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Abstract 

In this paper, the quasitriangular structures on a finite dimensional 
pointed Hopf algebra of rank one are investigated. A sufficient and 
necessary condition for a finite dimensional pointed Hopf algebra of 
rank one to be quasitriangular is given. As an example, all 
quasitriangular structures on a finite dimensional pointed Hopf algebra 
of rank one such that the group of group-like elements is cyclic are 
completely described. In particular, quasitriangular structures on 
Sweedler’s four dimensional Hopf algebra are recovered. 

1. Introduction 

Quasitriangular Hopf algebras constitute a very important class of Hopf 
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algebras, which were introduced by Drinfeld [5] in order to supply solutions 
to the quantum Yang-Baxter equation that arises in mathematical physics. 
The finite dimensional representations of quasitriangular Hopf algebras form 
a braided rigid tensor category, which are naturally related to low 
dimensional topology. Furthermore, Drinfeld showed that any finite 
dimensional Hopf algebra can be embedded in a finite dimensional 
quasitriangular Hopf algebra, known as its Drinfeld double or quantum 
double. 

A general classification of quasitriangular Hopf algebras is not known 
yet. However, the problem was solved for triangular Hopf algebras in the 
semisimple case [8], in the minimal triangular pointed case [11], and more 
generally for triangular Hopf algebras with the Chevalley property [9]. 

A family of finite dimensional pointed Hopf algebras, called finite 
dimensional pointed Hopf algebras of rank one, has been studied by many 
authors. The classification of this family of Hopf algebras over an 
algebraically closed field k  of characteristic 0 is described by means of a 
group datum [17], see also [3]. Indeed, a quadruple ( )μχ= ,,, gGD  is 

called a group datum, if G is a finite group, χ  is a k -linear character of G, g 

is a central element of G, and k∈μ  satisfying some conditions (see 

Definition 2.1 below). Given a group datum ,D  there is a finite dimensional 

pointed Hopf algebra of rank one, denoted ,DH  associated to .D  Conversely, 

every finite dimensional pointed Hopf algebra of rank one has the form .DH  

The representations of DH  have been carried out in [3, 17, 20]. The Hopf 

algebra DH  is a Nakayama algebra of finite representation type. It is neither 

unimodular nor symmetric, and it has the Chevalley property if the group 
datum D  is of nilpotent type (see [20] for details). 

In this paper, we focus on quasitriangular structures on .DH  As we shall 

see the quasitriangular structures on DH  are determined largely by the order 

of ( ).gχ  If the order of ( )gχ  is equal to 1, then DH  is nothing but a group 

algebra .Gk  If the order of ( )gχ  is greater than 2, then there is no 
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quasitriangular structures on .DH  If the order of ( )gχ  is equal to 2, then a 

sufficient and necessary condition for DH  to be quasitriangular is given. In 

the case where the group G in the group datum D  is cyclic, we completely 
determine the quasitriangular structures on .DH  Especially, we recover all 

quasitriangular structures on Sweedler’s four dimensional Hopf algebra. 

2. Preliminaries 

In this section, we first recall the construction and classification of any 
finite dimensional pointed Hopf algebra of rank one in terms of group datum. 
We then give basic definitions and results about quasitriangular Hopf 
algebras used in this paper. 

A Hopf algebra H is called pointed if all its simple left or right 
comodules are one dimensional. This is equivalent to saying that the 
coradical of H is a group algebra [14]. Let 0H  be the coradical of Hopf 

algebra H. We define 

( )HHHHH ii ⊗+⊗Δ= −
−

01
1  for .1≥i  

Then { }0≥| iHi  is called the coradical filtration of Hopf algebra H. If H is 

pointed, then its coradical filtration is a Hopf algebra filtration (cf. [14, 
Lemma 5.2.8]). Coradical filtration is important in the classification of 
pointed Hopf algebras, more details can be found in [1, 2], etc. 

Let { }0≥| iHi  be the coradical filtration of Hopf algebra H. We assume 

that the coradical 0H  is a Hopf subalgebra of H. Then each iH  is a free 

0H -module. Consider k  as the trivial right 0H -module, if H is generated as 

an algebra by 1H  and ( ) ,1dim 10
+=⊗ nHHkk  then H is called a Hopf 

algebra of rank n [17]. 

Krop and Radford defined the notion rank so as to give a measure of 
complexity for Hopf algebras. One family of pointed Hopf algebras 
mentioned here is so-called finite dimensional pointed Hopf algebra of rank 
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one. The (generalized) Taft algebras, the Radford Hopf algebras and the half 
quantum group [12] are typical examples of such Hopf algebras. Every finite 
dimensional pointed Hopf algebra of rank one can be obtained via a group 
datum stated as follows (cf. [3, 17]): 

Definition 2.1. A quadruple ( )μχ= ,,, gGD  is called a group datum if 

G is a finite group, χ  is a k -linear character of G, g is an element in the 

center of G, and k∈μ  subject to 1=χn  or ( ) ,01 =−μ ng  where n is the 

order of ( ).gχ  If ( ) ,01 =−μ ng  then the group datum D  is said to be of 

nilpotent type. If ( ) ,01 ≠−μ ng  and ,1=χn  then it is of non-nilpotent type. 

