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Abstract 

We give new characterizations of negative exponential, negative 
Pareto and inverse power distribution in terms of k-th lower record 
values. The characterizations are based on properties of a measure of 
dependence called the pseudo-covariance. 

1. Introduction 

The concept of dependence for random variables X and Y defined by 

( ) ,, EYEYEXYYXCov −=  

when ,1LX ∈  ,1LY ∈  1LXY ∈  1(L  - the space of integrable variables) has 

been modified by many authors. For instance, Hoeffding [4] gave the 
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formula 

( )( ) [ ( )( ) ( ) ( )]∫ ∫
∞

∞−

∞

∞−
−= .,, , dxdyyFxFyxFYXCov YXYX

F  

Mardia and Thomson [6] generalized this formula introducing the 
quantity 

( )( ) [ ( )( ) ( ) ( )]∫ ∫
∞

∞−

∞

∞−
−− −= ,,, ,

11 dxdyyFxFyxFyxrsYXCov YXYX
srsrF  

for ,1, ≥sr  provided that this integral is finite. 

Krajka and Szynal [5] introduced the idea of Q-covariance for random 
variables X and Y to investigate their dependence when the classic and                
F-covariance fail (cf. Drouet-Mari and Kotz [3]). Next a new measure of 
dependence called pseudo-covariance related to covariance was proposed by 
Pawlas and Szynal [9]. It may be applied as a measure of dependence of 
uncorrelated random variables (cf. [9]) and used in characterizations of 
continuous distributions (cf. [10]). Now we use this measure in a 
characterization of negative exponential, negative Pareto and inverse power 
distribution in terms of k-th lower record values. First we recall the concept 
of k-th lower and upper record values of { }.1, ≥nX n  

Let { }1, ≥nX n  be a sequence of i.i.d random variables with common 

distribution function F and density function f of X. Let 

nnnn XXX ::2:1 ≤≤≤  

denote the order statistics of a sample ....,,1 nXX  For a fixed integer 1≥k  

we define the sequences ( ){ }1, ≥nnUk  and ( ){ }1, ≥nnLk  of k-th upper and 

lower record times of { }1, ≥nX n  as follows: 

( ) ( ) { ( ) ( ) ( ) }1:1:,min1,11 −+−+ >>=+= knUnUkjjkkk kkXXnUjnUU  

and 

( ) ( ) { ( ) ( ) }.,min1,11 1:1: −+−+ >>=+= kjkknLkkkk XXnLjnLL k  
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Then the sequences { ( ) }1, ≥nY k
n  and { ( ) }1, ≥nZ k

n  with 

( )
( ) ( ) 1: −+= knUnU

k
n kkXY  and ( )

( ) ,1: −+= knLk
k

n kXZ  

...,,2,1=n  are called the sequences of k-th upper and lower record values 

of { }.1, ≥nX n  

For more details on the k-th lower record values see [8] and [1]. Some 
characterizations of probability distributions via upper record values were 
given in Newzorov [7], Dembińska and Wesołowski [2], Pawlas and Szynal 
[9]. 

Now we present the notion of pseudo-covariance for random variables X 
and Y. 

Let ( )P,, AΩ  be a probability space and rL  denote the space of random 

variables X such that ∞<rXE  for .0>r  0L  stands for the space of all 

random variables having continuous distributions. For any ( ),1,0∈p  ( )py  

is the quantile function of the random variable Y i.e. ( )[ ] ≤≤< ppyYP  

( )[ ].pyYP ≤  

Now for 1LX ∈  and 0LY ∈  with continuous distribution functions we 
write 

( ) ( ) ( )[ ],:, pyYIEXXEpL YX ≥−=  

and 

( ) ( ) ( )[ ],:, pyYIEXXEpL YX <−=  

where [ ]⋅I  is the indicator function. We see that 

( ) ( ),,, pLpL YXEYYEXX =−−  

( ) ( ),,, pLpL YXEYYEXX =−−  
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and 

( ) ( )( ) ,, EXpyYXEpL YX −=|=′  

where ( ) ( ).,, pLdp
dpL YXYX =′  

Definition 1 (cf. Krajka and Szynal [5]). For a random variable 1LX ∈  

and a random variable ,0LY ∈  Q-covariance ( )( )YXCov Q ,  is defined as 

follows: 

( )( ) ( ) ( ) ( ) ( )∫ ∫=−=
1

0

1

0 ,,, pLdpypdLpyYXCov YXYX
Q  

provided that one of the above integrals is finite. 

