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Abstract 

Let ( )( )NRω′D  be the space of Beurling ultradistributions in the sense 

of [5] and ( )( )NRω′Z  be the space of the Fourier transform of 

( )( ).NRω′D  We define certain analytic functions in tubes in NC  

which are defined by growth conditions and obtain distributional 

boundary value properties of the analytic functions in ( )( ).NRω′Z  

Also, we recover analytic functions by Fourier-Laplace transforms. 

Further, we show that Beurling ultradistributions of pL -growth 

generate the analytic functions which satisfy a boundedness condition 

and have distributional boundary values in ( )( ).NRω′D  
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1. Introduction 

Let ( )( ),NRω′D  ( )( ),NRω′E  ( )( )NRω′S  and ( )N
Lp RD′  be spaces of 

distributions, distributions of compact support, tempered distributions and 
Schwarz distributions, respectively. Tillmann has obtained a characterization 

of the analytic functions which represent ( )( )NRω′E  as boundary values in 

[21] and similar analysis for the spaces of ( )N
Lp RD′  in [22]. In [23], he has 

also shown that if functions ( )zf  which are analytic in an octant have 

distributional boundary values in ( )( ),NRω′S  then ( )zf  must satisfy a 

boundedness condition. In [24], Vladimirov has obtained distributional 

boundary value results in ( )( )NRω′S  using a boundedness condition similar 

to Tillmann for functions analytic in a tubular cone of which an octant       
and a tubular domain are examples. In [3] and [4], Beltrami and Wohlers 

have obtained distributional boundary value results in ( )( )NRω′S  using a 

boundedness condition that is less restrictive than that of Tillmann and 
Vladimirov. In [6] and [7], Bremermann has obtained the representation                                    

of elements in ,α′O  which are intermediate spaces between ( )( )NRω′E  and 

( )( )NRω′D  as boundary values of analytic functions in half planes and tubes 

defined by quadrant. 

In [8] and [9], Carmichael has obtained distributional boundary value 

results in ( )( )NRω′S  and ( )N
Lp RD′  as a subspace of ( )( )NRω′S  for 

functions analytic in a tubular radial domain using a boundedness condition 
which is weaker than that of Tillmann and Vladimirov. His results had         
as special cases the above mentioned results. Analysis concerning the 
representation of several kinds of distributions in the sense of Schwartz as 
boundary values of analytic functions in one and multiple variables was 
presented in [11]. 
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Let (( ) )Ω′ ,pMD ( ({ } ))Ω′ ,.resp pMD  and (( ) ) ( ({ } ))Ω′Ω′ ,, pp MM EE   

be spaces of Beurling ultradistributions (resp. Roumieu ultradistributions) 

and infra-hyperfunctions for each open subset ( ) ,NR⊂∅≠Ω  respectively. 

Here ( )pM  is a non-quasianalytic sequence and { }pM  is a quasianalytic 

sequence. We can find the boundary value characterizations for the            
spaces (( ) ) ( ({ } ))Ω′Ω′ ,, pp MM DD  and (( ) ) ( ({ } ))Ω′Ω′ ,, pp MM EE  in    

[19, 17, 18] and [20]. Carmichael et al. have defined ultradistributions of 

Beurling type (( ) )p
p LM ,D′  and of Roumieu type ({ } ),, p

p LMD′  both     

of which generalize ,pLD′  in [12] and have found the boundary value 

characterizations for (( ) )p
p LM ,D′  and ({ } )p

p LM ,D′  with 1>p  in [13], 

[14] and [10]. 

In the mean time, Braun et al. [5] have introduced ω-ultradistributions    
of Beurling type ( )( )Ω′ωD  and Roumieu type ( )( )Ω′ωD  and Betancor et al.   

[1] have introduced Beurling ultradistributions of qL -growth, ( ),, ω′
pLD  

,111 =+ qp  which is an extension of .pLD′  Here ω is a weight function. 

Fernández et al. studied the representation of distributions (and Beurling 

ultradistributions) of pL -growth, ,1 ∞≤≤ p  on NR  as boundary values of 

holomorphic functions on ( )NRC\  in [15]. 