For any group datum ( ),,,, μχ= gGD  denote by DH  the associative 

algebra generated by y and all h in G such that Gk  is a subalgebra of DH  

and 

 ( ) ( )hyhyhgy nn χ=−μ= ,1  (2.1) 

for any .Gh ∈  In addition, DH  is endowed with a Hopf algebra structure, 

where the comultiplication ,Δ  the counit ε and the antipode S are given, 
respectively, by 

( ) ( ) ( ) ,,0,1 1−−==ε⊗+⊗=Δ ygySyygyy  

( ) ( ) ( ) 1,1, −==ε⊗=Δ hhShhhh  

for all .Gh ∈  

The Hopf algebra DH  is finite dimensional with a canonical k -basis 

{ }.10, −≤≤∈| niGhhyi  Thus, ,dim GnH =D  where G  is the order 

of G. It is easy to see that G is the group of group-like elements of DH  and 

DH  is a finite dimensional pointed Hopf algebra of rank one. 

Remark 2.2. Note that if the order of ( )gχ  is ,1=n  then DH  is nothing 

but the group algebra .Gk  To avoid this, we always assume that 2≥n  
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throughout this paper. In this situation ( ) ,1≠χ g  this implies that 1≠g  and 
.ε≠χ  

Example 2.3. Let G be a cyclic group of order m with a generator g, 
k∈ω  a primitive mth root of unity and χ  a k -linear character of G given 

by ( ) .ω=χ g  

(1) The group datum ( )μχ= ,,, gGD  is of nilpotent type and the Hopf 

algebra DH  associated to D  is nothing but a Taft algebra [4]. 

(2) Suppose 1>d  and is a divisor of m. Then the group datum =D  

( )μχ ,,, dgG  is of nilpotent type and the Hopf algebra DH  associated to 

D  is a generalized Taft algebra [13]. 

(3) Suppose 1>d  and is a divisor of m. Then the group datum =D  

( ) ( )0,,, ≠μμχ gG d  is of non-nilpotent type and the Hopf algebra DH  

associated to D  is exactly a Radford Hopf algebra [15]. 

The k -linear character χ  induces an automorphism σ of Gk  as follows: 

 ( ) ( ) 21 aaa χ∑=σ  (2.2) 

for any Ga k∈  with the comultiplication ( ) ∑ ⊗=Δ .21 aaa  In view of this, 

we have 

 ( ) jjj yaay σ=  for any .0≥j  (2.3) 

The family of finite dimensional pointed Hopf algebras of rank one coincides 
with the family of non-semisimple monomial Hopf algebras discussed in [3]. 
The classification of such Hopf algebras over an algebraically closed field k  
of characteristic 0 has been given, respectively, in [3, 17]. We follow the 
work of Krop and Radford in [17, Theorem 1] and present the classification 
results of such Hopf algebras as follows: 

Proposition 2.4. We have the following classification result: 

(1) For any group datum ,D  the Hopf algebra DH  associated to D  is a 

finite dimensional pointed Hopf algebra of rank one. 
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(2) Every finite dimensional pointed Hopf algebra of rank one over an 
algebraically closed field k  of characteristic 0 is isomorphic to DH  for 

some group datum .D  

(3) Let ( )μχ= ,,, gGD  and ( )μ′′χ′′=′ ,,, gGD  be two group data. 

Then DH  and D′H  are isomorphic as Hopf algebras if and only if there is a 

group isomorphism GGf ′→:  such that ( ) ,ggf ′=  fχ′=χ  and 

( ) ( )11 −′μ=−′μ′β nn gg  for some non-zero ,k∈β  where n is the order of 

( ).gχ  

In the case when the characteristic of k  is ,0>p  the classification of 

finite dimensional pointed Hopf algebras of rank one was given by 
Scherotzke in [16]. The classification of infinite or finite dimensional pointed 
Hopf algebras of rank one over an arbitrary field k  was obtained in [21]. 

In the following, we recall the definition and basic results of a 
quasitriangular Hopf algebra. 

Definition 2.5. Let H be a finite dimensional Hopf algebra over the field 
k  and ∑ ⊗= i ii baR  be an invertible element of .HH ⊗  If H satisfies 

 ( ) ( ) 1−Δ=Δ RaRacop  for any ,Ha ∈  (2.4) 

where Δ=Δ Tcop  and T is the flip map, then H is called a quasi-
cocommutative Hopf algebra. 