The relation between ( ) ( ) ( )EYYEXXEYXCov −−=,  and 
( )( )YXCov Q ,  is given in 

Theorem 1 (cf. Krajka and Szynal [5]). Let X and Y be two random 

variables with continuous distribution functions such that 11, LYLX ∈∈  

and .1LXY ∈  Then 

( ) ( )( ).,, YXCovYXCov Q=  

The new measure of dependence called pseudo-covariance (cf. Pawlas 

and Szynal [9]) was introduced using the following bound for ( )( )., YXCov Q  

Theorem 2 (cf. Krajka and Szynal [5]). Let ( )YX ,  be a pair of random 

variables with continuous and strictly monotone marginal distribution 

functions. Suppose that ( )pLLYLX YX
r

,
1 ,, ∈∈  is differentiable for ∈p  

( )1,0  and ( ) ,,
s

YX LpL ∈′  where 0, >sr  and .111 =+ sr  Then 

 ( )( ) ( ) ( ) .,
1

1

0 ,

1
1

0

ss
YX

rrQ dppLdppyYXCov ⎟
⎠
⎞

⎜
⎝
⎛ ′⎟

⎠
⎞

⎜
⎝
⎛≤ ∫∫  (1) 
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Corollary 1. Suppose that 2== sr  in Theorem 2. Then 

( )( ) ( ) ( )( )( ) .,
2
1

1

0
22

1
1

0
2 ⎟

⎠
⎞

⎜
⎝
⎛ −=|⎟

⎠
⎞

⎜
⎝
⎛≤ ∫∫ dpEXpyYXEdppyYXCov Q  (2) 

Note that the classical bound for ( )YXCov ,  is in this case 

 ( ) ,, YXYXCov σσ≤  (3) 

where .Var,Var 22 YYXX =σ=σ  

We see that the bound in (2), 

 ( ) ( )( )( ) 2
1

1

0
22

1
1

0
2 ⎟

⎠
⎞

⎜
⎝
⎛ −=|⎟

⎠
⎞

⎜
⎝
⎛ ∫∫ dpEXpyYXEdppy  (4) 

is 0 for independent random variables X and Y while the bound σXσY in (3) 
is positive. This leads us to the new measure of dependence for ( )., YX  

Definition 2 (cf. Pawlas and Szynal [9]). Let ( )YX ,  be a pair of random 

variables with continuous distribution functions. By pseudo-covariance of 

( ) ( ( )( ))YXCovYX PD ,,  we mean the quantity 

( )( ) ( ) ( )( )( ) 2
1

1

0
22

1
1

0
2, ⎟

⎠
⎞

⎜
⎝
⎛ −=|⎟

⎠
⎞

⎜
⎝
⎛= ∫∫ dpEXpyYXEdppyYXCov PD  (5) 

whenever RHS is finite. 

The following example shows some properties of the PD-covariance. 

Example 1 (cf. Pawlas and Szynal [9]). Let the cumulative density 
function ( )yxf YX ,,  of a random vector ( )YX ,  has the form: 

( ) [ ( )]
⎪⎩

⎪
⎨
⎧

≥∨≥

<∧<−+
=

.11;0

,11;14
1

,
22

,
yx

yxyxxy
yxf YX  

Then the marginal distributions of X and Y are uniform on ( ).1,1−  Moreover, 
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we see that ( ) ( ) ( ),,, yfxfyxf YXYX ⋅≠  so X and Y are dependent. Since X 

and Y are uncorrelated we have ( ) .0, =YXCov  But ( )( ) .0, ≠YXCov PD  

We see that ( )( )YXCov PD ,  provide a measure of dependence for 

uncorrelated random variables, i.e. when ( ) .0, =YXCov  

Moreover, it is known [9] that 

( ) ( )( ) ( )( ) 0,,, === YXCovYXCovYXCov PDQ  

whenever X and Y are independent and satisfy some moment conditions. 

Now we show that the equality 

( ) ( )( )YXCovYXCov PDQ ,, =  

is true also for some dependent random variables. This equality can be used 
in characterizations of probability distributions. 

2. The Characterization of Distributions based on k-th 
Lower Record Values 

We need the following probability distribution functions: 

• The negative exponential distribution with 

 ( ) ( ) .,0;, RxexF x ∈ν>λν<= ν−λ  (6) 

• The inverse power distribution with 

 ( ) .,,,0;, β<α∈βα>θβ<<α⎟
⎠
⎞⎜

⎝
⎛

α−β
α−=

θ
RxxxF  (7) 

• The negative Pareto distribution with 

 ( ) .,,,0;, δ<ν∈δν>θν<⎟
⎠
⎞⎜

⎝
⎛

−δ
ν−δ=

θ
RxxxF  (8) 

Theorem 3. Let ( )k
mZ  and ( )k

nZ  be record values from { },1, ≥nXn  

.nm <  Write ( ) ( )k
m

k
mm EZZZ −=0  and ( ) ( ).0 k

n
k

nn EZZZ −=  Then 
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 ( ) ( )( )0000 ,, mn
PD

mn
Q ZZCovZZCov =  (9) 

holds true if and only if X has: 

(1) negative exponential distribution, 

(2) negative Pareto distribution, 

(3) inverse power distribution. 