In this paper, we define the space of the Fourier transform of ( )( ),Ω′ωD  

( )( ),NRω′Z  and a certain analytic functions in tubes in NC  which satisfy 

the growth conditions. We prove distributional boundary value properties of 

the analytic functions in ( )( )NRω′Z  and recovery of the analytic functions     

by Fourier-Laplace transforms. Also, we show that the elements of 

( )( ) ,2,, ∞<≤′ ω pN
Lp RD  generate the analytic functions which satisfy a 
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certain boundedness condition and have boundary values in the topology of 

( )( ).NRω′D  

Throughout this paper, we let ( ) ,...,,, 021
NNN ∈ααα=α  +α=α 1  

,2 Nα++α "  ,!!!! 21 Nααα=α …  ( )naaaa ααα=α ...,,, 21  for R∈a  

and N
Nzzzz αααα = …21

21  for .Nz C∈  

2. Beurling Ultradistributions and its Fourier Transform 

In this section, we review Beurling ultradistributions and Beurling 

ultradistributions of pL -growth in NR  and establish some of their properties 

which will be needed later. 

Definition 1 [5]. A weight function is an increasing continuous function 
[ ) [ )∞→∞ω ,0,0:  with the following properties: 

(α) there exists 0≥L  with ( ) ( )( )12 +ω≤ω tLt  for all ,0≥t  

(β) ( ( ) )∫
∞

∞<ω
1

2 ,dttt  

(γ) ( ) ( )( )tot ω=log  as t tends to ∞, 

(δ) ( )tet ω→ψ :  is convex. 

For a weight function ω, we define [ )∞→ω ,0:~ NC  by ( ) ( )zz ω=ω~  

and again call this function ω. Here ∑ == N
i izz 1 .  

By (δ), ( ) 00 =ψ  and ( ) .0lim =ψ∞→ xxx  Then we can define the 

Young conjugate ∗ψ  of ψ by 

[ ) ( ) ( )( ).sup,,0:
0

xxyy
x

ψ−=ψ→∞ψ
≥

∗∗ R  



Distributional Boundary Values in Beurling Ultradistributions 1425 

Obviously, we have 

Lemma 1 [5]. ( )yy ∗ψ  is decreasing and ( ) .0lim =ψ∗
∞→ yyy  

Let ω be a weight function. For a compact set ,NK R⊂  we define 

( )( ) { ( ) },everyfor: , NkfKfK kK ∈∞<∈=ω DD  

where 

( )( ) ( ).supsup
0

,
kk

Kx
kK exff

N

αψ−α

∈α∈

∗
=

N
 

( )( ),KωD  endowed with its natural topology, is a Fréchet space. For a 

fundamental sequence ( ) N,iiK  of compact subsets of ,NR  we let 

( )( ) ( )( ).ii
N Kind ωω = DD R  

The dual of ( )( )NRωD  will be denoted by ( )( )NRω′D  and endowed with 

its strong topology. The elements of ( )( )NRω′D  are called Beurling 

ultradistributions. We denote by ( )( )NRωE  the set of all ( )NC R∞  functions 

f such that ∞<λ,Kf  for every compact K in NR  and every .0>λ  For 

more details about ( )( )NRωD  and ( )( ),NRωE  we refer to [2] and [5]. 

Betancor et al. [1] introduced Beurling ultradistributions of pL -growth 

in NR  as follows: for every N∈∞≤≤ kp ,1  and ( ),NC R∞∈φ  ( )φγ pk ,  

is defined by 

( ) ( ) ( ),sup
0

,
kk

ppk e
N

αψ−α

∈α

∗
φ=φγ

N
 

where p⋅  denotes the usual norm in ( ).N
pL R  ( ∞f  means essential 
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supremum of ( ) ).tf  If ,1 ∞<≤ p  then the space ( )( )N
Lp Rω,D  is the set 

of all ∞C -functions φ on NR  such that ( ) ∞<φγ pk ,  for each .N∈k  A 

function ( )NC R∞∈φ  is in ( )ω∞ ,LB  when ( ) ∞<φγ ∞,k  for each .N∈k  

We denote by ( )ω∞ ,LD  the subspace of ( )ω∞ ,LB  that consists of all those 

functions ( )ω∞
∈φ ,LB  for which ( )( ) .0lim =φ α

∞→ xx  The topology of 

( )( ),,
N

Lp RωD  ,1 ∞≤≤ p  is generated by the family { ( )} N∈φγ kpk ,  of 

seminorms. 