If H is a cocommutative Hopf algebra, then H is quasi-cocommutative 
with the trivial .11⊗=R  

Definition 2.6. The pair ( )RH ,  is said to be a quasitriangular Hopf 

algebra if H is quasi-cocommutative and satisfies the following conditions: 

( ) ( ) ,2313RRRid =⊗Δ  (2.5) 

( ) ( ) ,1213RRRid =Δ⊗  (2.6) 

where ∑ ⊗⊗= i ii baR ,113  ∑ ⊗⊗= i ii baR 123  and ∑ ⊗⊗= i ii baR .112  
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The element R above is called a universal R-matrix of H. A 

quasitriangular Hopf algebra ( )RH ,  is said to be triangular if ,21
1 RR =−  

where ∑ ⊗= i ii abR .21  Let ( )∑= i ii abSu .  Then u is called a Drinfeld 

element of ( )., RH  It is known that u is invertible and ( ) 12 −= uauaS  for 

any ,Ha ∈  see, e.g., [6]. Moreover, ( )RH ,  is triangular if and only if u is a 

group-like element of H. 

If ( )RH ,  is quasitriangular, then ,121323231312 RRRRRR =  known as 

the quantum Yang-Baxter equation in statistical mechanics. The invertible 

element R has the additional properties ( ) ( ) ( ) ( ) ,11 −− =⊗=⊗ RRSidRidS  

( ) ( ) RRSS =⊗  and ( ) ( ) ( ) ( ) .1=ε⊗=⊗ε RidRid  The Radford’s 4S  

formula has a special form: for any ,Ha ∈  ( ) ,14 −= hahaS  where =h  

( )( ) 1−uSu  is a group-like element of H (cf. [6]). 

3. Quasitriangular Structures 

In this section, we work over an algebraically closed field k  of 
characteristic 0. We investigate the quasitriangular structures on Hopf 
algebra DH  associated to the group datum ( ).,,, μχ= gGD  It turns out 

that if the order of ( )gχ  is ,3≥n  then the Hopf algebra DH  has no 

quasitriangular structures. If the order of ( )gχ  is ,2=n  then a sufficient 

and necessary condition for DH  to be quasitriangular is given. As an 

application, we determine all quasitriangular structures on DH  such that the 

group G in the group datum D  is cyclic. 

Proposition 3.1. Let ( )RG,k  be a quasitriangular Hopf algebra with the 

universal R-matrix R. Then DH  is quasitriangular with the same universal 

R-matrix R of Gk  if and only if ( ) ( ) gRid =⊗χ  and ( ) ( ) .1−=χ⊗ gRid  

Proof. Note that DH  is generated as an algebra by Gh ∈  and y, then 

DH  is quasitriangular with the same R-matrix of Gk  if and only if the 
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equality 

( ) ( )yRRycop Δ=Δ  

holds since the other equalities are automatically satisfied with the 
assumption that ( )RG,k  is quasitriangular. Suppose ∑ ∈⊗= i ii baR  

.GG kk ⊗  Then the equalities (2.5) and (2.6) can be written explicitly as 
follows: 

( ) ( )∑ ∑ ⊗⊗=⊗⊗
i ji

jijiiii bbaabaa
,

21 ,  (3.1) 

( ) ( )∑ ∑ ⊗⊗=⊗⊗
i ji

ijjiiii bbaabba
,

21 .  (3.2) 

Note that ( ) ( ) ( )RyRygRycop 1⊗+⊗=Δ  and ( ) ( ) +⊗=Δ gyRyR  

( ).1 yR ⊗  Then ( ) ( )yRRycop Δ=Δ  if and only if ( ) ( )yRRyg ⊗=⊗ 1  and 

( ) ( ).1 gyRRy ⊗=⊗  By the observation of equality (3.2), we have that 

( ) ( ) ∑∑ ⊗=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⊗⊗=⊗

i
ii

i
ii ybgabaygRyg  

( ) (( ) ) ( )∑ ∑ χ⊗=σ⊗=
i i

iiiii ybbgaybga 21  

( ) ( ) ( )∑ ∑ ⊗
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⊗χ=χ⊗=

ji j
jjijji ybagRybbaga

,
.11  

Thus, ( ) ( )yRRyg ⊗=⊗ 1  if and only if ( ) ( ) .1−=χ⊗ gRid  The same 

argument as above shows that ( ) ( )gyRRy ⊗=⊗ 1  if and only if 

( ) ( ) ,gRid =⊗χ  as desired. ~ 

Remark 3.2. The equality ( ) ( ) gRid =⊗χ  is not equivalent to 

( ) ( ) 1−=χ⊗ gRid  in general, see the equalities (3.3) and (3.4) below. 
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However, if ( )RG,k  is triangular, then it is easy to verify that ( ) ( )Rid⊗χ  

g=  if and only if ( ) ( ) 1−=χ⊗ gRid  using the equality .21
1 RR =−  

Example 3.3. Let G be a cyclic group of order m generated by the 
element g. Then all the universal R-matrices of Gk  are given by 

