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Abstract

In this paper, we investigate the periodic character of the solutions of
the following difference system:

Xi_
Xn41 = ;l-
n n=012, ...
Yni1 = y)r(:l,

1. Introduction
In[1], Amleh et a. studied the difference equation

xn+1:a+%, n=0,12, ...

They used the basic theorems to study the subsequence of this equation.
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In[2], EI-Owaidy et al. studied the difference equation

Mﬂ=a+xxK nN=012 ..

They investigated the periodic character and global asymptotically stable
character of the equation. The conclusionsin [1] are included the conclusions
in[2].

In [3], Papaschinopoulos and Papadopoulos studied the existence, the
boundedness and the asymptotic behavior of the positive solutions of the

fuzzy equation X1 = A+ X

-m

Moreover, in [4], Zhang et d. studied the following equation:
xn+1:%, n=012, ...
n

Motivated by [1-7], we investigate the convergence of solutions of
following system of difference equations:

Xn+l = X;_l )

: n=0,12, ... (1.1)
Yii1 = Yn-1
n+ Xq )

2. Some Lemmas

Lemma 2.1. Equations (1.1) possess a unique positive equilibrium
X=y=1

The proof being easy is left.
Lemma 22 Let x 1=p=0, g=0#0, y1=h=0, yg=k=0,

and {X,, Yn}n._, bea solution of (1.1). Then the following statements are

true:

(@ xon = Yon :pT'n’ n=12 .,
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where

_5+2¢§(3+£J”—1 54@(&@}“
=3 2 * ’

_5+3J5(3++5 "1 5 3/5(3-45)""
=10 2 " '

(b) Xoni1 = o Yon+1 = an, n=012..,

where
n-1 n-1
c _5+2/5(3+5)"" 5-2/5(3-45
nT 5 2 5 2 ’
n-1 n-1
g - 15+7¥5(3+45)"" 15-7V5(3-45
n 10 2 10 2 '
Proof. Part (a).

By equations (1.1), we have

qz K2
2T 2T
5 5

q
Xp=—"%,Y1=—%
4 h3 4 3
q13 13
:—,y = —
X5 h8 6 p8

We assume that
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By induction, we have

{bn+1= an + by,

n=12, .., (2.1
8ni1 = 8 +Dbnyg = 28, + by,

where &g = 2, by =1.

(2.1) can be written as
( +1J [l 1)( J
an+1 1 2)0\a,)

1 1
Zml:AZn,whereAz(l 2}, n=12, ...

Obviously, A = PBP™%, where

1 1 3+4/5 5-5 V5
2 0 pl_| 10 5
P= ) B= ’ = )
1+5 1445 35 5.5 5
2 2 0 2 10 5

So, Zy,q = PBP_lzn. This equation can be changed into P_lzn 1=
BP!z,. Let Y, = P71Z,. Then

5 0
Yoi1 = Y,
n+1 0 3_\/5 n

2

1 1
adY, =P Z =P [2}
By induction
(3+«/§j”
5 0




On aTwo Type Difference System 357

Therefore,
5+3J5(3++5 ”+5—3\/§ 3-45)"
10 2 10 2
Zol = . n=012 ..
5+ 2v5(3+5 ”+5—2J§ 3-45)"
5 2 5 2

This proves part (). Part (b) can be proved on similar lines.
Lemma23.Let x 1 =p#0, Xg=q#0, y1=h=0, yg=k=0.
Then the following statements are true:
(@) If h=-1, q=1, thenthesolution {Xon, Yon_1}p_q Of €quations (1.1)
is periodic with period-3 as follows:
-11,-11 -1 ...
(b) If h=1, q=-1, then the solution {Xpn, Yon_1}p_q Of €quations (1.1)
is periodic with period-3 as follows:
1-1,-11-1-1 ..
() If h=-1, g=-1 then the solution {Xpn, Y21}, Of equations
(1.1) is periodic with period-3 as follows:
-1-11-1-11%...
(d) If p=-1 k=1 then the solution {xy;_1, Yon}n.o Of equations
(1.2) is periodic with period-3 as follows:
-11,-1-11-1 ...
(e) If p=1, k =-1, thenthe solution {Xpn_3, Yon}nq Of €quations (1.1)
is periodic with period-3 as follows:

1-1-11-1-1 ...
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(f) If p=-1 k=1, then the solution {Xpn_1, Yonin.o Of €quations
(1.1) is periodic with period-3 as follows:
-1-11-1-11%...
The proof is easy.