The dual of ( )( )N
Lp Rω,D  will be denoted by ( )( ).,

N
Lp Rω′D  The 

elements of ( )( )N
Lp Rω′ ,D  are called the Beurling ultradistributions of qL -

growth, ,111 =+ qp  in the sense of Theorem 2.5 in [1]. For more details 

about ( )( ),,
N

Lp RωD  we refer to [1]. 

Assume that G is an entire function in NC  such that ( ) =zGlog  

( )( ),zO ω  as .∞→z  The functional GT  on ( )( )NRωE  is defined by 

( )
( )( ) ( )( ) ( )( )∑

∈α
ω

α
α

α ∈φφ
α

−=φ
N

N
G

GiT

0

.,0!
0,

N
RE  

The operator ( )DG  defined on ( )( )NRω′D  by 

( ) ( )( ) ( )( ) ( ) G
NN TDGDG ∗µ=µ→µ′→′ ωω ,: RR DD  

is called an ultradifferential operator of ( )ω -class. When ( )DG  is restricted 

to ( )( ),NRωE  is a continuous operator from ( )( )NRωE  into ( )( )NRωE  and, 

if for every ( )( ),NRω∈φ E  
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( )( ) ( ) ( )
( )( ) ( )( )∑

∈α

α
α

α ∈φ
α

=φ
N

NxxGixDG

0

.,!
0

N
R  

As in Proposition 2.4 in [16], it can be shown that each ultradifferential 
operator ( )DG  of ( )ω -class defines a continuous linear mapping from 

( )( )N
Lp Rω,D  into ( )( )N

Lp Rω,D  for every .1 ∞≤≤ p  Thus, ( )DG  is also 

a continuous linear operator from ( )( )N
Lp Rω′ ,D  into ( )( ).,

N
Lp Rω′D  

Definition 2. An ultradifferential operator ( )DG  of ( )ω -class is said        

to be strongly elliptic if there exist 0>M  and 0>l  such that ( )zG  

( )zlwMe≥  when .ReIm zMz <  In this case, the entire function ( )zG  

is said to be the ( )Ml, -strongly elliptic. 

The Fourier transform is not well-defined for ( )( )NT Rω′∈ D  with 

( )( )NRω∈φ D  since φ̂  may not be a function in ( )( ).NRωD  To establish 

our results in the next section, we need to define a theory of the Fourier 

transform on the whole of ( )( ).NRω′D  

We define the support function for a compact set NK R∈  as ( ) =xHK  

.,sup yxKy∈  

Definition 3. Let ω be a weight function. Then ( )( )NRωZ  is the space 

of all infinitely differentiable functions Φ which can be extended to be entire 

analytic functions in NC  such that there exist 0>A  for which 

( ) ( )( ) ,,Im nzkzA
k zeCz C∈≤Φ ω−  

for every .N∈k  Here C depends on k and possibly Φ and A depend on Φ. 
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A sequence { }nΦ  converges in ( )( )NRωZ  if 

  (i) each ( )( );N
n Rω∈Φ Z  

 (ii) there exist constants kC  and A, which are independent n such that 

for all n 

( ) ( )( ) ,,Im nzkzA
kn zeCz C∈≤Φ ω−  

for each ;k  

(iii) { }nΦ  converges uniformly on every bounded set in .nC  

( )( )NRω′Z  is the set of all continuous linear functionals on ( )( ).NRωZ  

From Proposition 3.4 in [5], we have that the Fourier transform is a 

topological isomorphism of ( )( )NRωD  onto ( )( ).NRωD  

We are ready to define the Fourier transform on ( )( ).NRω′D  

Definition 4. Let ( ).ω′∈ DT  Then the Fourier transform of T is the 

element ( )ω′∈= ZTS ˆ  such that 

( ) ( ),ˆ,,,, ωω ∈φ=Φ∈φφ=Φ ZDˇTS  (1) 