∑
−

=

− ⊗ω=
1

0,
,1 m

ji

dijij
d ggmR  

where k∈ω  is a primitive mth root of unity and ,10 −≤≤ md  see [19, 

Lemma 2.3]. Let χ  be a k -linear character of G determined by ( ) .ω=χ g  

Suppose the Hopf algebra DH  associated to the group datum =D  

( )μχ ,,, hG k  is quasitriangular with the universal R-matrix dR  for some 

10 −≤≤ mk  and .Gh ∈  Note that 

( ) ( ) ( )∑
−

=

− =ω=⊗χ
1

0,
,1 m

ji

dkdijik
d

k ggmRid  (3.3) 

( ) ( ) ( )∑
−

=

− =ω=χ⊗
1

0,
,1 m

ji

rjijdk
d

k ggmRid  (3.4) 

where 10 −≤≤ mr  satisfies that .rdkm −|  Then .rdk ggh −==  This 

implies that .rdkm +|  Together with ,rdkm −|  we obtain that .2rm |  If m 

is odd, then 0=r  and hence ,1=h  which is contradiction to the fact that 

1≠h  (see Remark 2.2). If m is even, then .2
mr =  In this case, 2

m
gh =  and 

.2
mdk =  We conclude that the Hopf algebra DH  associated to the group 

datum ( )μχ= ,,, hG kD  is quasitriangular with the universal R-matrix dR  

if and only if m is even, 2
m

gh =  and .2
mdk =  

Lemma 3.4. Let DH  be the Hopf algebra associated to the group datum 
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( )μχ= ,,, hGD  and n be the order of ( ).gχ  If DH  is quasi-cocommutative 

with an invertible element ,DD HHR ⊗∈  then R has the form ( )0RR =  

( )( )∑ −
=

−⊗+ 1
1 ,n

i
inii yyR  where ( ) GGR i kk ⊗∈  for .10 −≤≤ ni  

Proof. Let R be an invertible element of .DD HH ⊗  Then R can be 

written as the following form: 

( )∑∑
−

= ∈
⊗=

1

0
,

n

i Gh

i
h

i YhyR  

where for each h and i, ( ) .DHY i
h ∈  Observe that ( ) ( ).gRRgcop Δ=Δ  It 

follows that 

( ) ( )∑∑ ∑∑
−

= ∈

−

= ∈
⊗=⊗

1

0

1

0
.

n

i Gh

n

i Gh

i
h

iii
h

i gYqghygYghy  

Hence, ( ) ( )gYqgY i
h

ii
h =  for any 10 −≤≤ ni  and .Gh ∈  We assume that 

( ) ∑ ∑−
= ∈ μ= 1

0 , .n
j Gt

j
tj

i
h tyY  It follows from ( ) ( )gYqgY i

h
ii

h =  that =μ j
tj gty,  

.,
jji

tj gtyq +μ  Thus, ji
tjtj q +μ=μ ,,  for any Gt ∈  and .10 −≤≤ nj  We 

conclude that 0, =μ tj  if ji +  is not divisible by n. This argument shows 

that ( ) ∑ ∈ μ= Gt th tY ,0
0  and ( ) .,

in
Gt tin

i
h ytY −

∈ − ⎟
⎠
⎞⎜

⎝
⎛ μ= ∑  Thus, the element 

R can be simplified as follows: 

( ) ( )( )∑
−

=

−⊗+=
1

1

0 ,
n

i

inii yyRRR  

where ( ) GGR i kk ⊗∈  for ,10 −≤≤ ni  as desired. ~ 

Proposition 3.5. Let DH  be the Hopf algebra associated to the group 

datum ( ).,,, μχ= gGD  If ( )RH ,D  is quasitriangular and the order of ( )gχ  

is ,3≥n  then the universal R-matrix R of DH  is contained in .GG kk ⊗  
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Proof. By Lemma 3.4, the universal R-matrix of DH  has the form 

( ) ( )( )∑
−

=

−⊗+=
1

1

0 ,
n

i

inii yyRRR  

where ( ) GGR i kk ⊗∈  for .10 −≤≤ ni  This enables me to compute the 
terms of both sides of equation (2.5). On the one hand, observe from [17, 
equation (1)] that 

( ) ∑
=

−− ⊗⎟
⎠
⎞

⎜
⎝
⎛=Δ

i

k

kkiki

q

i ygy
k
i

y
0

.  

