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Abstract

In this paper, we revisit how to fit the parameters by using a simple
mathematical model coming from Biology. Although, the Metropolis-
Hastings method is standard, we show another approach based on
algebraic equations.

To master multiple techniquesis very good for undergraduates.

In this paper, we revisit a problem of how to fit the parameters in the
model of [1] which comes from an experiment to measure the synthetic
amount of Protein A in Escherichia coli and we present another approach
based on algebraic equations. See for example [2] concerning what Protein A
is([3, 4]).
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We treat the experiment in [1] which measured the synthetic amount of

Protein A in Escherichia coli. Let A= A(t) be the synthetic amount of

Protein A. If the synthetic rate of Protein A is constant in cells, then the
differential equation becomes

S kA 1
e (1

where « is the synthetic rate of Protein A (a constant) and y is the rate of cell
division (a constant). The second term of the right hand side indicates a
dilution or degradation of Protein A arising from increase of Escherichia coli.

The equation is easily solved by the variation of constants (see for
example [5]) and given by
Alt) = E+(F’o —Eje‘“, @
Y Y
where A(0) = R, istheinitial condition.

In general, a solution of the differential equation with two parameters is
completely determined with two data. However, such data are not exact in
amost al experiments. Data in an experiment are described with mean and
standard deviation from Statistics.

Welist the datain [1]:

Time| Protein s.d.
0 540 0
3 1100 110
6 1400 140
12 1700 170
18 2100 210
24 2150 215

where for example 1100 means the mean of Protein A at three hours later and
110 means the standard deviation (s.d. for short) in Statistics. See the
following figure:
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How do we fit the parameters {k, y} of (2) to data above? This is an

important problem.

Method I. Usually, the Metropolis-Hastings method is one of standard
ones. See for example [6] concerning what the method is. Theresultin [1] is

K =300, y = 0.14. ©)

We do not reproduce the result in the paper (it is desirable for undergraduates
to follow this).

Method Il. We show our method and result based on agebraic
equations.

For undergraduates a detailed proof is given. For simplicity we set

in the following. From the list of data above we would like to use long range
datalike
1100 = A(3) = o + (540 — a)e >,
e @
2150 = A(24) = a. + (540 — a)e” .,
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Thisgives

o _HW-a 2y 210-0a
540 - o 540 - o

From the equation

e—24y _ (e—3y )8

we have
2150 - o _ (1100 - oc)S
540 - a 540 - a
and
(2150 — o) (540 — ar)” = (1100 — )2,
Since

(2150 — ) (540 — o)’ — (1100 — o)® = 28700." - 196294000.° + -,
we set

7 8
f (o) = (2150 a)(5402—8$3 - (1100-a)® ©)

From here we use MATHEMATICA for calculation (because manual
calculation is amost impossible). The expansion of f (o) becomes

280420 g 797986000 5 1252310920000 4
- o+ a” - o

7
fa)=a a1 a1 a1

1183225197280000 3 676528764822400000 »
* 1 o= 1 o

217188344755648000000  30211455971219200000000
* 1 o= 1 - ©

This is complicated enough! The approximate solutions of f(a) =0 are
given by
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742.9675 — 512.7367i, 742.9675+512.7367i,

780.0031 - 206.9822i, 780.0031+206.9822i,
789.5461 - 60.1318i, 789.5461+60.1318i,

2214.4788.

Here we have rounded off a real number to five decima places like
3.14159--- = 3.1416. Thereal solution isjust a one and we set

o = 2214 7
(o = agy inthefollowing for smplicity). Namely, we have

K

o =— = 2214.
Y

On the other hand, from (4)

o3 _ 11000 _ 1114

"~ B40-a 1674
so we obtain
1 1674

Therefore, the equation above gives
K = oy = 2214 x 0.136 ~ 301. )
Asaresult we have
« =301, y = 0.136. (10)
Comparing (3) with (10) we reach the following:

Conclusion. The results obtained by the two methods are almost
identical.

In the paper we studied the simple mathematical model coming from
Biology or Systems Biology. Phenomena in Physics, Chemistry, Biology,
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etc. are in general very complicated, so to construct smple and deep (if
possible) mathematical models for them is very important.

Undergraduates should master several techniques through mathematical

models. The books [7, 8] are highly recommended.
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