where ( ) ( ).xx −φ=φ̌  

We have that Fourier transform defined in (1) is an element of 

( )( )NRω′Z  and this Fourier transform is a topological isomorphism of 

( )( )NRω′D  onto ( )( ).NRω′Z  The inverse Fourier transform is a topological 

isomorphism of ( )( )NRωZ  onto ( )( )NRωD  from which we can define an 

inverse Fourier transform from ( )( )NRω′Z  to ( )( )NRω′D  by 

( )( ) ( ) ( )[ ] ( )( )NN txtST RR ω
−

ω ∈Φ=φ∈ΦΦ=φ DFZ ;,,,, 1  



Distributional Boundary Values in Beurling Ultradistributions 1429 

with ( ) ( ),xx −Φ=Φ̌  where ( )( )NS Rω′∈ Z  and [ ]ST 1−= F  is the inverse 

Fourier transform of S. The inverse Fourier transform is a topological 

isomorphism of ( )( )NRω′Z  onto ( )( ).NRω′D  

3. Distributional Boundary Values in ( )( )NRω′D  and ( )( )NRω′Z  

Let NC R⊂  be a cone with vertex at zero, i.e., if Cy ∈  implies 

Cy ∈λ  for all .0>λ  The intersection of the cone C with the unit sphere 

{ }1: =∈ yy NR  is called the projection of C and denoted ( ).Cpr  If C′  

and C are cones such that ( ),CprCpr ⊂′  then C′  will be called a compact 

subcone of C. An open convex cone C such that C  does not contain any 
straight line will be called a regular cone. For a cone ( )CC O,  will denote 

the convex hull (envelope) of C and NNC iCT CR ⊂+=  is a tube in .NC  

If C is open, CT  is called a tubular domain. If C is both open and connected, 
CT  is called a tubular radial domain. The set { ,0,: ≥∈=∗ yttC NR  

for all }Cy ∈  is the dual cone of the cone C. 

Definition 5. The function 

( )
( )

( )yttU
Cpry

C ,sup −=
∈

 

is the indicatrix of the cone. 

By the sets AS  and ,MG  we shall mean ( ){ }AtUtS CA ≤= :  and 

{ },ReIm: zMzzG N
M <∈= C  respectively. For a cone C, put =∗C  

.\ ∗CNR  The number 

( )( )
( )tU

tU
H

C

C

Ct
C

O

∗∈
= sup  

characterizes the nonconvexity of the cone C. In [24, p. 220, Lemma 2 and 
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Lemma 3], Vladimirov has proved that a cone is convex if and only if 
,1=CH  and if a cone is open and consists of a finite number of components 

then .∞<CH  

Lemma 2 [24, p. 223, Lemma 2]. Let C be an open cone and C′  be a 
cone that is compact in ( ).CO  Then there exist a ,0>δ=δ y  depending on 

y, and an open cone ,C ′′  depending on ,C′  containing the cone ∗C  such that 

.,,, CtCytyty ′′∈′∈δ≥  (2) 

Further, if C′  is an arbitrary compact subcone of ( ),CO  then there exists 

a ( ) ,0>′δ C  depending only on C′  and not on ,Cy ′∈  such that (2) holds 

for all Cy ′∈  and all .∗∈ Ct  

Lemma 3 [24, Sec. 25.1 and Sec. 26.4]. If ,∗∈ Ct  then 

( )( ) ( )( ) ( ) ( ).,,, CytUHtUytUyt CCCC OOO ∈≤≤−  (3) 

If we let ∗′C  be an arbitrary subcone that is compact in ∗C  and ,∗′∈ Ct  

then there exists ( )∗′γ=γ C  such that 

( ) .ttUt C ≤≤γ  (4) 

Let C be an open connected cone in .NR  For any real number 0>m  

and any compact subcone C′  of C, put 

( ) ( ( ( ))),,0\; mNCCimCT N ∩′′+=′ R  

where ( ) { }myymN N ≤∈= :,0 R  and ( ).0...,,0,00 =  

Definition 6. Let ω be a weight function and C be an open connected 

cone in .NR  We shall say that ( ) ( )CAHzf ;ω∈  if ( )zf  is analytic in     

tube iCT NC += R  and for every compact subcone C′  of C and any real 
number ,0>m  there exists a constant ( )mCK ,, σ′  depending on ,C′  σ and 
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on 0>m  such that 

( ) ( ) ( ) ( ) ( ),;,,, mCTzeemCKzf yAzM ′∈σ′≤ σ+ω  (5) 

for all .0>σ  Here M and A are nonnegative real numbers which do not 
depend on C′  and .0>m  