Proof. Note that for the negative exponential, negative Pareto and 
inverse power distribution, the quality (9) holds true. Indeed we have: 

I. Let F be the negative exponential distribution function (6) with 
parameters 1=λ  and .0=ν  

Then we have 

( )( ) ( ) ,,, 2
0000

k
mZZCovZZCov mnmn

Q ==  

( ) ,
2
1

1

0
20

k
mdppy =⎟

⎠
⎞

⎜
⎝
⎛∫  

and 

( ( ( )) ) 2
1

1

0
20000 ⎟

⎠
⎞

⎜
⎝
⎛ −=|∫ dpEZpyZZE nmn  

( ( ( ) ( ) ( )) ( ) ) ,
2
1

1

0
2

k
mdpEZpyZZE k

n
k

m
k

n =⎟
⎠
⎞

⎜
⎝
⎛ −=|= ∫  

which proves (9). The case when R∈ν>λ ,0  can be proved similarly. 

II. Let F be the inverse power distribution function (7). 

Then we have 

( )( ) ( ) ( ),1,, 00000
m

mn
mnmn

Q ZVark
kZZCovZZCov

−
⎟
⎠
⎞⎜

⎝
⎛

+θ
θ==  
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( ) ( ),02
1

1

0
20

mZVardppy =⎟
⎠
⎞

⎜
⎝
⎛∫  

and 

( ( ( )) ) ( ).1
02

1
1

0
20000

m
mn

nmn ZVark
kdpEZpyZZE

−
⎟
⎠
⎞⎜

⎝
⎛

+θ
θ=⎟

⎠
⎞

⎜
⎝
⎛ −=|∫  

Hence we obtain the equality (9). 

III. Let F be the negative Pareto distribution function (8). 

Then we have 

( )( ) ( ) ( ),1,, 00000
m

mn
mnmn

Q ZVark
kZZCovZZCov

−
⎟
⎠
⎞⎜

⎝
⎛

−θ
θ==  

( ) ( ),02
1

1

0
20

mZVardppy =⎟
⎠
⎞

⎜
⎝
⎛ ∫  

and 

( ( ( )) ) ( ),1
02

1
1

0
20000

m
mn

nmn ZVark
kdpEZpyZZE

−
⎟
⎠
⎞⎜

⎝
⎛

−θ
θ=⎟

⎠
⎞

⎜
⎝
⎛ −=|∫  

which gives (9). 

Now we show that the equality (9) implies that F belongs to one of the 
above mentioned classes of distributions (6)-(8). It is known from the 
Schwarz inequality that the equation (9) holds true iff there exists a constant 
c such that 

( ( ) ( ) ) ( ( ) ( ) ( )) ( ).k
n

k
m

k
n

k
m EZpyZZEEZpyc −=|=−  

Hence we get 

 ( ) [ ( ) ( ) ( ( ) ( ) ( ))]
( ) ( ) .k

m

k
m

k
n

k
n

EZpy
pyZZEpyEZpyc

−

=|−+−
=  (10) 



Characterization of Distributions based on k-th Lower Record Values 147 

We consider three cases: 

  (i) For ,1=c  we obtain 

( ( ) ( ) ( )) ( ) ( ) ( ).k
m

k
n

k
m

k
n EZEZpypyZZE −+==|  

But we know from Bieniek and Szynal [1] that 

( ( ) ( ) ) bxxZZE k
m

k
n +==|  

is satisfied only for negative exponential distribution (6). 

In our case .: ,, λ
−−== k

mnbb kmn  

Now assume that .1≠c  Then from (10), we have 

( ( ) ( ) ( )) ( ) ( ) ( ).k
m

k
n

k
m

k
n cEZEZpcypyZZE −+==|  

 (ii) If ,1<c  then by results of [1] the equality 

( ( ) ( ) ) bcxxZZE k
m

k
n +==|  

is true only for inverse power distribution (7). In our case == kmncc ,,:  

mn

k
k −

⎟
⎠
⎞⎜

⎝
⎛

+θ
θ

1  and 

.11: ,,
⎭
⎬
⎫

⎩
⎨
⎧

−⎟
⎠
⎞⎜

⎝
⎛

+θ
θα==

−mn
kmn k

kbb  

(iii) If ,1>c  then from [1] the equation 

( ( ) ( ) ) bcxxYYE k
m

k
n +==|  

is true only for negative Pareto distribution (8). In this case == kmncc ,,:  

mn

k
k −

⎟
⎠
⎞⎜

⎝
⎛

−θ
θ

1  and ,11: ,,
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛

−θ
θ−δ==

−mn
kmn k

kbb  which ends the proof 

and completes the proof of Theorem 3. 
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