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Abstract

In this paper, we propose a detection procedure based on the jackknife
empirical likelihood for the changes in mean and variance.
Simulations have been conducted to show the performance of the
detecting procedure. Two real examples are also given: the stock
market data and the air traffic data in Hsu [6] to illustrate the detecting
procedure.

1. Introduction

Change-point problems have intrigued statisticians since Page [10, 11].
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It is mainly because change-point problem can be applied in many areas,
such as biology, economics, finance, geology, medicine, and so on. The
commonly used approaches for change-point inference in the literature are
the maximum likelihood ratio test, Bayesian information criterion,
nonparametric test, sequential tests, etc. In general, the change-point problem
includes hypothesis testing for the existence of change-point and the
estimations of the number and location(s) of change-points.

Many scholars have studied on change-point problems in the past
decades. For example, Hawkins [4] derived the likelihood ratio test and the
asymptotic distribution of the test statistic under null hypothesis for detecting
the mean change. Hsu [5] adopted the maximum likelihood to study the time
of changes and variances at the different periods of the time series. Chen and
Gupta [1] used the information approach to study the mean and variance
change problem for univariate Gaussian model. Recently, Zou et al. [15]
proposed a procedure based on the empirical likelihood by Owen [8] to
detect changes in distributions, and showed the asymptotic distribution of the
test statistic is the extreme value distribution. An extensive literature review
of parametric and nonparametric change-point problems is provided by
Csorgé and Horvath [3] and Chen and Gupta [2]. Readers are also referred to
Owen [9] for more details of the empirical likelihood method.

In our work, we adopt the idea of one sample U-statistic from Jing et al.
[7] and propose a nonparametric test for testing change-points in mean
and variance. This article is structured as follows. In Section 2, we develop
the JEL-type statistic based on U-statistic of mean and variance. The
performance of the proposed JEL ratio test is studied through simulations in
Section 3. We apply the proposed method to two real data sets: the stock
market data and the air traffic data in Hsu [6] to show the testing procedure
in Section 4. Discussion is provided in Section 5.

2. Methodology

Let Xj, X5, ..., X,; be independent random variables with means

EX; = p; and variances var(X;) = o? for i =1, 2, ..., n. We are interested
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in testing
Ho:ipmp=pp = =py =n
and
of =65 = =062 =052 (u o2 are unknown) (2.1)

versus the alternative

Hatmg = =Hg #lga1 = =Pk, # 0 # Hig+1 =" = Hn
and

(512 == Gil # G§1+1 == GEZ # o E quﬂ == G%. (2.2)

Since the binary segmentation procedure (Vostrikova [14]) can be
applied to detect multiple change-points, it is sufficient to study the null
hypothesis (2.1) versus the alternative:

Hatmg = =Hg # Hkpr = = P

and
2 2 2 2
0] =+ =0f # Ok41 = = Op. (2.3)

Consider the kernel function h : RZ — RZ, where

%(Xi"'xj)
h(Xi, Xj) =] )| (2.4)
5 (Xi = Xj)
Then we have
1
5 (i +uj) M
Bh(Xi, Xj) =], %, , |=| | under Ho.
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A one sample U-statistic of degree 2 with the kernel function (2.4) is
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given by
.
Un(Xy, Xa, .. Xp) = Z ( J h(Xi, Xi2), (2.5)
1<iy<ip<n\2

and

1
ﬁz Hi u
EU, = =( ZJ under Hy,.
(o)

_ 1
%;Giz + n(nl—l) Z (i _Hj)2

1<i< j<n

Similar to Jing et al. [7], we apply the JEL method to the U,. The
jackknife pseudo-values are

Vi =nU, - (n-1u), (2.6)
where Ur(]‘i) =Up(Xq, oo XiZ1, Xj41s - X;,). One can check that

Hi

BV =| 2. .,2__2 2 2 2
i Gi + M n_1 MkM|+n_2 Mgk
1<k<I<n 1<k<l<n
k, i

for i =1, 2, ..., n. Thus, we can apply the empirical likelihood approach to

the \7i’s based on the fact that \7i’s are asymptotically independent under
mild conditions (Shi [13]).

