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Abstract

In this paper, we mainly use Nevanlinna theory of the value
distribution of meromorphic functions or algebroid functions and the

property (w — a)(”) =w of higher-order derivative of functions to
investigate the problem of the value distribution of algebroid solutions
of some algebraic differential equations. A result of the deficient
values of a type of higher-order algebraic differential equations is
obtained on the condition that the equations exist admissible algebroid
solutions and meet some proper conditions, and the result of paper [3]
is generalized.
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1. Introduction

We assume that the readers are familiar with the standard notions of the
Nevanlinna theory of the value distribution of meromorphic functions, such

as the characteristic function 7(r, /), proximity function m(r, ), counting

function N(r, f), the first and second main theorems (see, e.g., [1-3]).

An analytic function w(z) with v branches is an algebroid function if the

function w(z) satisfies an equation of the form
Wz, w) = A,(2)w" + 4, (2w 4+ 4y(2) = 0,

where 4;(z) (j =0, 1, ..., v) are regular functions in z with no common
zeros and A,(z) # 0. Especially, when v =1, w(z) is a meromorphic
function; when 4;(z) (j =0, 1, ..., v) are polynomials, w(z) is an algebraic
function. In general, we consider the case that at least one of A4 j(z) is

transcendental function.

Recently, many authors studied a large number of algebraic differential
equations, and they have obtained some good results (see, e.g., [3-10]). In
paper [3], He and Xiao investigated the value distribution of admissible
algebroid solutions of a type of higher-order algebraic differential equation
of the form

Q(z, w) = R(z, w), (1)

where Q(z, w) = Za(i)wio (w1 ---(w(”))i” is a differential polynomial
(@)
with meromorphic coefficients. (i) is a finite set of multi-indices, i =
P .
> ai(z)w

(ig» ifs oons iy). R(z, w) = <=0 —— is an irreducible rational function in

q .
ij(z)wf
j=0

w(z) with the meromorphic coefficients a;(z) and b;(z).
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Also, they obtained the following result:

Theorem A [3]. Let w(z) be an admissible algebroid solution of (1)
with v branches and p > q+ . Then 8(w, ©)=0 and O(w, ©0)<1-

p—(g+2)
pv o

For any a € C, there exists an a. satisfying P(z, o) # 0,

if a# 0, then we have 8(w, a.) = 0 and

min{iy +ip + - +1i,}
b

<1—
O(w, a) <1 e

min{ig + i + -+, }
v '

if o =0, then we have ®(w, 0) < 1—

For differential polynomial Q(z, w) = Za(i)wio (w1 ...(W(n))in’ we
(i)

denote

A= max{Zia}, n= max{z ou'a}, A= max{Z(a + l)ia}
o=0 o=0

a=0

In addition, we have

: )
m(r —
. T w— — N(r, a)
SW,ath#, O(w, a)=1- lim >
(w, ) e T(r,w) (w, a) row T(r, w)

p q
S(r) = D T(r, agy)) + Y T(r, ax)+ Y T(r, b;).
(@) k=0 j=0

Definition. Let w(z) be an algebroid solution of differential equation (1)
with v branches. If w(z) satisfies the following condition: S(r) = o{T(r, w)},

outside a possible exception set £ with a finite linear measure, we say that

w(z) is an admissible algebroid solution of (1).
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In this paper, with the aid of (w—a)(") = w we will mainly
investigate the problem of the value distribution of algebroid solution on

higher-order nonlinear differential equation of the following form:

261 _ Rz, w) @
(w—a)
where Q(z, w), R(z, w) are same as what we have denoted in (1).

We obtain the following result:

Theorem 1. Let w(z) be an admissible algebroid solution of (2) with v
branches, p+s > q+ X and s < min{ij + iy + -+ 1i,}. Then

(@) 8(w, ) =0 and O(w, ©) <1 - WS;—\M

(b) For any o e C, there exists an a. satisfying P(z, o) # 0. Then

8(w, a) = 0,

min{iy +ip, +--++1i,}—
if @ =a,a #0, then we have O(w, a.) <1— i lzuv b} S;

min{ig + i + - +i,}—5
v ’

if o =a, a =0, then we have ®(w, 0) <1 -

min{iy + iy +-+1i,}—2s
b

if a#a,a #0, then we have O(w, o) <1— m

min{ip + i +--++1i,}—2s
v '

if a# a, a =0, then we have O(w, 0)<1-

Note. (1) Compared with Theorem A, equation (2) we investigate is

more general.

