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Abstract

Helicity of PAS (Pekeris-Accad-Shkoller) flow is the scalar product of
velocity v flow and its curl, in a Euclidean space. Since PAS flow is a
Beltrami flow with a property Cv = curlv, with C is a constant, the
helicity of PAS flow can be determined by integrating the scalar
product between vectors v and v and multiply with A. This paper will
explain the process of calculating the helicity of PAS.
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1. Introduction
PAS flow is defined by

v = 2R{s3 +t3},

s3 = KAjp(Ar),

t% = As%(r),

K =85,

(1.1)
(1.2)

(1.3)

where A is the positive root of the second order of Spherical Bessel function

j2(r),

. 3cosr 3-r?)sinr
Jz(r) == r2 + ( |"3)

and helicity of a flow is defined by [2],

H =j V-V xvdV,
\Y

while the property of Beltrami flow is [3],
Cv =Vxyv,

So that the integral (1.5) can be substituted by the following form:

H =ijv-vdv.

It is easy to show that PAS flow has
C=A

so that the integral (1.7) recast into

H :AI v -vdv.
V

2. Main Results

Based on (1.1), it can be stated that

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)
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v=s§ +s§2 +t§+t2_2
so that the integrand form in the integral (1.8) can be changed into

v-v=(s§+s§2+t§+t2_2)-(s§+s§2+t§+t2_2)

= s%s% + s%sgz + s%t% + s%tz_2 + sgzsg + 552352 + s§2t§
+ 552152 + 1355 + 13552 + 1313 + 13152 + 15255 + 152552
+ 15215 + 15°t5° (2.1)
with
dV = r? sin 6drdodo,
and

0<r<10<0<n0<¢<2m

Integrands (2.1) are composed by 16 parts of scalar product between two
vectors. To determine the integral solution of (1.8), the spherical harmonics
function is needed to apply in it. This function is defined by [1],

2n+1
2-8%

Ya'(6, ¢)=(—)’“[ sznm(cosme‘m%(—)mfm, (2.2)

where Y, ™ is conjugate of Y,"(6, ¢),

1
2 -89 JZ (1- cos? 0)

d m+n 2 N
(n+ m)! P [ } (cos®6-1)7, (2.3)

P (cos 0) = [ Tc0s6

is an associated Legendre polynomial with n degree and m order, with 0 < 0
<, e™® is Euler function with 0 < ¢ < 2,

1 m=0

Som is delta Kronecker with S?n =
0, m=0.
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Because in PAS flow m = 2 and n = 2 then the integrand (2.1) are expanded
into spherical harmonic functions of Y22 and YZ‘Z, and since the integral of
J'Ozn (€2*)2d¢ and I;n(e‘i2¢)2d¢ are zero, the ¢ integral, composed of
Y22Y22, and Y2_2Y2_2 are zero. While the results of the ¢ integral which is
composed by Yz , is 2m, because fozneizd’ -e‘iz"’dcl) = fozn d¢ = 2n. By

these properties of the ¢ integral, the 16 parts of integrand (2.1) can be
reduced to

s%sgz, s%tz_z, sgzsg, sgztg, t%sgz, t%tz_z, tz_zs%, tgzt%

These reduced integrands are then be expanded in the form of spherical

harmonic functions as the following.

First, we expand the pair integrand 55552 and 55255,

2.2 _[ 6 2y2 5Y2 6Y2
5552 —( SzYz, ( s5) 22 esmedr( $3) =2

62,2 1d 2 %7 2
( s2Y2 'rdr(rSZ) 00 'rsme dr( 2)

_36,22y2y-2, 1[d 2 ZﬁaYz_z
- r2 (52) Y2Y2 + r2 ‘:dr (rSZ):I 00 00

1 ovF oY 2
+—r28|n e[dr( 2)} 0 o6 (2.4)

6 5,2 1d 52 52
52753 = £_S§ 2% T r dr( 32) ’ rsmedr( 2) J

62 25Y2 28Y2
( 2Y2'rdr(s) rsmedr( )5
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_36 2v2y-2y2 1[d 2 zaYz_zﬁ
1 [d ) T Ny2 oY¢
+ | —=(rs —, 2.5
r?sin? @ dr( 2) o0 0d (25)
By the properties,

N2 oY% oYy? ovf
0 00 00 00

2.6
o2 oYz 2 oYy 2 ovf (26)
op 0p — 0p b

then 35352 = 55235.

