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Abstract

We give new characterizations of negative exponential, negative
Pareto and inverse power distribution in terms of k-th lower record
values. The characterizations are based on properties of a measure of
dependence called the pseudo-covariance.

1. Introduction

The concept of dependence for random variables X and Y defined by

Cov(X,Y) = EXY — EY EY,

when X e Ll, Y e Ll, XY e L! (L1 - the space of integrable variables) has

been modified by many authors. For instance, Hoeffding [4] gave the
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formula

Cov P ¥) = [ [ [Fix vy (x ¥) = Fx (R (y)]dy.

Mardia and Thomson [6] generalized this formula introducing the
quantity

covlF)(XT, v%) = rSJ.:) Ijowxr_lys_l[F(x,y)(X, y) — Fx (x)Fy (y)]dxdy,

for r, s > 1, provided that this integral is finite.

Krajka and Szynal [5] introduced the idea of Q-covariance for random
variables X and Y to investigate their dependence when the classic and
F-covariance fail (cf. Drouet-Mari and Kotz [3]). Next a new measure of
dependence called pseudo-covariance related to covariance was proposed by
Pawlas and Szynal [9]. It may be applied as a measure of dependence of
uncorrelated random variables (cf. [9]) and used in characterizations of
continuous distributions (cf. [10]). Now we use this measure in a
characterization of negative exponential, negative Pareto and inverse power
distribution in terms of k-th lower record values. First we recall the concept

of k-th lower and upper record values of {X,,, n > 1}.

Let {X,, n > 1} be a sequence of i.i.d random variables with common

distribution function F and density function f of X. Let
Xl:n S X2:n £ S Xn:n

denote the order statistics of a sample Xi, ..., X,,. For a fixed integer k > 1
we define the sequences {Uy (n), n > 1} and {L(n), n > 1} of k-th upper and

lower record times of {X,,, n > 1} as follows:
U =1 Ug(n+1)=min{j >U(n), Xj.jrk-1 > Xy, (n)Uy (n)+k-1}
and

Le(1) =1, Lg(n+1)=min{j > Lx(n), XL, (n)+k=1 > Xk:jk—1}-
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Then the sequences {Yn(k), n > 1} and {Z,(]k), n > 1} with

Yrgk) = XUy (n)Uy (n)+k-1 and Zr(1k) = Xk:L (n)+k—1>

n=1,2,.., are called the sequences of k-th upper and lower record values
of {X,, n>1}.

For more details on the k-th lower record values see [8] and [1]. Some
characterizations of probability distributions via upper record values were

given in Newzorov [7], Dembinska and Wesotowski [2], Pawlas and Szynal

[9].

Now we present the notion of pseudo-covariance for random variables X
and Y.

Let (Q, A, P) be a probability space and L" denote the space of random

variables X such that E| X | < o for r> 0. L stands for the space of all
random variables having continuous distributions. For any p € (0, 1), y(p)

is the quantile function of the random variable Y i.e. P[Y < y(p)]< p <
PlY < y(p)]

Now for X € L' and Y e L° with continuous distribution functions we

write
Lx,v (p) = E(X = EX)I[Y = y(p)],
and
Lx,v(p) = E(X = EX)I[Y < y(p)],
where |[-] is the indicator function. We see that
Lx —ex.v—ey (P) = Lx v (p),

Lx —ex.v-ev (p) = Lx vy (p),
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and

Lk.v(p) = E(X]Y = y(p)) - EX,
_ d —
where LX,Y(p):%LX,Y(p)-

Definition 1 (cf. Krajka and Szynal [5]). For a random variable X e L!
and a random variable Y e L°, Q-covariance COV(Q)(X, Y) is defined as

follows:
1 1 —
Covi (X, ¥) =~ v(p)dLyv (p) = [ ¥(P)AL_v (p)

provided that one of the above integrals is finite.

The relation between Cov(X,Y)=E(X —EX)(Y —EY) and
COV(Q)(X, Y) is given in

Theorem 1 (cf. Krajka and Szynal [5]). Let X and Y be two random
variables with continuous distribution functions such that X e Ll, Y el

and XY e L!. Then
Cov(X,Y) = Cov(Q)(X, Y).

The new measure of dependence called pseudo-covariance (cf. Pawlas

and Szynal [9]) was introduced using the following bound for COV(Q)(X ,Y).

Theorem 2 (cf. Krajka and Szynal [5]). Let (X, Y) be a pair of random
variables with continuous and strictly monotone marginal distribution

functions. Suppose that X e L', Y e L', Ly v (p) is differentiable for p e

(0,1) and Lk y(p) € L°, where r, s > 0 and %+%= 1. Then

1 1

e @0 <[y [ Cer @)



Characterization of Distributions based on k-th Lower Record Values 143

Corollary 1. Suppose that r = s = 2 in Theorem 2. Then

1 1
[cov@x, )| = [ 1w Pop [ [ EOX1Y = o - Ex)on . )

Note that the classical bound for Cov(X, Y) is in this case
|Cov(X, Y)| < oXoY, 3)

where 62X = Var X, o?Y = VarY.