For the simplicity, we denote 6, = k/n and 0,9 = k*/n, where k* is
the true change location if it occurs. Throughout the whole article, we
assume that 0,9 — 6p € (0,1) as n — . Let p = (py, P2, -y Ppo,, ) and

q-= (qnenk +10 Onepy +21 - n) be probability vectors. If there exists a change

at k = k™, then we reject Hq for small
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Since H:fl”k p; subject to Zlnfl”k pi =1 attains its maximum (n@y,, ) "ok

I -1 n ) . n o ..
at p; = (N6, ) " and Hj:nenk 10j subject to zj:nenk ,14j = 1attains its

maximum (n(1 — 0 ))_”(l_enk) at qj = (n(L - Oy )L, the corresponding

jackknife empirical log-likelihood ratio is obtained by

10n) = ~21n L(O)

NBnk n
=2 sup{ D In(mopep)+ D, I -0p)a;]lwy =

i=1 j=nOpk +1

2 2 2
=Hp =MW, 01 =0p =6 } 2.7)

We apply the Lagrange multiplier method in the following. Let

f(p, G Ay, A, V1, Y20 1y 62
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T Onk 21 T n Hn
— Z PV —| |- b Z avi-| || (2.8)
i=1 o1 j=n0pK +1 On

where A = (A, Ayp) and A5 = (hag, Apo).
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The relationship between A, and A, can be obtained from the following
derivatives:

of
E = —nkll - nk21 =0,

e —n7\.12 — n7\,22 = 0.
662
Thus, L, = —A4. Consequently,
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Let y = -\ (u, GZ)T. Then (2.7) can be simplified as

I(enkv A, Y)

nenk n

=20 3TN+ 0 TV + 7))+ D In(= (1= 0p) TV + 7)) (29)
i=1 j=nBpy +1
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Define the score functions

no
A0, A, o V
IOy 2 p) = MO 2 7) :
i1 Onk + (Vi +7)
n
_ Vi
T ’
j=nopy 411~ Onk = (A Vj +v)
nOnk
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n
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j=nony 411~ Onk = (A Vj +v)

Then the maximal likelihood estimators (i(enk ), (6K )) of (&, y) can
be obtained by solving

31O, A, ¥) =0 and  J5(Op, A, v) = 0.

Therefore, we have 1(0,) = (0, 2(0rk ), (6, ). The jackknife
empirical log-likelihood ratio statistic is defined by

Zy = max {I(6ny)},

nk €%n

where ®, = {k/n, k =1, 2, ..., n}. We reject Hg for sufficient large value
of Z,. Zou et al. [15] suggested the use of the so-called “trimmed”
likelihood ratio

Zp = max {I(6n)}

nk €©n
instead of Z,,, where ©) = {k/n, k =ng,ny +1 .., n-ngy} since the

empirical likelihood estimators of (A, y) may not exist when k or n —k is

too small, such as n@,, ~ O(1). Moreover, Perron and Vogelsane [12]
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mentioned that the choices of nr, and ny, might be rather arbitrary. We

choose nr, =ny, = 2l+/n] for convenience, where | X] means the largest
integer not greater than x.

If we assume that there is exactly one change-point, then the maximum

likelihood estimator for the change location k™ is given by

K* = nmin{Op : Zj = 10k ), 0 € Oy - (2.11)
3. Simulation Study

This section presents a simulation study to illustrate the performance of
the proposed JEL method of detecting changes in mean and variance. Monte
Carlo experiments with 1000 repetitions are implemented on normal,
exponential, and Poisson distributions under various values of mean and
variance with sample sizes 70, 100 and 150. The critical values of the test
statistic for different distributions are obtained through simulations. The
results corresponding to sample sizes 70, 100 and 150 are presented in Tables
1, 2 and 3. Corresponding standard errors are reported in parentheses.

Table 1. Power of JEL approach of change-point models in mean and
variance with sample size 70 and o = 0.05

N(0, 1), N(0, 2) Exp(1), Exp(2)  Poisson(l), Poisson(2)
"
0 0.05 0.05 0.05
25 0.604 (0.0155) 0.238 (0.0135) 0.426 (0.0156)
35 0.697 (0.0145) 0.314 (0.0147) 0.489 (0.0158)
50 0.530 (0.0158) 0.243 (0.0136) 0.365 (0.0152)

“Exp(L) where A is the rate parameter
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Table 2. Power of JEL approach of change-point models in mean and
variance with sample size 100 and o = 0.05

N(0, 1), N(0, 2) Exp(1), Exp(2)  Poisson(1), Poisson(2)
K
0 0.05 0.05 0.05
25 0.703 (0.0144) 0.301 (0.0145) 0.477 (0.0158)
50 0.890 (0.0099) 0.425 (0.0156) 0.620 (0.0153)
70 0.797 (0.0127) 0.308 (0.0146) 0.511 (0.0158)

“Exp()) where A is the rate parameter

Table 3. Power of JEL approach of change-point models in mean and
variance with sample size 150 and o = 0.05

N(0, 1), N(0, 2) Exp(1), Exp(2) Poisson(1), Poisson(2)
Kt
0 0.05 0.05 0.05
40 0.920 (0.0086) 0.401 (0.0155) 0.618 (0.0154)
75 0.979 (0.0045) 0.454 (0.0157) 0.753 (0.0136)
120 0.882(0.0102) 0.268 (0.0140) 0.494 (0.0158)

“Exp(L) where A is the rate parameter

According to our simulation results, there is no surprise that the power
increases as the sample size increases. In addition, when the normality
assumption holds, the power performance of the test is much better than the
power under other distribution settings. When the change location occurs in
the middle of the sample, the power is higher than the power when the
change occurs in other locations.