Second, we expand the pair integrand t%tz_2 and t2_2t§,

2 2 2 2 -2 2
t22t2_2 _|o, -112 oYy , —t% oYy 0 t5 oY, 2 oYy
sin® oo 00

'sin o ' 2 o0

_ (t5)* oy avy?
sin2g 9 0

oY$ oYy
0 o0

2
+(-t5)
_ ()% avg avy?

sin2g 00 00

=22 _| o g oYy 2 Y5 0 5 ovs 42 V5
2 2 'sin® op ' 2 a0 || 'sin® op ' 2 o0

Y4 oY, 2
20 00

+(t5) @2.7)

(t3)* oYy 2 avf
sinfp 00 b

oYy 2 oY
20 09

+(-t3)

-2 2
Y52 oY 28)
50 80 '

_ G770
sing 9 09

By the properties (2.6), equations (2.7) and (2.8) are equal so that t22t2_2 =

t5%t3.
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Third, we expand the pair integrands sztz and t252 ,

2,2 _ 6.2 2, OYF 6Y2
s2t2 _[ 2Yz’rdr(SZ) rsmedr( )
t2 Y52 552
10, = =y
Sin® o¢ 00
N R 2, OYF OYy?

:rsmGdr( 2) 0 0h rsmedr( 2) a0 o 00

~ (rs2) ovf avy?  avf avy? 2.9)
_rsmedr 21700 o6  op oo | '
2 2 2
2.2 ty; oYs .2 oYy
252 ‘(0’ Sin0 a0 ' 250
(8ay2 1d 202" 2
(rSZYz rar %25 rsmedr( 2)
_ 9 s )6Y22 Ny?Z 2 4 s )a\(2 vyt
rsmedr )30 T80 rsinedr 230 8¢
2 -2 2 —2
_ d (s2)( O¥2 02" Y5 0¥ (2.10)
rsme dar 2| 60 e o0 o | '
By the property,
oYf ovy? vy 2 avf (2.11)

00 o 00 0
then equations (2.9) and (2.10) show that s%tz_z = —t%sgz.

Fourth, we expand the pairs integrands t2 and t252 ,

2 -2
2.2 t5 oY, .2 aY
t27%2 ‘(0’ sind o6 ' 2 20
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6 oYt oY
( %Yz : ( 2) 2 , ( rs5 )22 J

_tod o YRt thd (rsz)avz—z ov§
rsin6 dr o0 90 rsinodr 27 a0 ag

rsme dar

(rs5)

t3 4 (1s2)[ 0 22 o5 ovy2 avs (2.12)
rsmedr 52 a¢ o 00 oo | '

2 2 2
2.-2 t;p Yy . 20Y;
1252 ‘[0’ sino o ' 2 30

2
6 s2y _2 1d s2
( ’rdr(SZ) ’rsmedr( ) J
Ot 9 (s )6Y22 vyt g 9 s )6Y22 Y52
N rsme ar\®2) 50 "0 " rsinodr "2) 30 ao
ot 9 (1s2) oYF 32 oYF avs? (2.13)
rsme ar\®2) 30 a0 " a0 e | '

According to the property (2.11), the results (2.12) and (2.13) show that
t5255 = —t3s5°

From the expansions of integrands (2.1), therefore we find two pairs of
integrands with same sign,

2.2 —2.2

$8p" = 85787,
and

t3t52 = t;°t3,
and two integrands with opposite sign,

S5ty = ~t35y”
and

t52s3 = —t3s5°
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Since the sum of two integrands in (2.1) with opposite sign is zero, the scalar
product of vector v and v in (2.1) can be reduced as the following:

V-V = 55352 + 552

$5 + 15152 + t52t5
= 2(s3552 + t3152). (2.14)
Substitute (2.14) into (1.8), the integral form becomes

H = AJV 2(s3552 + t3t52)dV

2 1
_A j O“ j O”jo 2(s3s52 + t2t;2)r? sin 6drdods. (2.15)

Substitute (2.4) and (2.7) into the integrand (2.15), will obtain

2(s5552 + t3t52)r?sin 0

36 , 2.2y 2,-2
= Z({r—z(sz) Y5,

2 2 -2 2 2 -2
+i2[i(rs§)} oYy oYp ™ . 1 . [i(rsg)} oYs oy "

N (t§)° ovf 8Y2‘2+(t2)2 Y5 oYy* 2in6
sino 00 a0 27 a8 08

36 , 2\2y 2y -2
= Z{r—z(sz) Y3Y7

1 [d 2 T Y2 oYy 2 1 [d 2 T ovF oY% 5 .
+—|—(rs + —(rs —= r<sino
21ar )| F 0 T agnzelar ")) B ag

(t5)° Y5 Vs 22 0YF V52 o
+2{Sinze 3 2 +(t5) o 20 (" sin
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2 ovF o2
20 0

= 72(s3 )2Y22Y2_2 sin® + 2sin 6[%03%)}
1

2

2 2 —2
N _2 [i(rsg)} oYy 0Y;
sin© | dr op 0

3

2r2(t3)? oY# oYy ?
sin@  0p Od
4 5

Y2 oYy 2
50 00

+2r2(t2)?sin (2.16)

So the integral (2.14) is the sum of five integrals with the integrand 1 until 5
in (2.16). To solve the integral (2.15), we expand these integrands to the
following spherical harmonic functions form.