Then 

( ) ( ) ( ) ( ( ) ) ( ) ( ( ) ) ( ( ) )∑
−

=

−⊗Δ⊗Δ+⊗Δ=⊗Δ
1

1

0
n

i

inii yyRidRidRid  

( ) ( ( ) ) ( ) ( ( ) )∑
−

=

⊗Δ+⊗Δ=
1

2

0
n

i

iRidRid  

( )∑
=

−−− ⊗⊗⎟
⎠
⎞

⎜
⎝
⎛×

i

k

inkkiki

q
yygy

k
i

0
 

( ) ( ( ) ) ( )111 1 −− ⊗⊗+⊗⊗⊗Δ+ nn yyygyRid  

( ) ( ( ) ) ( ) ( ( ) )∑
−

=

⊗Δ+⊗Δ=
1

2

0
n

i

iRidRid  

( )∑
−

=

−−− ⊗⊗⎟
⎠
⎞

⎜
⎝
⎛×

1

1

i

k

inkkiki

q
yygy

k
i

 

( ) ( ( ) ) ( )∑
−

=

−− ⊗⊗+⊗⊗⊗Δ+
1

1
.1

n

i

iniiniii yyygyRid  

On the other hand, we have that ( ) jjj yaay σ=  for any Ga k∈  (see (2.3)). 
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It follows that 

( ) ( )( )
⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
⊗⊗+= ∑

−

=

−
1

1
13

0
132313 1

n

i

inii yyRRRR  

( ) ( )( )
⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
⊗⊗+× ∑

−

=

−
1

1
23

0
23 1

n

i

inii yyRR  

( ) ( ) ( ) ( )( )∑
−

=

−⊗⊗+=
1

1
23

0
13

0
23

0
13 1

n

i

inii yyRRRR  

( )( ) ( )∑
−

=

−⊗⊗+
1

1

0
2313 1

n

i

inii RyyR  

( )( ) ( )( )∑ ∑
−

=

−

=

−− ⊗⊗⊗⊗+
1

1

1

1
2313 11

n

i

n

j

jnjjinii yyRyyR  

( ) ( ) ( ) ( )( )∑
−

=

−⊗⊗+=
1

1
23

0
13

0
23

0
13 1

n

i

inii yyRRRR  

( )( ) ( ( ) ) ( )∑
−

=

−− ⊗⊗σ⊗⊗σ+
1

1

0
2313 1

n

i

iniinii yyRidR  

( )( ) ( ( ) ) ( )∑
−

=

−−− ⊗⊗σ⊗⊗σ+
1

1,

2
2313 .

n

ji

jinjijinii yyyRidR  

By comparing the elements of the forms ,GGG kkk ⊗⊗  iGyG kk ⊗  
inGy −⊗ k  and ,ini GyGGy −⊗⊗ kkk  respectively, in both sides of the 

equality (2.5), we obtain that 

( ) ( ( ) ) ( ) ( ),0
23

0
13

0 RRRid =⊗Δ  

( ) ( ( ) ) ( ) ( ) ( )( )∑ ∑
−

=

−

=

−− ⊗⊗=⊗⊗⊗Δ
1

1

1

1
23

0
13 ,11

n

i

n

i

iniiinii yyRRyyRid  
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( ) ( ( ) ) ( )∑
−

=

−⊗⊗⊗Δ
1

1

n

i

iniii ygyRid  

( )( ) ( ( ) ) ( )∑
−

=

−− ⊗⊗σ⊗⊗σ=
1

1

0
2313 .1

n

i

iniinii yyRidR  

Omitting the above equations from the equality (2.5), we obtain that 

( ) ( ( ) ) ( )∑ ∑
−

=

−

=

−−− ⊗⊗⎟
⎠
⎞

⎜
⎝
⎛⊗Δ

1

2

1

1

n

i

i

k

inkkiki

q

i yygy
k
i

Rid  (3.5) 

 ( )( ) ( ( ) ) ( )∑
−

=

−−− ⊗⊗σ⊗⊗σ=
1

1,

2
2313 .

n

ji

jinjijinii yyyRidR  (3.6) 

Note that the expression (3.5) has no terms of the form ji GyGy kk ⊗  

DH⊗  such that .nji ≥+  It follows that such forms in (3.6) are zero, 

namely, 

( )( ) ( ( ) ) ( )∑
≥+

−−− =⊗⊗σ⊗⊗σ
nji

jinjijinii yyyRidR .02
2313  

In view of this, the expression (3.6) now can be reduced to be 

( )( ) ( ( ) ) ( )∑
−≤+≤

−−− ⊗⊗σ⊗⊗σ
12

2
2313

nji

jinjijinii yyyRidR  

( )( ) ( ( ) ) ( ( ) )∑
−≤+≤

−−− −μ⊗⊗σ⊗⊗σ=
12

2313 1
nji

jinnjijinii ygyyRidR  

( )( )∑∑
−

=

−

=

+−−− σ⊗⊗σ=
1

2

1

1
13

n

s

s

j

jsnjsjs idR  

( ( ) ) ( ( ) )snnjjsj ygyyR −− −μ⊗⊗× 123  
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( )( )∑∑
−