Clearly, ( ) ( )CAHCAH ;; ω⊂  by ( )γ  in Definition 1, where ( )CAH ;  

is defined in Definition 4.7.2 in [11]. We will show that the Fourier-Laplace 
transform of a certain type of distributions is in ( ).;0 CHω  

Theorem 1. Let C be an open connected cone in NR  and let C′  be an 
arbitrary compact subcone of C. Let ( )tg  be a continuous function with 

support in ∗C  which satisfies 

( ) ( ) ( )( ) NtstsmCKtg R∈σ+πσ′≤ ,,2exp,,  (6) 

for all .0>σ  Here ( )σ′ ,, mCK  is a constant which depends on ,C′  

,0>m  and σ and (6) is independent of ( ( ( ))).,0\ mNCCs ∩′′∈  

Let ( )zG  be an ( )Ml, -strongly elliptic entire function and ( )DG  be an 

ultradifferential operator of ( )ω -class corresponding ( ).zG  If ( ) ,gDGV =  

then 

( ) ( ) ⋅⋅= ,exp, zVzf  

is an element of ( ).;0 CHω  

Proof. From (6), ( )tg  defines an element of ( )( ),NRω′D  hence =V  

( )gDG  is well defined and 

( ) ( ) tztVzf ,exp,=  

( ) tztTg G ,exp,∗=  

( ) ( ) η<η= ,exp,, zzGg  

( ) ( )∫ ∗ ∈=
C

CTzdttztgzG .,,exp  
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By the proof of Theorem 4.7.1 in [11, pp. 181-183], ( )tg  is analytic and 

( ) ( ) ,22exp,,,exp 




 





 σπσ′≤∫ ∗ ymCKdttztg

C
 

for ( ),; mCTz ′∈  where ( )σ′′ ,, mCK  is a constant depending on C′  and on 

;0>m  here σ is arbitrary. Since ( )zG  is an entire function in NC  such that 

( ) ( )( ) ( ) ( ).;0,log CHzfzzG ω∈ω= O  ~ 

If ( ),; CAHf ω∈  then ( )iyf +⋅  defines an element of ( )( )NRω′D  (even 

an element in ( )( ))NRω′S  for each .Cy ∈  Throughout this paper, we 

assume that 

( ) ( ) ω
′∈→

∈φ⋅φ+⋅ D,,lim
,0

iyf
Cyy

 or ω′Z  

exists (which is different from the existence of the limits in weak topology.) 

Then the limit defines an element of ( )( )NRω′D  or ( )( )NRω′Z  by Banach-

Steinhaus theorem. Now we are ready to study distributional boundary value 

results in ( )( )NRω′Z  and ( )( )NRω′D  for functions analytic in a tubular radial 

domain. 

Theorem 2. Let ( ) ( ).; CAHzf ω∈  Then there exist an element ∈U  

( )( )NRω′Z  such that ( ) Uzf →  in the weak topology of ( )( )NRω′Z  as 

,0→y  CCy ⊂′∈  and an element ( )( )NV Rω′∈ D  having support in 

( ){ }AtUtS CA ≤= :  such that [ ]VU F ˇ=  in ( )( ).NRω′Z  

Proof. Let .iyxz +=  Take an integer l such that ε−−<− 1lN  for 

any .0>ε  Let ( )zG  be an ( )Ml, -strongly elliptic entire function. Then 

( )
( ) ( ) ( ) ( ) ( ) ( ) .;,1

M
yAz GmCTzeeCKzG

zf ∩′∈′≤ σ+ωε−−  (7) 
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Consider 

( ) ( )
( ) ( )∫ ′∈= −

N M
tzi GmCTzdxezG

zftg
R

.;,, ∩  (8) 

From (7), ( )tg  is well-defined and is continuous function of t for each 

fixed ( ( ( ))).,0\ mNCCy ∩′′∈  Let C ′′  be an arbitrary compact subdomain 

of C. From (7), for ,MGz ∈  

( )
( )∫ ′′

− →
C

tzi dyezG
zf 0,  (9) 