We see that the bound in (2),

1 1
1| y(p)Pdp |* 1(E(X Y = y(p) - EX)%dp | 4)
Uo 0

is 0 for independent random variables X and Y while the bound cXcY in (3)

is positive. This leads us to the new measure of dependence for (X, Y).

Definition 2 (cf. Pawlas and Szynal [9]). Let (X, Y) be a pair of random
variables with continuous distribution functions. By pseudo-covariance of
(X,Y) (COV(PD)(X, Y)) we mean the quantity

1

1
1 B3 1 B3
cov(PP)(x, Y) = UOI y(p)lzdpjzuo(E(X Y = y(p)) - E><)2d|oj2 5)
whenever RHS is finite.

The following example shows some properties of the PD-covariance.

Example 1 (cf. Pawlas and Szynal [9]). Let the cumulative density
function fy y (X, y) of arandom vector (X, Y) has the form:

1 2 .2
— 1+ xy(x* — : X|<1Aa <1,
0; x| =1v|y|>1.

Then the marginal distributions of X and Y are uniform on (-1, 1). Moreover,
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we see that fy v (X, y) # fx (x)- fy(y), so X and Y are dependent. Since X
and Y are uncorrelated we have Cov(X, Y) = 0. But COV(PD)(X, Y)=0.

We see that COV(PD)(X ,Y) provide a measure of dependence for
uncorrelated random variables, i.e. when Cov(X, Y) = 0.

Moreover, it is known [9] that

Cov(X, Y) = Covl@(X, Y) = CovlPP)(X, Y) = 0

whenever X and Y are independent and satisfy some moment conditions.

Now we show that the equality

Cov?(X, Y) = covPP)(x, Y)

is true also for some dependent random variables. This equality can be used
in characterizations of probability distributions.

2. The Characterization of Distributions based on k-th
Lower Record Values

We need the following probability distribution functions:
¢ The negative exponential distribution with
F(x) ="V x<via>0,veR (6)

o The inverse power distribution with

0
F(X)=(g:z),a<x<B;6>O,a,BeR,a<B. (7)

o The negative Pareto distribution with

§—v)°
F(x) = 5 %) ° X<v;0>0,v,8eR, v<3d. 8)

Theorem 3. Let Zr(nk) and Zr(]k) be record values from {X,, n >1},

m < n. Write 0, = 2 — Ez®) and 20 =z — Ez®). Then
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cov?(z?, z2) = Cov(PD)(Zr?, z%)
holds true if and only if X has:
(1) negative exponential distribution,

(2) negative Pareto distribution,

(3) inverse power distribution.

145

)

Proof. Note that for the negative exponential, negative Pareto and

inverse power distribution, the quality (9) holds true. Indeed we have:

I. Let F be the negative exponential distribution function (6) with

parameters A =1 and v = 0.

Then we have

cov@(z9, 29y = cov(z?, z8) = kﬂz

1
U;I y*(p) Izdpj2 - @
and

1
[, €@z -y o) - ez o |

!
_ U;(E(Zr(]k)ur(nk) (o)) - Ezr(]k))zdpjz .

which proves (9). The case when A > 0, v € R can be proved similarly.

II. Let F be the inverse power distribution function (7).

Then we have

ke n-m
cov (2. 2h) = cou@. zh) = (5] Var(zi).
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1

([0 Pap | = arczh),

and

1

[,z =y - ezbran = (50| Werzh),

Hence we obtain the equality (9).

III. Let F be the negative Pareto distribution function (8).

Then we have

ke n—m
cov @z, 2%y = cov(z?, z9) = (mj Var(z?),

1

[y ep | = var(z)

and

1

([ €@z =y o) - 2P an | (g arzh).

which gives (9).

Now we show that the equality (9) implies that F belongs to one of the
above mentioned classes of distributions (6)-(8). It is known from the
Schwarz inequality that the equation (9) holds true iff there exists a constant
C such that

c(y(p) - EZ{§)) = E@Z{ 12§ = v(p) - EZ{Y).
Hence we get

_y(p)-[E28) + y(p) - EZX) 1§ = y(p))]
y(p) - EZ{Y)

c . (10)
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We consider three cases:
(1) For ¢ =1, we obtain
Bz 1z = y(p) = y(p) + EZ(N) — EZY).
But we know from Bieniek and Szynal [1] that
EzMz8 = x)=x+b
is satisfied only for negative exponential distribution (6).

n—m
kA

In our case b := by = -
Now assume that ¢ # 1. Then from (10), we have
EZ) 1z = y(p)) = ey(p) + EZ{) - cEZf).
(i) If ¢ < 1, then by results of [1] the equality
Ez®z®) = x)=cx +b

is true only for inverse power distribution (7). In our case C:=Cp g =

ke n—m
(k6+ lj and

_ ~ ke n—-m
b = bn,m,k = a{(m) — 1}

(iii) If ¢ > 1, then from [1] the equation
EV YR = x)=cx + b

is true only for negative Pareto distribution (8). In this case C:=Cy m g =

ko \"~M ko \n-m
(ke _ 1) and b = bn,m, k = dq1 - (mj , which ends the proof

and completes the proof of Theorem 3.
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