=

−

=

+−−− σ⊗⊗σ=
1

2

1

1
13

n

i

i

k

kinkiki idR  

( ( ) ) ( ( ) ).123
innkkik ygyyR −− −μ⊗⊗×  

As a consequence, the equality (3.5) = (3.6) becomes 

( ) ( ( ) ) ( )∑ ∑
−

=

−

=

−−− ⊗⊗⎟
⎠
⎞

⎜
⎝
⎛⊗Δ

1

2

1

1

n

i

i

k

inkkiki

q

i yygy
k
i

Rid  

( )( ) ( ( ) ) ( ( ) ).123

1

2

1

1
13

innkkik
n

i

i

k

kinkiki ygyyRidR −−
−

=

−

=

+−−− −μ⊗⊗σ⊗⊗σ= ∑∑  

Comparing each terms of this equality, we have that 

( ) ( ( ) ) ( )11 ⊗⊗⎟
⎠
⎞

⎜
⎝
⎛⊗Δ −ki

q

i g
k
i

Rid  (3.7) 

 ( )( ) ( ( ) ) ( ( ))1112313 −μ⊗⊗σ⊗⊗σ= +−−− nkkinkiki gRidR  (3.8) 

for 12 −≤≤ ni  and .11 −≤≤ ik  Applying ε⊗⊗ε id  to both (3.7) and 

(3.8), we obtain that ( ) ( ) ( ( ) ) 0=⊗Δε⊗⊗ε iRidid  since ( ) .01 =−ε ng  

Note that ( ) ( ) ( ( ) ) ( ) ( ( ) ).ii RidRidid ε⊗=⊗Δε⊗⊗ε  It deduces that 

 ( ) ( ( ) ) 0=ε⊗ iRid  for .12 −≤≤ ni  (3.9) 

Similarly, by comparing the terms of the form ini GyGGy −⊗⊗ kkk  in the 

equality ( ) ( ) ,1213RRRid =Δ⊗  we obtain the following equation: 

 ( ) ( ( ) ) ( )( ) ( ( ) ).0
1213 RidRRid iniii −σ⊗⊗σ=Δ⊗  (3.10) 

Applying ε⊗⊗ idid  to both sides of (3.10), we obtain that ( ) =iR  

( ) ( ( ) ) ( ) ( ( ) ).0RidRid ii ⊗σε⊗  The observation of (3.9) shows that ( ) 0=iR  
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for .12 −≤≤ ni  Thus, the universal R-matrix of DH  is reduced to be 

( )( ).110 −⊗+= nyyRRR  

Note that .3≥n  It is straightforward to verify that the following expressions 

( ) ( ( ) ) ( )kknkn

q
ygyy

k
n

Rid −−−− ⊗⊗⎟
⎠
⎞

⎜
⎝
⎛ −

Δ⊗ 111 1
 

for 21 −≤≤ nk  are summands of ( ) ( ),Rid Δ⊗  while they are not appeared 

in .1213RR  Hence, ( ) ( ( ) ) 01 =Δ⊗ Rid  and thus ( ( ) ) 01 =R  since the map 

Δ⊗id  is injective. We complete the proof. ~ 

As an immediate consequence of Proposition 3.1 and Proposition 3.5, we 
have the following result: 

Theorem 3.6. If the order of ( )gχ  is ,3≥n  then the Hopf algebra DH  

associated to the group datum ( )μχ= ,,, gGD  admits no quasitriangular 

structures. 

Proof. If ( )RH ,D  is quasitriangular and the order of ( )gχ  is ,3≥n  by 

Proposition 3.5, the universal R-matrix R of DH  is contained in ,GG kk ⊗  

and therefore ( )RG,k  is quasitriangular. Let ∑ ⊗∈⊗= i ii GGbaR .kk  

It follows from Proposition 3.1 that ( )∑ =χi ii gba  and ( )∑ −=χi ii gba .1  

Note that the Drinfeld element of ( )RG,k  is ( )∑= i ii abSu .  We obtain 

that 

 ( ) ( ) ( ) ( ).1−χ=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
χχ=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
χ=χ ∑∑ gbaSabSu

i
ii

i
ii  (3.11) 

Similarly, it follows from ( )∑ −=χi ii gba 1  and idS G =| k
2  that 

 ( )( ) ( ).guS χ=χ  (3.12) 
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Note that Gk  is semisimple and cosemisimple over .k  Then ( )uSu =  [10, 