3. Main Results

Theorem 3.1. Assume that X1 =p>0, X =9q>0, y;=h>0,
Yo = k>0 and {x,, y,},__, isa positive solution of equations (1.1). Then

the following statements are true;

1++/5
@Ifh=qg 2 ,then lim xop =1 lim yp,,1 =1
N—oo nN—oo
1++/5
(b)Ifh>q 2 ,then lim Xpq =0, lim Yyp,.q = +o0.
Nn—oo n—oo
1++/5
(©lfh<qg 2 ,then lim X, =+, lim y5,,1=0.
Nn—oo Nn—oo
1++/5

(dIf p=k 2 ,then lim yo, =1 lim Xppu1 =1.
n—o nN—o0

1++/5
©If p>k 2 ,then lim y,, =0, lim xp,1 = +oo.
Nn—oo Nn—oo
1++/5
M If p<k 2 ,then lim y,, =+, lim Xpn.q = 0.
Nn—oo n—oo

Proof. To complete the proof, note that by Lemma 2.2,

an
Xon —th
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5+2£(3+£]”‘1+5—2@(3—@]"‘1

q 5 | 2 5 | 2
 5:3/5(3:5 "L 5-3/5(3 5"
h 0 (2 10 | 2
5+3£(3+J§j”‘1
1V5)710 | 2 5 2v5(3v5\" 3553 v5\"*
g 2 5 |2 h 02
- h q ’
k&n
Yon =~
n pbf'l

5¢2v5(3+/5 )" 5-245(3- 5"
5 | 2 5 | 2

k
 543/5(3+v5 )" 5-3v5(3-5\"!
10 | 2 T10 (2
p
5+3£(3+J§j”‘1
1++/5 )10 2 5-2v5(3-v5)" " 3/5-5(3v5)""
k 2 5 (2 10 | 2
- q p
p
Cn
Xon+1 = Ifdn

5+2«E(3+«/§J”‘1= 5_245(3_6]”—1

o |2 5 | 2
 154745( 305" 15-745(3-v5 "
Kk 0L 2 10 | 2
5+245(3+v5)" " ) .
5 2 5-2v5(3-+5)"" 75-15(3-5)""
| p 5 (2 K 0 L2
| 1445 q

k 2



360 Y.Mu,H. T.Yu,D. C. Zhangand L. Y. Wang

hon
Yon+1 = an

5+2£(3+£)“+5_2£(3_£j“

hs Lz 5 | 2
15+7v5(3+v5 )" " 15-7v5(3-v5 )"
0 | 2 10 |2
q
5+2£(3+£j”—1
5 2 5 2v5(3-+v5\"" 745-15(3-v5\" !
_|_h h 5 U 2 10 | 2
1++/5
q 2
Noting that 3+2\/§ >10< 3_2£ <1.