(2) As s = 0, we can find Theorem A is a special case of Theorem 1.
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2. Several Lemmas
In order to prove our result, we need the following lemmas.

Lemma 1 [4]. Let w(z) be an admissible algebroid solution and P(z, w)

= iai(z)wi, O(z, w) = ibj(z)wj. Then
i=0 =0

m(r, P(z, w)) > pm(r, w) = S(r, w),

m(r, Q(z, w)) < gm(r, w)+ S(r, w).

P .
Lemma 2 [3]. Suppose that P(z, w) = Y_a;(z)w', w(z) is an algebroid
i=0

function solution. Then

p
T(r, P(z, w)) = pT(r, w)+ O{Z T(r, a; )}

i=0

Lemma 3. Suppose that w(z) is an algebroid function with v branches.

(a)
— aj = S(r, w).

Then m[r, w
w

(o)

Ww ] = S(r, w) in

Proof. The procedure is similar to the proof of m[r,

paper [3].
3. The Proof of Theorem 1

Proof. We first prove (a). Let w(z) be an admissible algebroid solution

of (2) with v branches. We rewrite equation (2) as follows:

W) 5 w) = Pz, w). (3)

(w—a)’
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By Lemma 1, we get
m(r, P(z, w)) > pm(r, w) — s(r, w), 4
m(r, Q(z, w)) < gm(r, w) + s(r, w). ©)
By applying the property of the positive logarithm to (w — a), we have
log"|w—al| <log"|w|+1log"|al|+log2.

Hence,

m(r, w—a) < m(r, w) + O(1). (6)

win) _(w- )™

Using the fact that , we have
w-—a w—a
S a0
Q(z, w) _ ()
(w-a)’ (w=a)
' (w—a)' " (w—a)(") g iy ey, )
:Za(i)wlo v 2 [ — ] (w— a)i+i2ttin)=s
(i)
(7
Combining (7) with Lemma 3 and (6), we get
m[r, MJ < (A= s)m(r, w)+ S(r, w), (8)
(w-a)
it follows from (3), (4), (5) and (8) that
(p+s—r—q)m(r, w) < S(r, w). 9)

Then, according to the definition of admissible solutions, both sides of (9)

are divided by T'(r, w) and take the lower limit, this yields

(p+s—x—q)8(w, ©)=0.
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Noting that p + s — A — g > 0, we have
&(w, ) = 0.
We proceed to rewrite equation (2) as follows:
Q(z, w)Q(z, w) = (w—a)’ P(z, w) = B(z), where deg,, A(z) = p +s.

Thus, we have

T[r, P(z, w)(w—-a)’ ;J

(w-a)

<T(r, P(z, w)(w—a)’) + T(r, (;J

w—a)®
<T(r, P(z, w)(w—a)’) + T(r, (w=a)") + O(1),
ie.,
T(r, P(z, w)(w - a)*) = T(r, P(z, w)) — sT(r, w) + O(1). (10)
Since
T(r, Qz, w)O(z, w)) < (A + ¢)T(r, w) + uvN(r, w) + S(r, w),  (11)
it follows from (10) and (11) that
T(r, P(z, w)) = sT(r, w)+ O() < (A + ¢)T(r, w) + pvN(r, w) + S(r, w).
By Lemma 2, we get
[p—(q+A+3)T(r, w) < uvN(r, w)+ S(r, w). (12)

According to the definition of admissible solutions, both sides of (12) are

divided by T'(r, w) and take the upper limit, we obtain

O(w, ) <1- L@ +r+s)
b - HV .
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To prove (b) in Theorem 1, set

1
w=—+0.
u

Then

1 _a=1+(0t—a)u.
u u

(13)

Substituting (13) into the right hand side of equation (2), we have

u(q_p) P(Z, O(.)l/lp + -0+ Ap(Z) _ P(Z, W)
0@z, w)ul +-+ B, (z) QW)

) Pj(u, u', ..., u(j))

Since w\/) = ) (j=12,..,n), where P(u,u', .., u(j))
u
. . . . Q(z, w)
is a homogeneous in u of degree j, we obtain the general term of (—)q as
w—a)

follows:

au + 1)0 | By, s .y u(”)) g
a(i)(Z)WiO (Wr)l'l (W(n))zn ) a(i)(Z)( " ) ( n+l

(w-a)’ (u(a—a)Jrl)‘l:

u

(14)
Next, we discuss (14) with the following cases:
Case (1) Suppose first that o = a.
If o # 0, then we have
a2 WO (W) (w)