Lemma 2.1.1]. It follows from (3.11) and (3.12) that ( ) ( ).1 gg −χ=χ  Thus, 

the order of ( )gχ  is ,2=n  a contradiction. ~ 

There exists a group datum ( )μχ= ,,, gGD  with the order of ( )gχ  

being 2=n  such that the Hopf algebra DH  is quasitriangular. Sweedler’s 

four dimensional Hopf algebra gives such an example [18, p. 174]. In the 
following, we shall describe the quasitriangular structures on DH  such that 

the order of ( )gχ  is .2=n  By Lemma 3.4, the universal R-matrix R of DH  

has the following form 

( ) ( )( )yyRRR ⊗+= 10  

for ( )0R  and ( )1R  in .GG kk ⊗  If ( ) ,01 =R  by the same argument as the 

proof of Proposition 3.1, we can see that ( )RH ,D  is quasitriangular if and 

only if ( )RG,k  is quasitriangular, ( ) ( ) gRid =⊗χ  and ( ) ( ) .1−=χ⊗ gRid  

In the following, we only need to determine the universal R-matrix of DH  

such that ( )1R  in R is not 0. 

Theorem 3.7. Let DH  be the Hopf algebra associated to the group 

datum ( )μχ= ,,, gGD  with the order of ( )gχ  being .2=n  Then ( )RH ,D  

is quasitriangular with the universal R-matrix ( ) ( )( )yyRRR ⊗+= 10  and 
( ) 01 ≠R  if and only if the following hold: 

(1) ( ) ( )( ),1 101 −⊗λ= gRR  where ( ) ( ( ) ) .01 ≠ε⊗ε=λ R  

(2) The group datum ( )μχ= ,,, gGD  is of nilpotent type. 

(3) ( )0R  is a universal R-matrix of .Gk  

(4) The order of χ  and the order of g are both equal to 2. 

(5) ( ) ( ( ) ) ( ) ( ( ) ) .00 gRidRid =χ⊗=⊗χ  
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Proof. It is direct to verify that ( ) ( ) 2313RRRid =⊗Δ  if and only if the 

following four equalities hold: 

( ) ( ( ) ) ( ) ( ),0
23

0
13

0 RRRid =⊗Δ  (3.13) 

( ) ( ( ) ) ( ) ( )( ) ( ( ) ),11 0
23

1
13

1 RidRgRid σ⊗⊗σ=⊗⊗⊗Δ  (3.14) 

( ) ( ( ) ) ( ) ( ),1
23

0
13

1 RRRid =⊗Δ  (3.15) 

( )( ) ( ( ) ) ( ( )) .0111 21
23

1
13 =−μ⊗⊗σ⊗⊗σ gRidR  (3.16) 

Similarly, ( ) ( ) 1213RRRid =Δ⊗  holds if and only if the following hold: 

( ) ( ( ) ) ( ) ( ),0
12

0
13

0 RRRid =Δ⊗  (3.17) 

( ) ( ( ) ) ( ) ( ) ( ),11 1
12

0
13

1 RRgRid =⊗⊗Δ⊗  (3.18) 

( ) ( ( ) ) ( )( ) ( ( ) ),0
12

1
13

1 RidRRid σ⊗⊗σ=Δ⊗  (3.19) 

( )( ) ( ( ) ) ( ( ) ) .011121
12

1
13 =⊗⊗−μσ⊗⊗σ gRidR  (3.20) 

Note that 

( ) ( ( ) ) ( ) ( ( )( )) ( ) ( ) .110 =⊗ε=⊗−⊗ε=⊗ε RidyyRRidRid  (3.21) 

Then (3.13) and (3.21) show that ( )0R  is invertible, see [19, Lemma 2.2]. 

Denote by ( ) ( ( ) ).1Rε⊗ε=λ  Applying ε⊗ε⊗id  and id⊗ε⊗ε  to the 

equalities (3.15) and (3.18), respectively, we obtain that ( ) ( ( ) ) λ=ε⊗ 1Rid  

and ( ) ( ( ) ) ( ).1 11 −⊗λ=⊗ε gRid  Applying idid ⊗ε⊗  to (3.15), we obtain 

that ( ) ( )( ( ) ( ( ) )) ( )( ).11 10
13

10
13

1
13

−⊗λ⊗=⊗ε⊗= gRRidRR  It follows that 

 ( ) ( )( ).1 101 −⊗λ= gRR  (3.22) 

