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Abstract

A transversal is a line that intersects two lines, whereas in intuitionistic
fuzzy directed hypergraph, the transversal is a hyperedge that
intersects two or more hyperedges. In this paper, a few properties of
intuitionistic fuzzy transversals of intuitionistic fuzzy directed
hypergraphs (IFDHGs) are discussed. Further, properties of
transversal core, simple IFDHG and fundamental sequence of IFDHG
are studied.

1. Introduction

The notion of graph theory was introduced by Euler in 1736. The theory
of graphs is an extremely useful tool for solving combinatorial problems in
different areas such as algebra, number theory, optimization and computer
science. In order to expand the application base, the notion of graph was
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generalized to that of a hypergraph, that is, a set of vertices together with a
collection of its subsets. In 1976, Berge [4] introduced the concepts of graph
and hypergraph. In [5], the concepts of fuzzy graph and fuzzy hypergraph
were introduced. Fuzzy graph theory has numerous applications in modern
science and technology. In 1986, Atanassov [1] introduced the concept of
intuitionistic fuzzy sets as a generalization of fuzzy sets. Also he [2]
introduced the concept of intuitionistic fuzzy relations and defined
intuitionistic fuzzy six types of Cartesian products. Intuitionistic fuzzy graph
and intuitionistic fuzzy hypergraph (IFHG) were introduced in [6, 7].
Hypergraphs have vast applications in system analysis, data structures,
circuit clustering and pattern recognition. In mathematics and computer
science, hypergraphs also arise some problems, including circuit layout,
Boolean satisfiability, numerical linear algebra. Directed fuzzy hypergraphs
are generalization of both crisp directed hypergraphs and directed fuzzy
graphs. In [8], intuitionistic fuzzy directed hypergraphs have been discussed.
In [16] transversals of intuitionistic fuzzy directed hypergraphs (IFDHGS)
and minimal transversals of IFDHG were introduced. Thus, the authors got
motivated to study the properties of transversals of intuitionistic fuzzy
directed hypergraph. In this paper, properties of transversals of intuitionistic
fuzzy directed hypergraphs (TIFDHGS) are studied.

2. Notations
H=(V,E) Intuitionistic fuzzy directed hypergraph with vertex
set V and edge set E
h(H) Height of H
F(H) Fundamental sequence of H
C(H) Core set of H
I(H) Induced fundamental sequence of H

H (irsi) (r;, si)-level of H
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(1, i) Membership and non-membership values of edges
Tr(H) Intuitionistic fuzzy transversals (IFT) of H
Va Set of vertices in a hyperedge A

3. Preliminaries
In this section, basic definitions relating to intuitionistic fuzzy sets,
intuitionistic fuzzy hypergraphs and IFDHGs are dealt with.

Definition 3.1 [1]. Let a set E be fixed. An intuitionistic fuzzy set (IFS) V
in E is an object of the form V = {{(vj, uj(vj), vj(vj))/v; € E}, where the
function p; : E —»[0,1] and v;:E — [0,1] determine the degree of
membership and the degree of non-membership of the element v; € E,

respectively and for every v; € E, 0 < p;(vj) + vi(vj) < 1.

Definition 3.2 [7]. An intuitionistic fuzzy hypergraph (IFHG) is an
ordered pair H = (V, E), where

(i) V = {vy, vp, ..., v} is afinite set of intuitionistic fuzzy vertices,
(i) E = {Ey, Ey, ..., Epy} is a family of crisp subsets of V,
(iii) Ej = {(vi, pj(vi) vj(vj)) rpj(vi) vij(vi) 2 0 and pj(x;) + v (%)
<1,j=12,..,m,

(iv) Ej 0, j=12,..,m,
(v) Uj supp(Ej) =V, j=1,2, .., m.

Here, the hyperedges E j are crisp sets of intuitionistic fuzzy vertices, p (vj)
and vj(vi) denote the degrees of membership and non-membership of vertex
vj to edge Ej. Thus, the elements of the incidence matrix of IFHG are of the

form (ejj, 1j(vi) vij(vj)). The sets V, E are crisp sets.



