ~ 

Theorem 4.2. Let M be a semi-invariant submanifold of a para-Sasakian 

manifold .M̂  Then the distribution ⊥D  is integrable if and only if 

,UAVA VU ϕϕ =  

for all ( )., ⊥Γ∈ DVU  
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Proof. By using (2.2) and (2.10) with (4.4) and (4.5), for all ∈VU ,  

( ),⊥Γ D  we get 

( ) ,ˆˆˆ VVV UUU ∇ϕ−ϕ∇=ϕ∇  

( ) ( ) ( ),,, VUhVVVAUVVUg UUU ϕ−∇ϕ−ϕ∇+−=η+ξ− ⊥
ϕ  

( ) VfVVAVUg UUU ∇−ϕ∇+−=ξ− ⊥
ϕ,  

( ) ( ).,, VUChVUBhVw U −−∇−  (4.9) 

If we take tangential part of (4.9), then we have 

( ) ( ).,, VUBhVfVAVUg UU −∇−−=ξ− ϕ  (4.10) 

In (4.10), replacing U with V, we get 

( ) ( ).,, UVBhUfUAUVg VV −∇−−=ξ− ϕ  (4.11) 

In view of (4.10) and (4.11), we obtain 

,0=∇−∇+− ϕϕ UfVfVAUA VUUV  

from which, we easily see that 

[ ]., VUfUAVA VU =− ϕϕ  

Thus, we obtain that [ ] ( )⊥Γ∈ DVU ,  if and only if ,0=− ϕϕ UAVA VU  

which completes the proof. ~ 

Theorem 4.3. Let M be a semi-invariant submanifold of a para-Sasakian 

manifold .M̂  Then the distribution D is integrable and its leaves are totally 
geodesic in M if and only if 

( )( ) ,0,, =ϕUYXhg  

for all ( ) ( ).,, ⊥Γ∈Γ∈ DUDYX  
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Proof. By use of (2.1), (2.2), (2.10) with (4.4), we obtain 

( )( ) ( )UYgUYXhg X ϕ∇=ϕ ,ˆ,,  

( )UYg X ,∇̂ϕ−=  

(( ) ) ( )UYgUYg XX ,ˆ,ˆ ϕ∇−ϕ∇=  

( ) ( ) ( ) ( )YUXgUYXg η+η−= ,, ( )UYg X ,ˆ ϕ∇−  

( ) ( ),,,ˆ UYfgUYg XX ∇−=ϕ∇−=  

for all ( ) ( ).,, ⊥Γ∈Γ∈ DUDYX  

Assume that D is integrable and its leaves are totally geodesic in M. Then 
we have 

( ),DYX Γ∈∇  

which yields ( )( ) .0,, =ϕUYXhg  

Conversely, if ( )( ) ,0,, =ϕUYXhg  then we get 

( ) .0, =∇ UYfg X  

Therefore, ( ).DYfX Γ∈∇   

Definition 4.2. Let M be a semi-invariant submanifold of a para-Sasakian 

manifold .M̂  If the second fundamental form of M satisfies 

( ) ( ),,,0, DYXYXh Γ∈∀=  

then M is called D-geodesic submanifold. 

Theorem 4.4. Let M be a semi-invariant submanifold of a para-Sasakian 

manifold .M̂  Then D is integrable and its leaves are totally geodesic in M̂  
if and only if M is D-geodesic submanifold. 
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Proof. We suppose that D is integrable and its leaves are totally geodesic 

in .M̂  Then we have 

( ),ˆ DYX Γ∈∇  

for all ( )., DYX Γ∈  Hence, we get 

( )( ) ( ) ,0,ˆ,, =∇= NYgNYXhg X  

for ( ),MTN ⊥Γ∈  which shows M is a D-geodesic submanifold. 

Contrary, let M be a D-geodesic submanifold. Then we get 

( ) ( )( ) .0,,,ˆ ==∇ NYXhgNYg X  (4.12) 

The assertion is proved by virtue of (4.12).  

Definition 4.3. Let M be a semi-invariant submanifold of para-Sasakian 

manifold .M̂  If the second fundamental form of M satisfies 

( ) ( ) ( ),,,0, ⊥Γ∈Γ∈= DYDXYXh  

then M is called mixed-geodesic submanifold. 

Theorem 4.5. Let M be a semi-invariant submanifold of para-Sasakian 

manifold .M̂  Then M is mixed-geodesic submanifold if and only if 

( ),DXAN Γ∈ϕ  

for any ( )DX Γ∈  and ( ).MTN ⊥Γ∈  

Proof. Using (2.1) and (2.2), we obtain 

( )( ) ( ) ( )XNgNXgNVXhg VV ϕ∇−=ϕ∇=ϕ ,ˆ,ˆ,,  

( ) ( ),,, XAVgXVAg NN ϕ=ϕ=  

for any ( ) ( )⊥Γ∈Γ∈ DVDX ,  and ( ).MTN ⊥Γ∈  Thus, we get ( )VXh ,ϕ  

0=  if and only if ( ).DXAN Γ∈ϕ  ~ 
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Definition 4.4. Let M be a semi-invariant submanifold of para-Sasakian 

manifold .M̂  If there exists a normal vector field H such that the second 
fundamental form of M is given by 

( ) ( ) ( ) ( ) ( ) ( ),,,,, ξη+ξη+ϕϕ= XhYYhXHYXgYXh  (4.13) 

for any ( ),, TMYX Γ∈  then M is called totally paracontact umbilical 

submanifold. If we have 0=H  in (4.13), that is, 

( ) ( ) ( ) ( ) ( ),,,, ξη+ξη= XhYYhXYXh  (4.14) 

then we say M is totally paracontact geodesic. 

Theorem 4.6. Any totally paracontact umbilical semi-invariant 
submanifold M of a para-Sasakian manifold is totally paracontact geodesic. 

Proof. By using (2.6), we get 

( ) ( ) ( ) ( ) ( ) ,ˆˆˆˆ ξ∇η−ξη∇−ϕ∇ϕ−=ϕϕ∇ XXXX XXXX  

for any ( ).M̂TX Γ∈  Moreover, from (2.10), we get 

( ) ( ) ( )XXXXgXX η+ξ−=ϕ∇ ,ˆ  

and 

( ) ( ) ( ) .0,ˆ =η∇=ξ∇ XXg XX  

Thus, we obtain 

( ) ( ) ( ) .ˆˆ ξ∇η−ϕη−=ϕϕ∇ XX XXXX  (4.15) 

Now, we assume that ( ).DX Γ∈  So, from (2.10), we get 

(( ) ) .0,ˆ =ϕϕ∇ HXg X  (4.16) 

Using (2.6) in (4.16), we obtain 
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( )HXXg XX ,ˆˆ0 2 ϕ∇ϕ−ϕ∇=  

( ) ( )HXgHXg XX ϕϕ∇+∇= ,ˆ,ˆ  

( ) ( )HXgHXg XX ϕϕ∇+∇−= ,ˆˆ,  

( ) ( ),,, XXAgXXAg HH ϕ+−= ϕ  

from which, we have 

( )( ) ( )( ).,,,,0 HXXhgHXXhg −ϕϕ=  (4.17) 

Thus, using (4.14) in (4.17), we obtain 

( ) ( ) ,0,, =HHgXXg  

and consequently, ,0=H  which proves the result. ~ 
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