This is exactly the condition (1). The equality (3.22) means that ( )1R  is 
invertible since it is not zero by assumption. Accordingly, the equality (3.16) 
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implies that ( ) ,012 =−μ g  and therefore the group datum D  is of nilpotent 

type ( ),0.,i.e 2 =y  so we obtain the condition (2). Now the universal             

R-matrix of DH  can be written as 

( ) ( )( ) ( )( ).11 1010 ygyRyyRRR −⊗λ+⊗=⊗+=  

Note that ( ) ( )hRRhcop Δ=Δ  if and only if ( ) ( ) ( ) ( )hRRhcop Δ=Δ 00  

and ( ) ( )( ) ( )( ) ( )hygyRygyRhcop Δ⊗λ=⊗λΔ −− 1010  for any .Gh ∈  This 

is equivalent to saying that 

( ) ( ) ( ) ( )hRRhcop Δ=Δ 00  and (3.23) 

( ) 12 =χ h  (3.24) 

for any .Gh ∈  It follows from (3.13), (3.17) and (3.23) that ( )RG,k  is 

quasitriangular. This is exactly the condition (3). Finally, note that 

( ) ( )yRRycop Δ=Δ  if and only if ( ) ( ) ( ) ( )yRRycop Δ=Δ 00  since .02 =y  By 

Proposition 3.1, this is equivalent to ( ) ( ( ) ) gRid =⊗χ 0  and ( )( ( ) )0Rid χ⊗  

.1−= g  However, it is straightforward to check that ( ) ( ( ) ) ( )00 RRid =σ⊗  

( )( ( ) )0Rid χ⊗⋅  and ( )( ( ) ) ( )( ( ) ) ( ).000 RRidRid ⊗χ=⊗σ  By the observation 

of (3.14) and (3.19), we obtain that ( ) ( ( ) ) gRid =χ⊗ 0  and ( ) ( ( ) )0Rid⊗χ  

.1−= g  It follows that 

12 =g  and (3.25) 

( ) ( ( ) ) ( ) ( ( ) ) .00 gRidRid =χ⊗=⊗χ  (3.26) 

Then the equalities (3.24) and (3.25) give the condition (4) and the equality 
(3.26) gives the condition (5). 

Conversely, if ( ) ( )( )yyRRR ⊗+= 10  satisfies the conditions (1)-(5), it 

is straightforward to verify that R is the universal R-matrix of .DH  ~ 
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As an example, we use Theorem 3.7 to determine all quasitriangular 
structures on a finite dimensional pointed Hopf algebra of rank one such that 
the group of group-like elements is a cyclic group. 

Example 3.8. Let G be a cyclic group of order m generated by the 
element g. If m is odd, then the condition (4) in Theorem 3.7 does not hold 
since there is no non-trivial element of G of order 2. In the following, we 
assume that m is even. The universal R-matrices of Gk  are described as 
follows: 

∑
−

=

− ⊗ω=
1

0,
,1 m

ji

dijij
d ggmR  

where k∈ω  is a primitive mth root of unity and ,10 −≤≤ md  see 

Example 3.3. Let χ  be a k -linear character of G defined by ( ) .ω=χ g  Then 

2
m

g  is the unique non-trivial element of G of order 2 and 2
m

χ  is the unique 

non-trivial character of G of order 2. Let ( ).0,,, 22
mm

gG χ=D  Then D  is a 

group datum of nilpotent type. Note that 

( ) ( ) ∑
−

=

⎟
⎠
⎞⎜

⎝
⎛ −

=ω=⊗χ
1

0,

222 ,1 m

ji

dm
dijim

d

m
ggmRid  (3.27) 

( ) ( ) ∑
−

=

⎟
⎠
⎞⎜

⎝
⎛ −

⎪⎩

⎪
⎨
⎧ |

=ω=χ⊗
1

0, 2
22

.2,

,2,11 m

ji

mjijdm

d

m

dg

d
gmRid

?
 (3.28) 

By Theorem 3.7, the Hopf algebra DH  associated to D  is quasitriangular 

with the universal R-matrix 

( ) ( ),1 211 yygRRR
m

⊗⊗λ+=λ  

where ∑ −
=

− ⊗ω= 1
0,1

1 m
ji

ijij ggmR  and .k∈λ  It is obvious that ( )RH ,D  
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is triangular if and only if .0=λ  In particular, if ,2=m  then we recover 
the universal R-matrices of Sweedler’s four dimensional Hopf algebra [18, 
Example 2, p. 174]. 

Remark 3.9. It follows from Proposition 3.1 and Theorem 3.7 that the 
classification of triangular structures on ( )RH ,D  is reduced to the 

classification of triangular semisimple Hopf algebras ( )RG,k  satisfying 

some special conditions. The classification of triangular semisimple Hopf 
algebras was solved in [7, 8]. However, the key result about such 
classification is that every triangular semisimple Hopf algebra can be 
obtained by twisting a group algebra of a finite group [7, Theorem 2.1]. From 
this point of view, it seems not clear how to classify triangular structures on 
( )RG,k  (satisfying some special conditions). 
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