as .∞→x  Applying (7) and Cauchy’s theorem to integrand in (9), we 

have that ( )tg  is independent of ,Cy ′′∈  hence of .Cy ∈  (8) can be 

rewritten as 

( ) ( )
( ) ( ) .;,;1,

M
ty GmCTztzG

zftge ∩′∈



= −− F  

We have from (7) that ( ) ( ) 21 LLzGzf ∩∈  as a function of Nx R∈  

for ( ( ( )))mNCCy ,0\ ∩′′∈  arbitrary. By the Plancherel theorem, 

( )
( ) [ ( ) ( )] ( ) M

ty GmCTzxtgezG
zf ∩;,;, ′∈= −F  (10) 

in .2L  Only replacing ( )∫ ε−−+N dxx n
R 1  by ( ) ( )( )∫ ωε−−N dxxnR ,exp  

we can show ( ) ASgsupp ⊆  by the exactly the same line in the proof of 

Theorem 4.7.2 in [11]. 

Let ( )( )NRω∈Φ Z  and ( )( )NRω∈φ D  be such that .φ̂=Φ  Since 

( ) ( ) ( )( ),, NNty tge RR ω
− ′⊂′∈ DD  

( )
( ) ( ) ( ) ( ) ( ) ,;,,, ,

M
ty GmCTzttgexzG

zf ∩′∈φ=Φ − ˇ  (11) 
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where C′  is an arbitrary compact subcone of C. Since ( ) ( )tgtge ty →− ,     

in ( )( )NRω′D  as ,0→y  CCy ⊂′∈  and ( ) ( ) ( )( ),NNtg RR ω′⊂′∈ DD  

we have 

( ) ( ) ( ) ( ) ( ) ( )xxgttgttge ty Φ=φ→φ− ,ˆ,,, ˇˇ  (12) 

as .,0 CCyy ⊂′∈→  From (11) and (12), 

( )
( ) ( )xgzG
zf ˆ→  (13) 

in ( )( )NRω′Z  as .,0 CCyy ⊂′∈→  Also, since ( ) ( )( ),log zOzG ω=  

as ,∞→z  if ( )( ),NRω∈Φ Z  ( ) ( ) ( )( )NxzG Rω∈Φ Z  as a function of 

Nzz R∈= Re  for .Im Nzy C∈=  Hence we have from (13) that 

( ) ( ) ( )
( ) ( ) ( )xzGzG
zfxzf Φ=Φ ,,  

( ) ( ) ( )xxgzG Φ→ ,ˆ  (14) 

as .,0 CCyy ⊂′∈→  Put 

( ) ,gDGV =  

where ( )DG  is an ultradifferential operator of ( )ω -class corresponding to 

( ).zG  By the properties of ( ) ( )DGzG ,  defines an ultradifferential operator 

of ( )ω -class. Since ( )( )Ng Rω′∈ D  and ( )DG  defines on ( )( )NRω′D  into 

( )( ),NRω′D  ( )( )NV Rω′∈ D  and ( ) ( ) .ASgsuppVsupp ⊆=  Also, if we let 

( )( )NRω∈Φ Z  such that ,φ̂=Φ  then for ( )( ),NRω∈φ D  

[ ]( ) ( )xxV Φ,F  

( ) ( ) ( )ttgDG φ= ˇ,  

( ) ( )ttTg G φ∗= ˆ̂,  
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( ) ( ) ( ) ξ+η−φξη= ,,ˆ,, si
G esTg  

( ) ( )
( )( ) ( )∑

∈α
=ξ

ξ+η−
α

αα
α |φ

ξ∂
∂

α
−η=

N

siesGig

0

0
,,ˆ

!
0,

N
 

( ) ( ) ( ) η−φ−η= ,,ˆ, siessGg  

( ) ( ) ( )ssGsg Φ−= ,ˆ  

( ) ( ) ( ) ,,ˆ ssgsG Φ−=  (15) 

where we have used the fact that ( )( )NRω∈Φ Z  implies ( ) ∈ΦzG  

( )( )NRωZ  as a function of .Re Nzx R∈=  Then we have from (14) and 

(15) that for ( )( )NRω∈Φ Z  and ,Cy ∈  

( ) ( ) ( )
( ) ( ) ( )xzGzG
zfxiyxf

yy
Φ=Φ+

→→
,lim,lim

00
 

( ) ( ) ( )xzGxg Φ= ,ˆ  

[ ] ( ) ( ) ., xxV Φ= ˇF  (16) 