Integrand 1
72(s3)2Y£Y5 2 sin 0 = 135K 2A(j,(Ar))? sin® 0sin0.  (2.17)
Integrand 2

PN .
2sin e[dr (rsz)} 0 0

= 2(K2A*2(jy(Ar))? - 4KZA%ry(Ar) j(Ar)
+ 4K2A2(j2(Ar))2)(%sin2 0cos® Osin 9) [4]. (2.18)
Integrand 3

_2 i(r52) Zﬁ_aYz_z
sing | dr 27 80 oo

= 2(K2A*r? (jy(Ar))? - 4K2A3r(Ar) jo(Ar)

+ 4K 2A%(jo(Ar))?)(30 cos? Osin 6). (2.19)



822 Tarhadi and Alhaji Akbar Bachtiar

Integrand 4

2r2(t2)? oY$ oYy?
sind6 dp oo

= 2r2K2A%(j,(Ar))?(30cos? 0sin 0).  (2.20)

Integrand 5

oY$ oY 2

20:2\2 o
2re(t5)°sin 6 30 20

= 2r2K2A%(j,(Ar))? sin e(%) sin? 0 cos? 0.

(2.21)
The next step is, to integrate each form of integrands from (2.17) until (2.21).

Since the three variables of integral, ¢, 0, r are mutually independent
in the integral (2.15), we solve the integral as the multiplication of
(I4)(1g)(Iy). These integrals are associated to every part of the five

integrands (2.16). We solve the integrals as the following order.

Integral 1, 1; with integrand (2.17).

Integral ¢,
2n
lyy = IO do = 2m.
Integral 0,
lg = Jonsin4 0sin 6d6 = %
Integral r,

1
Iy, = J.0135K2A2(j2(Ar))2dr.
So the result is integral 1 is
1 -
I = (135) (1) (11 = 288 | KZA%(jp(Ar))Par.

Integral 2, 1, with integrand (2.18).
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Integral ¢,
| 4o = 2
20 = _[0 ¢ = 2m.
Integral O,
lyg = J‘;%sin2 0 cos? 0sin 6do = 2.
Integral r,

1 . . .
lor = [ 202 AT (R (AN)? - 4K A% (AT) o (AT)

+ 4K 2A%(jo(Ar))?)dr.

Result integral 2 is
12 = (124) (120) (12¢) = 87 [ (K2A*2 ()2

— 4K 2A3rj (AT) jo(AT) + 4K 2 A% (jp(Ar))?)dr.

Integral 3, 13 with integrand (2.19).

Integral ¢,
2n
|3¢ = 0 d(l) = 27‘C.
Integral 6,
l3p = J.Onsin3 0de = %.
Integral r,

1 i . .
g, = J'015(KZA“rZ(Jl(Ar))2 — 4K A%y (Ar) jo(Ar)

+ 4K 2A%(jo(Ar))?)dr.
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Result integral 3 is
1 -
I3 = (139)(130) (I13r) = 40 | _(K*A*r2(jy(Ar))?

— 4K 2A3rj (AT) jo(AT) + 4K 2 A (jp(Ar))?)dr.

Integral 4, 1, with integrand (2.20).

Integral ¢,
27
la = [ do=2m
Integral 0,
l40 = Ionsin3 0d0 = %.
Integral r,

1
Ly = j015K2A4r2(j2(Ar))2dr.
Result integral 4 is
1 -
lg = (1) (140) (1ar) = 40m [ KZA*r(ja(Ar))Par.

Integral 5, 15 with integrand (2.21).

Integral ¢,
27
I =j0 do = 2.
Integral 6,

T
Isg = Jo%sinz 0 cos? 0 sin 6d6 = 2.
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Integral r,
g, = I;2K2A4r2(j2(Ar))2dr.
Result integral 5 is
5 = (1) (150) (1sr) = 8 [ K2A*r2(jp(Ar)2ar.

With these five results we can formulate the helicity of PAS flow as

H =A(|1+|2+|3+|4+|5)=A|1+A|2+A|3+A|4+A|5.