Theorem 3.2. Assume that X 1 =p#0, =9#0, y1=h=0,
Yo =k # 0, and {X,, Yn}n_; isa positive solution of equations (1.1). Then

the following statements are true:

1++/5
(@ If |[h|=]g[ 2, and at least one of h and q is less than 0, then
{Xon: Yon-1}p-o Of eguations (1.1) converges to a period-3 solution of
equations (1.1) as one of Lemma 2.3(a)-(c), that is:
(i)if h<0, q>0, {Xon, Yon-1}p-o CONVerges to a period-3 solution
as (a);
(i) if h>0, q<0, {Xn, Yon-1)po CONVerges to a period-3 solution
as (b);
(i) if h< 0, g<0, {Xn, Yon-1}po CONvergesto a period-3 solution

as (c).
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1++5
(b) If |h| >|q[ 2, and at least one of h and q is less than 0, then

{Xon, y2n_1}‘;]°:O of equations (1.1) has the following properties:

lim Xon =O, lim |y2n_1|=+00;
Nn—oo nN—oo

()if h<0, g> 0, then

lim ygn 1 =-%, lim ygy,9 =—o0, lim ygn, 3 =+0;
N—o0 n—oo N—s00

(ii)if h> 0, q< 0, then

lim Yen_q =+, lim Ygqq =-0, lim Yyg, 3 =+0;
N—oo N—oo N—oo

(iii)if h< 0, g <0, then
lim ygn-q =—0, lim yguq =+0, lim ygu,.3 = +o.
n—oo n—>o n—o

1+/5
(©) If |[h|<|q[ "2, and at least one of h and q is less than 0, then

{Xon» Yan-1}m-o Of equations (1.1) has the following properties:

lim | Xon | =400, lim yo_1 =0;
N—o0

nN—o0

()if h<0, g> 0, then

lim Xgn =+, |liM Xgnio = -0, |iIM Xgnyig = —0;
n—oo n—oo n—oo

(if)if h>0, g< 0, then
lim Xgn =—o0, liIM Xgpio =+, |liM Xgpig4 = —0;
n—oo n—oo Nn—oo

(i) if h< 0, g <0, then
lim Xgn = —©, |lim Xgnio =—-o, |iM Xgn, g4 = +oo.
n—oo n—oo n—oo
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1++/5
(d) If | p|=|k[ 2, and at least one of p and k is less than 0, then
{Xon-1, Yonim.o Of equations (1.1) converges to a period-3 solution of
equations (1.1) as one of Lemma 2.3(d)-(f), that is:
(i) if p<0, k>0, {Xn_1, Yonjp_o CONVerges to a period-3 solution
as (d);
(i) if p>0, k<0, {Xon_1, Yon}py-o CONVerges to a period-3 solution
as(e);

(iii) if p<0, k<0, {Xon_1, Yon}p-o CONVerges to a period-3 solution

as (f).

1++/5
(e If | p| >| k[ 2, and at least one of p and k is less than 0, then
{Xon-1, Yan)pm-o Of equations (1.1) has the following properties:
im | xon_q|=+%, lim yo, =0;
N—o0 n—o0
(i)if p<0, k>0, then

lim Xgn_q1 =-%, liM Xgpyp =—©, liM Xgn,3 = +0;
n—oo Nn—oo n—oo

(ii)if p>0, k <0, then
Ilm X6n—1 = +00, Ilm X6n+l = —00, ||m X6n+3 = —00,
n—c0 N—oo n—oo

(i) if p<0, k <0, then

lim Xgn-g =—o0, lim Xgny3 =+, lim Xgn,3 = —0.
N—o0 N—o0 n—w

1+4/5
(f) If | p| <| k[ 2, and at least one of p and k is less than 0, then

{Xon—1, Yan}m-o Of equations (1.1) has the following properties:



(1]

(2]

(3]

(4]

(5]
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lim Xon_1 =0, lim |yo,|= +o0;
Nn—oo Nn—oo

()if p<0, k>0, then

lim ygn = +o0,  lim ygn,p =—c0, lim ygp, g4 = —0;
n—oo n—oo Nn—oo

@i)if p>0, k<0, then
lim ygn =—, |iMm Ygnio =+0, |iM Xgppgq = —0;
N— N—oo n—o

(i) if p<0, k <0, then

00,

lim ygn = -0, lim ygni0 = -0, lim ygn,4
Nn—o0 Nn—oo N—o0

The result follows easily by Lemma 2.3 and Theorem 3.1.
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