(w—a)’

io P.(u,u, ..., u n
- a(i)(z)(au+1) [ j( n+l )j u

u u
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_ P(j)(z; w, i, ..., u("))u_(i0+2i1+'"+(n+1)i”)+s,

it shows at once that the left hand side of equation (2) becomes

Q(z u, u, ..., u("))u_A+S.
Again, for differential polynomial Q(z, w), we have

A= max{zn:(a + 1)1'0(}, A= max{zn:ia},

a=0 o=0
then
0 <min(§; —A;) < 8-
Since 8; —A; =i +2ip + -+ ni, 20 +iy +-+1,,
d—A=1>min{ij +iy + - +i,}, when o # 0.

If o = 0, then we have

. 0 (/) ... (1) \in i ' (n) in
a@)(2)wO (W)t - (W) a(i)(z)(%jo W{Pn(u, u'y ., u )] S

(W B a)s . un+1
- H(i)(z; u, u', ..., u(n))u—(i()+2i1+...+(n+l)l.n)+s‘

Then we get the left hand side of equation (2) as following form:
Qy(zs u, u', ..., u(”))u_A_i0+S.
By a similar deduction, when o = 0, we get
S—A=I1>2minfiy +i + - +i,}

Combining with the argument above, we find that equation (2) becomes

q+l+h—s

. . . g9 . .
3 b @@y =Y (2t / >biul, (1)
(1) Jj=0

k=0
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where G5 4-5(2) = P(z, &) # 0,/ > min{y + iy + -+ +1i,}, as a # 0 and

[ > min{iy + i ++--+1i,}, as a = 0.

B(z, u)
Oz, u)

Now, we note equation (15) as é(z; u, u', ..., u(”)) =

Then we have
m(r, B(z, u)) = m(r, O(z, u))z, u) < m(r, O(z, u)) + m(r, Q(z, u)).
Using Lemma 1, we deduce that pym(r, u) < (g + M)m(r, u) + S(r, u).

Since / > s, we use again the definition of admissible solution, both
sides of the equation are divided by T(r, u) and take the lower limit, this

gives
S(u, o) = 0.
Furthermore, we have
T(r, P(z, w)) = T(r, O(z, u)(z, u)) < T(r, O(z, u)) + T(r, Xz, u)).
By Lemma 2, we get
pT(r,u) < (p+X)T(r, u) + uN(z, u) + S(z, u).

Similarly, both sides of the equation are divided by T(r, u) and take the
upper limit, we obtain

Il’lil’l{il +i2 + +ln}
uv

O(w, o) = Ou, ©) < 1-— , when o = a = 0,

min{ig + i + -+ +1,}
uv

O(w, 0) = O(u, ©) <1 - , when o0 = a = 0.

Case (2) Suppose a # a, we have

a(l-)(z)wio (W')il (W(}’l))ln B P(l-)(Z; u, ', ..., u(n))u—(io+~~-+(n+l)in)+s

(w-a)’ (u+(a—a)'y
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So the left hand side of equation (2) becomes

ﬁ(z; u, u', ..., u(")) A
(u+(o—a)l) '

Hence, we make a transformation of equation (2) as follows:

q+A+l—s )
i ' j cr(2)u
C(l-)(z)ulo (') ~-(u(”))’n ) /;) i’ .
_ s - q . ,
(i) (u+(a—a)) Zdj(Z)u]
j=0

where ¢,y j_s(z) = P(z, &) # 0,1 > min{i; +ip +-+- +i,}, as a # 0 and

[ > min{iy + i + - +1i,}, as o = 0.
Applying (a) in Theorem 1 to (16), we get (w, o) = 8(u, o) = 0,

min{iy +ip + -+ +1i,} —2s
uv

O(w, o) = O(u, ©) <1 - , when o # 0,

min{ip + i + -+ +1i,} — 2s
uv

O(w, 0) = O(u, ©) <1- , when o = 0.

In summary,

ifa=a, a0, then O(w, a) <1-— minth + i ;—V---+zn}—s;

if o =a, =0, then O(w, 0) <1 - mintiy + 4 :V”.-H”}_S;

min{i] +ip + -+, } — 25
1Y ’

if a#a, =0, then O(w, a) <1-—

min{iy + i + -+, — 2s

if a #a, a=0, then O(w, 0) <1 -
uv

This is the proof of Theorem 1.
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