96 K. K. Myithili and R. Parvathi
Notations

1. Hereafter, (u(vj), v(vj)) or simply (u;, vj) denote the degrees of
membership and non-membership of the vertex v;j €V, such that 0 < p; +
vi <1

2. (uu(ejj ), v(ejj)) or simply (uj;, vij) denote the degrees of membership
and non-membership of the edge (v;, Vj) eV xV, such that 0 < pjj + vjj
<1. Thatis, pjj and vj; are the degrees of membership and non-membership

of ith vertex in jth edge, say e;;.

Note. The support of E; is defined as supp(E;) = {vj/p; > 0 and v;

> 0} forall v; € Ej andalso E; € E.

Definition 3.3 [8]. An intuitionistic fuzzy directed hypergraph (IFDHG)
H is a pair (V, E), where V is a nonempty set of vertices and E is a set of

intuitionistic fuzzy hyperarcs; an intuitionistic fuzzy hyperarc Ej € E is
defined as a pair (t(E;), h(E;)), where t(E;j) < V, with t(Ej) = <, is its tail,
and h(Ej) eV —t(E;j) is its head. A vertex vy is said to be a source vertex
in Hif h(E;) # s, for every Ej € E. A vertex vy is said to be a destination

vertex in H if d = t(E;), forevery E; € E.

Definition 3.4 [12]. Let H = (V, E) be an IFDHG. The height of H, is
defined by

h(H) = (max(max(p;; )). max(min(v;; )))
where p;j, vi; are membership and non-membership values of the hyperedge

€jj foralli=12,..,mand j=1 2, .., n.

Definition 3.5 [12]. Let H = (V, E) be an intuitionistic fuzzy directed
hypergraph. Suppose E,, E, € E and 0 <a <1, 0<B <1 The (a,B)-
level is defined by
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(B )P = v eV /max(ui(v)) = o, min(vf(vi) <p}. (1)

Definition 3.6 [12]. Let H = (V, E) be an intuitionistic fuzzy directed
hypergraph with 0 <h,(H)<1 and 0 <h,(H)<1. Let H"% = (v %,
E"'S) be the (r;,s;)-level intuitionistic fuzzy hypergraph of H. The

sequence of real numbers {r, ry, ..., I; S1, S2, ..., Sp}, such that 0 < <
h,(H) and 0 <s; < h,(H), satisfying the properties:

()ifp <o <land 0<B<s, then E*P =g

(i) if iy <o < s <B<sj,q, then E¥P = ETSi

(iii) Ef:Si - Eli+lSis1
is called the fundamental sequence of H, and is denoted by F(H).

The core set of H is denoted by C(H) and is defined by C(H) = {H """,
H':%2 . H™® The corresponding set of (r, s;i)-level hypergraphs

HT% c H?2%2 «...c H™® s called the H induced fundamental
sequence and is denoted by I(H). The (r,, s,) level is called the support

level of H and the H™*n is called the support of H.

Definition 3.7 [12]. Suppose H =(V,E) and H'=(V', E’) are
intuitionistic fuzzy directed hypergraphs, H is called a partial intuitionistic
fuzzy directed hypergraph of H' if V' = | J(supp(Ey))| Ex € E'. The partial
IFDHG generated by E’, and is denoted by H < H'. Also, H < H' if
HcH and H # H".

Definition 3.8 [12]. Let H = (V, E) be an intuitionistic fuzzy directed
hypergraph. An intuitionistic fuzzy transversal T of H is an intuitionistic

fuzzy subset of V with the property that T(E“’ EV)ﬂ A(E“’ Ev) # & for each
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A € E, where E, = max(uij) and E, = min(vij), foralli=1 2, .. mand

=12, ..,n

Definition 3.9 [12]. A minimal intuitionistic fuzzy transversal T for H is
a transversal of H with the property that any subset T; of T is not an

intuitionistic fuzzy transversal of H.

Theorem 3.1 [12]. If T is an intuitionistic fuzzy transversal of IFDHG
H =(V, E), then h(T)>Nh(E;) for Ej € E. Moreover, if T is minimal

intuitionistic fuzzy transversal of H, then h(T)= (max(max(u;j)),
max(min(vij))) = h(H).

Theorem 3.2 [12]. Tr(H) is sectionally elementary.