4. Application

In this section, we apply the testing procedure to two real data sets: the
stock market data: the weekly closing values of Dow-Jones Industrial
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Average from July 1, 1971 to August 2, 1974 and the air traffic data: the
aircraft arrival times from a low altitude transitional control section near
Newark Airport for the period from noon to 8:00 pm on April 30, 1969. Both
data sets are from Hsu [6]. In order to find the potential change location in a
wide range, we compute Z = max {l(0y )}, where
nk €9n
O, ={k/n, k =ny,nr +1, .., n—nr}and ny = 2llog(n)..

4.1. Application to the stock market data

In this section, we study an application of JEL based detecting procedure
to search potential changes in mean and variance for stock market price data
in Hsu [6]. Let B be the stock price where t =1, 2, ..., 161. We transform

the data into Ry = (R4 —R)/R, t=1 2, ..,161. The scatter plot of the
return series {R;} is given in Figure 1. From Hsu [5], {R;} is a sequence of
independent normal random variables with mean 0. Using the binary

segmentation procedure along with the JEL based procedure, we are able to
detect the potential changes in the {R;}. On the basis of our computations, at

the first stage Z;, = max {l(6,)} = 1(89) = 31.88398 while the empirical
e ’

nk €%n
critical value is only 20.34578 with the significance level o = 0.10.
Transferring back to the price B, t =90 is the location of change-point
which is referred to the week of March 19 to March 23, 1973. Our
conclusion matches Hsu’s [5, 6] and Chen and Gupta [2] conclusions at this
point.

I O

Return Series
-0.06 0.04

0 50 100 150
Time index (in weeks)

Figure 1. Return series {R;} of the weekly stock prices from 1971 to 1974.
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Additionally, we continue to test the two sequences: R, t =1, ..., 89
and Ri, t =90, ..., 161. Our computational results show that there are no
further changes in the sequence R, t =1, ..., 89, but there is one more
change at t =153 in the sequence R;, t = 90, ..., 161 which corresponds to
the stock price P54 in the week of June 3 to June 7, 1974. The test statistic
Z;, =1(153) = 64.18358 > 49.71162, where 49.71162 is the empirical

critical value of 90% confidence level. This finding is different from Chen
and Gupta [2]. Going back to see what happened to the U.S. economy and
environment in the period of time, we find that the highlight event, Saudi
Arabia announced that it would increase its shareholding in Aramco to 60
percent in June 4th, 1974, may affect the U.S. stock markets.

4.2. Application to the air traffic data

We adopt the air traffic data in Hsu [6] to show the implementation of
JEL based testing procedure in this section. Let T; be the arrival time,
i =1 ..., 213. According to Hsu [6], the interarrival times X; = Tj,1 —T;,
i =1 .., 212 are independently exponential distributed. Our computational

result shows that there is no change in the mean and variance of the
interarrival times which matches the conclusions in Hsu [6] and Chen and
Gupta [2].

4
L1 1 1 11

0

Interarrival Time

0 50 100 150 200
Aircarft Index

Figure 2. Interarrival times (in minutes) for the period from noon to 8:00 pm
on April 30, 1969.
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5. Discussion

In this article, a jackknife empirical likelihood based detection procedure
for change-points in mean and variance is proposed. Simulations under
different distribution settings with various sample sizes indicate that the
power performance of the testing procedure is satisfactory. The proposed
testing procedure is applied to the stock market data and the air traffic data.
Significant change-points in the stock market data set are detected and there
is no change detected in the air traffic data set. One may notice that the
empirical likelihood estimators may not exist when the k or n —k is too
small. Therefore, the test statistic we proposed in Subsection 4.2 is a trimmed
statistic which means that the testing procedure may not detect the change-
point when it occurs in the very beginning or at the very end of data.
Adjustment of the jackknife empirical likelihood based test is needed so
that the testing procedure can detect all possible change locations. It is one of
our ongoing research. Another ongoing work is to find the asymptotic
distribution of the test statistic. A prospective candidate distribution is the
extreme value distribution.
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