If we put [ ] ( )( ),NVU Rω′∈= ZF ˇ  then (16) proves that ( )iyxf +  

U→  in the weak topology of ( )( )NRω′Z  as .,0 Cyy ∈→  The proof is 

complete. ~ 

Now we will study distributional boundary values results in ( )( )NRω′D  

for functions analytic in a tubular radial domain. Let ( )( ),,
N

LpU Rω′∈ D  

,2 ∞<≤ p  and ( ) ASUsupp ⊂  for some open connected cone C. Take 

( ) ∞
ε ∈α Ct  such that 

( )




ε

ε
=αε

A

A

S

S
t

ofodneighborho-2aofcomplementaon0

,ofodneighborho-anon1
 (17) 
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and 

( ) ,, N
t tMtD R∈≤α γε
γ  (18) 

where γM  is a constant depending on γ. We will show that ( ) ,, tzietεα  

,CTz ′∈  is in ( )( ) ∞<≤ω pN
Lp 1,, RD  as a function of t. Consider 

( ) ( ) ( ) ( )( ) ( )∫ αψ−γ
ε

β ∗
α= N dteeDtDI kkptzi

R
,,,  (19) 

where α=γ+β  and .N∈k  Then 

( ) ( )( ) ( )∫ αψ−γ
β

∗
≤ N dteeDMI kkptzi

R
,,  

( )∫ −αψ−γ
β

∗
=

AS
typkkzp dteeeM ,,log  (20) 

where βM  is a constant in (18). If ,1≤z  then 

( ) .1log ≤αψ−γ ∗ kkzp ee  (21) 

Let 1>z  and .kp >γ  Then 

( ) ( ) ( ).loglog zkkkzkkkzp eeeee ωαψ−αψ−γ ≤≤
∗∗

 (22) 

Let 1>z  and .kp >γ  By Lemma 1, since ( ) tt∗ψ  is increasing, 

( ) ( )( ) ( ).loglog zpppzpkkzp eeeee ωγγαψγ−γαψ−γ ≤≤
∗∗

 (23) 

From (21), (22) and (23), 

( ) ( ) ( ).,maxlog zpkkkzp eee ωγαψ−γ ≤
∗

 (24) 

Let C ′′  and CC N ′′=′∗ \R  be cones in which inequality (2) in Lemma 2 

and inequality (4) in Lemma 3 are verified, respectively, 
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( )
( )∫ ∫ 











+
+≤ −

∈

−

A AA
S S

typ

St

typ dt
t

tedte 2
2,,

1
11sup  

{ ( ) } { ( ) } ,1sup1sup 2,2,








+++≤ −

′∈

−

′′∈ ∗

teteK ty

CSt

ty

Ct A∩
 (25) 

where K is a constant. Using (3) in Lemma 3, we continue the inequality 

( )
( )

( )











++ρ+

≤≤γ

δρ−

≥ρ

22

0
1sup1sup tee yAH

AtUt

y C

C

 

( )


















γ
++ρ′≤ δρ−

≥ρ

yAHy CeAeCK
2

2

0
1sup  

( ) ( )yAHCeyCK +′≤ −2
1  

( ) ( ) ,,1 2
1

CyAH TzeyCK C ′− ∈+|′≤  (26) 

where ( )CK ′  and ( )CK ′1  constants, depending on .C′  Here we have used 

the fact that ( ) 2ρ=ρ δρ− yef  has a maximum ( ) 2224 ye ρ−  at =ρ  

( ),2 yδ  

( ) ( ) ( ) ( )( ) .1 2,max
1 0 yAHzpk

B CeyeCKMI −ωγ +′≤  (27) 

Thus, ( ) tziet ,
εα  is in ( )( ) ,1,, ∞<≤ω pN

Lp RD  as a function of t for 

a fixed ,CTz ′∈  hence 

( ) ( ) ( ) .,,, Ctzitzi TzettUetU ′
ε ∈α=  (28) 

is well-defined for t. 