Theorem 3.3[12]. For each A € Tr(H), A% is a minimal transversal

of H1 %L,
4, Main Results

Definition 4.1. Let H = (V, E) be an IFDHG. The intuitionistic fuzzy
transversal core (IFTC) of His an IFDHG H' = (V', E') which satisfies

(i) minTr(H") = minTr(H),
(i) (JminTr(H) = H',
(iif) E\E' is exactly the set of vertices of H which does not belong to

Tr(H), where E’ is the remaining hyperedge set after removing hyperedges
which are properly contained in another hyperedge.

Result. The intuitionistic fuzzy transversal core exists and unique for any
IFDHG without spikes. The definition does not hold good for IFDHGs with
spike (an edge with single vertex) hyperedges.

Example 1. Consider an IFDHG, H = (V, E) with adjacency matrix as
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below:

E E, Es Eq Es
vi( (09,00 (09,00 (0,2 0,1 (0.9, 0)

v,| (0,1 (07,01 (07,01 (07,01  (0,1)
v;| (0,1)  (04,02) (04,02  (0,1) (04,02

" va| (0,0) (0,1  (03,03) (03,03 (0,1
V5| (05,02) (05,02) (0502  (0,1) (0, 1)
vel (0,2) 0,1  (02,02) (02,02) (0,1

The corresponding graph is shown in Figure 1.

(0.7,0.1)
Vg

Graph of H

Figure 1. Intuitionistic fuzzy directed hypergraph.

The adjacency matrix of the IFTC H' is given below:
= Es
vy ( (0.9, 0) (0,1
vo|(0.7,0.1) (0.7, 0.1)
v3|(0.4,02) (04,02)
vg| (0,1) (03,03
v5|(05,02) (0.5,0.3)
vg\ (0,1) (0.2,0.2)
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Figure 2 depicts the graph of H".

(0.7,0.1) (0.7,0.1)

Graph of H'

Figure 2. Transversal core of IFDHG.

Here
(i) minTr(H) = {{vi, vo}, {v1, Va}, {v1, v }} = minTr(H"),
(i) Uttve, vah {vr, val fvg, velh = HY,
(iii) E\E' = {E,, Eg} e H butnotin Tr(H).

Theorem 4.1. Let H =(V, E) be an IFDHG. Then, the following

statements are equivalent:

(i) Tisan IFT of H.
(i) TS N A5 = @ for each intuitionistic fuzzy hyperedge A e E
and each (r;, s;) with 0 <r; <h,(H), 0 <s; <h,(H),
(iii) TS is an IFT of H'"S for each (1, s;) with 0 <r <a, 0<
§j < B.
Proof. By Definition 3.9, the proof is direct.

Theorem 4.2. For a simple IFDHG H, Tr(Tr(H)) = H.

Theorem 4.3. For any IFDHG H, Tr(Tr(H)) < H.
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Proof. By Definition 4.1, there exists a partial hypergraph H' of a simple
IFDHG H such that Tr(H") = Tr(H).

By Theorem 4.2, Tr(Tr(H)) =Tr(Tr(H")) = H' < H.

Theorem 4.4. Let H e (V, E) be an IFDHG and suppose T € Tr(H).
If H" < supp(T) < H, then there exists an intuitionistic fuzzy hyperedge A
of H, (r;, sj) € A denote the membership and non-membership values of A
such that

(i) (i, si) = h(A) = h(T"I"%) > 0,
(i) Thea) N Ana) = H.

Proof. Suppose that 0 < h(T'"i)<1 and let E' be the set of all
intuitionistic fuzzy hyperedges of H where h(z""" ) > h(T'""%) for each
te k'’

Since T'*Si s a transversal of H'i"Si and H' < T"'Si

, IS nonempty.
Further, for each t e E’, h(t) > h(t"®%) > h(T""%) is true. Assume that
T'"% is the minimal transversal, then for each t € E’, h(t) > h(T""*®) and
there exists H; = H with H; € th(g) N Th(r).

Define an IFDHG H; such that

e T(U) ifU=H/
1l )_{max(h(A)/h(A)< h(T %)), min(h(A)/h(A)<h(T %)) if U =H".
(2

Clearly Hy is an IFT of Hand h(H,""*) < h(T'*5), which contradicts the
minimality of T. Suppose each t € E' satisfies (i) and also contains an H .
# H with H; € tp(;) (1 Th(r). The process is continued and the argument of

(i) provides a contradiction which completes the proof.
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Theorem 4.5. Let H = (V, E) be an IFDHG. Then, there exists T e
Tr(H) with H" < supp(T) < H, if and only if, for A € E, which satisfies

(i) (i, si) = h(A),

(ii) (rj, sj)-level cut of h(A) is not a subhypergraph of the (r;, s;)-
level cut of h(A), for each A" € E with h(A") > h(A),

(iii) the (r;, sj)-level cut of h(A) does not contain any other edge of
Hh(A), where (r;, sj) denote the membership and non-membership values

of A.

Proof. Necessary part:

(i) Let T eTr(H) and 0 < h(T""%) < 1. Condition (i) follows from
Theorem 4.4.

(if) Assume for each A satisfying (i) there exists an A’ € E such that
h(A) > h(A) and Aja) S Ay(a), then there exists U = H', with U e

Aba) N Thiay < Anay N Tha) Which contradicts Theorem 4.4.

(iii) Suppose that for each A satisfying (i) and (ii) there exists A’ € E
such that @ # Ay a) © An(a)- Since Ay = & and by (i), we have h(A)
= h(A) = (1, s;)-

If (rj, sj)=h(A’) and A" € E such that & = Aja)  Aya) © An(a)-

Continuing the process the chain must end in finitely many steps so without
loss of generality assume (r;, sj) < h(A). But, there exists U = H' such that

U € Aha) N Thea) S Ana) N Thea), which contradicts Theorem 4.4.
Sufficient part:

Let A € E satisfy the conditions (i), (ii) and (iii). By condition (i), h(A)

= (r;, sj) for some member of fundamental sequence. By condition (ii) and
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(iii), there exists U € Ay a)\Aq(a) for each A" e E such that A"# A and
h(A’) 2 h(A). Let Vp be the set of all vertices of H, such that V5 (1 Ay(a)
= .

Construct the initial sequence of transversals t, —c V for eacht, 1<t
<i and tj = Va UV;. Clearly, V; e 1, for each i. Continuing the process

it leads to a minimal IFT T with (r;, 5;) = h(A) = h(T "),

Theorem4.6.Let H = (V, E) bean IFDHG with F(H) = {r, I, ..., Iy;
S1, S2, - S}, Such that 0 < < h,(H) and 0 < s; < h,(H). Also, H'I"
be the elementary IFDHG containing A’ if and only if h(A") = (r;, sj) and
supp(A’) is an edge of H'"S. Then Tr(Tr(H)) is a partial IFDHG of
H s

Proof. By Theorem 3.3 and by construction of minimal transversal, the
(r;, si)-level hypergraph of Tr(H) is Tr(H""5). That is (Tr(H))"S =
Tr(H""%). Let ©eTr(Tr(H)). By Theorem 4.4, h(z(V;)) >0 implies
there exists T e Tr(H) with h(t(V;)) = h(T). By Theorem 3.1, h(T) =
(max(max(pjj ), max(min(vjj))) = h(H) for each minimal transversal T.

fi, i

Hence 7 is elementary with height (r;, sj). Since supp(t) = t"'™, Theorem

Si

3.3 implies supp(t) is a minimal IFT of (Tr(H))"%. By Corollary 4.3,

supp(t) is an edge of H'i*%i | hence 7 is an edge of H"i*%i.

Theorem 4.7. Let H = (V, E) be an IFDHG with H """ is simple. Then

Tr(Tr(H)) = H'5i,

Proof. By Theorem 4.6, Tr(Tr(H)) < H'""%i. Let t be elementary with

h(t) = (r;, s;) and supp(t) € H'"*®i. By Theorem 4.6, supp(t) is a minimal
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IFT of (Tr(H))""%. Since each minimal IFT of Tr(H) is elementary, by
algorithm of minimal IFT the process terminates at (r;, sj)-level and t e
Tr(Tr(H)).

Hence H'"Si < Tr(Tr(H)) which implies H'""Si = Tr(Tr(H)).
5. Conclusion

In this paper, the properties of transversals of intuitionistic fuzzy directed
hypergraphs are discussed. Also, transversal core of intuitionistic fuzzy
directed hypergraph is defined. It is interesting to note that the intuitionistic
fuzzy transversal core exists only for non-spike intuitionistic fuzzy directed
hypergraphs. There is abundant scope for future research on this topic.
Further, the authors proposed to work on its applications in coloring of
intuitionistic fuzzy directed hypergraphs.
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