Theorem 3. Let ( )( ),,
N

LpU Rω′∈ D  ,2 ∞<≤ p  and ( ) ASUsupp ⊆  

for some open connected cone C. Then there exists a function ( )zf  such     

that ( )zf  is analytic in ( )CTO  and for any arbitrary compact subcone C′  of 
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( ),CO  there exist an ( )Ml, -strong elliptic entire function ( )zG  and 

,N∈m  depending on U such that 

( ) ( ) ( ) ( ) ( ) ,,1, M
CyAHm

t GTzeyzGCKzfD C ∩′−α ∈+′α≤  

where ( )CK ′α,  is a constant, depending on α and .C′  Also, ( ) Uzf ˆ→  in 

( )( )NRω′D  as ( ).,0 CCyy O⊂′∈→  

Proof. Let .2 ∞<≤ p  We note that, since ( )tUC  is a convex function, 

AS  is convex. Furthermore, by Lemma 3, 

( )( ) ( ) ,, yAHytUHytUyt CCCC −≥−≥−≥ O  (29) 

for ( ) ( ) ., ASCty ×∈O  

Now, since ( )( ),,
N

LpU Rω′∈ D  there exists a strongly elliptic 

ultradifferential operator ( )DG  of ( )ω -class and ,pLh ∈  111 =+ qp  such 

that ( ) .hDGU =  Take ,N∈m  depending on h (hence on U) such that 

( )
( )∫ ∞<
+N mt

th
R

.
1

 (30) 

Put 

( ) ( ) ,,,, ,,, Ctzitxity TiyxzetUeUezf ′
ε

− ∈+=α==  

where ( )tεα  satisfies (17) and (18). From (28), ( )zf  is well-defined and 

analytic in ( ).CTO  Then, for ,M
C GTz ∩′∈  there exists a strongly elliptic 

entire function ( )zG  corresponding to ( )DG  such that 

( ) ( ) txity etUezf ,, , ε
− α=  

( ) ( ) ( ( ) )tzietDGth ,, εα=  
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( ) ( )∫ −≤ N dtthezG ty
R

,  

( ) { ( ) } ( )
( )∫ +

+≤ −

∈
N

A

dt
t
thtezG m

mty

St R 1
1sup ,  

( ) { ( ) } { ( ) } ,1sup1sup ,,












+++≤ −

′∈

−

′′∈ ∗

mty

CSt

mty

Ct
tetezGK

A∩
 (31) 

where m is as in (30), K is a constant and C ′′  and ∗′C  are cones in which 

inequality (2) in Lemma 2 and inequality (3) in Lemma 3 are verified, 
respectively. Using (3) in Lemma 3, we continue the inequality (31) 

( ) ( ) ( )
( )

( )











++ρ+≤

≤≤γ

δρ−

≥ρ

mAH

AtUt

my teezGKzf C

C

1sup1sup
0

 

( ) ( ) ( ) ,,1 M
CyAHm GTzeyzGCK C ∩′− ∈+′≤  (32) 

where ( )CK ′  is a constant, depending on .C′  Since 

( ) ( ) ( ) ( ) ( ) ,,1max ,
1

tzi
j

j
t etUzMNzfD ε

α

α≤≤

α α+α≤  

where ( )αN  is a constant depending on α and jM  is as in (29), we have 

from (32) and the property of ( )Ml, -strong elliptic entire function that 

( ) ( ) ( ) ( ) ( ) ,,1, 2
M

CyAH
t GTzeyzGCKzfD C ∩′α ∈+′α≤  

where ( )CK ′α,  is a constant, depending on α and .C′  

Now we will show that ( ) Uzf ˆ→  in ( )( )NRω′D  as ,0→y  ⊂′∈ Cy  

( ).CO  Let ( )( ).NRω∈φ D  Then ( )( )NRω∈φ Zˆ  and ( )( )Ntye Rω
− ∈φ Zˆ,  

for CTy ∈  and .ASt ∈  Since ( )( ) ( )( ),,
N

L
N

p RR ωω ⊂ DZ  ( ) ( )ttU εα,  

( )te ty φ⋅ − ˆ,  is well-defined. Since ( ) ( ) ( ) ( )tttet ty φα→φα ε
−

ε
ˆˆ,  in 

( )( )NRωZ  as ,0→y  ( ),CCy O⊂′∈  for ( )( )NRω∈φ D  and ( ) ∈tz,  
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,A
C ST ×  

( ) ( ) ( ) ( )xetUxzf tzi φ=φ ,,, ,  

( ) ( ) ( )tettU ty φα= −
ε

ˆ, ,  

( ) ( ) ( ) ( ) ( ) .,ˆˆ, xxUtttU φ=φα→ ε  

The proof is complete. ~ 
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