Hence,

H = A(288n I;KZAZ(jZ(Ar))Zdrj
A8 [ (A (Ar)2 - 4K A(Ar) o Ar)
+ 4K2R2 (jp(An)?)r
¥ A[40n | 01(K2A4r2( J(AN)? — 4K 2A3rjy (Ar) j(Ar)

N 4K2A2(j2(Ar))2)dr)

825

n A(4OnI:K2A4r2(j2(Ar))2drj n A(snISKzA“r?(J‘Z(Ar))Zer

= A(288n J' :KZA“( jz(Ar))Zdrj
+ A(48n IS(K2A4r2(j1(Ar))2 — 4K 2A3rj (AT) jo(AT)

+ 4K2A2(j2(Ar))2)drj + A(48n I;KZA“rZ(jz(Ar))Zdrj
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1 1
— 288 J'O K2A3(jo(Ar))2dr + 48x jo K2APr2(jy(Ar))2dr
—192nIO K=A"rjy(Ar) jo(Ar)dr
Lo2.3.: 2 L2552 . 2
+192nj0K A3(jp(AF)) dr+48nI0K ASr2(jo(Ar))2dr
1 1
= 480x J'O K2A3(jo(Ar))2dr + 48n '[0 K 2APr2( jy(Ar))2dr

1 1
+ 481 J'O K2APr2(jy(Ar))2dr —192n J'o K 2A%ry(Ar) jo(Ar)dr. (2.22)
Write the integrals of (2.22) as

1
H = j 0(480nK2A3( io(Ar))? + 481K 2APr2( jy(Ar))?

+ 487K 2A%r2 (o (Ar))? —1927K 2A%rj  (Ar) jo(Ar))dr.  (2.23)

The integral of (2.23) is a globally helicity, which is calculated in a volume
of a spherical space. The helicity could also calculated as a function of radius
of a ball with r between 0 and 1.

This function is the integrand of integral (2.23), which is formulated as
H(r) = 480mK 2 A3(j,(Ar))? + 481K 2A%r2 (jy(Ar))?
+ 481K 2A%r2 (jo(Ar))? —1927K 2A%rjy (Ar) jo(Ar), O<r <1,

(2.24)

We solve numerically the integral by software of Wolfram Mathematica 7,

version 7.0.1. Since K =./6/5, K2 =1.2, so the numerical calculation of
(2.23) is written in code
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Nintegrate[480 * N[Pi] * 1.2 * A3
* SphericalBesselJ[2, A * r]"2+48 * N[Pi] * 1.2 * AN5 * "2
* SphericalBesselJ[1,A * r]*2+48 * N[Pi] * 1.2 % AN * 12
* SphericalBesseld [2,A * r]*"2-192 * N[Pi] * 1.2 * A = r
* SphericalBesselJ[1,A * r]SphericalBesselJ[2, A = 1], {r, 0, 1}]
and the graph of (2.24) is written with code
Plot[480 * N[Pi] * 1.2 * A"3
* SphericalBesselJ[2,A * r]*2+48 = N[Pi] * 1.2 % AN5 * "2
* SphericalBesselJ[1,A * r]*2+48 = N[Pi] * 1.2 * AN5 = "2
* SphericalBesselJ[2,A * r]*2-192 = N[Pi] * 1.2 * AM * r
* SphericalBesselJ[1,A * r]SphericalBesselJ[2,A * 1],
{r, 0, 1}, Frame — True, GridLines —* Automatic]

Since the model of PAS flow, use A =12.3229 [5], the outcomes of
integral (2.23) would be generated by the following codes:

Nlintegrate[480 * N[Pi] * 1.2 * 12.3229"3
* SphericalBessell[2,12.3229 * r]"2+48 * N[Pi] * 1.2 * 12.3229"5 * "2
* SphericalBesselJ[1,12.3229 # r]* 2 + 48 * N[Pi] * 1.2 * 12.322975 * "2
* SphericalBessell[2,12.3229 * r]"2-192 * N[Pi] * 1.2 *12.3229"4 * r
* SphericalBesselJ[1,12.3229 * r]SphericalBesselJ[2,12.3229 =],
{r,0,1}]

and the outcomes is H = 331932.

The graph (2.24) is generated by the following code

Plot[480 * N[Pi] * 1.2 * 12.3229"3

* SphericalBessell[2,12.3229 # r]"2 + 48 = N[Pi] * 1.2 * 12.3229/5 * r"2
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* SphericalBesselJ[1,12.3229 * r]*2 + 48 * N[Pi] * 1.2 * 12.322975 * 2
* SphericalBesselJ[2,12.3229 * r]"2-192 = N[Pi] * 1.2 * 12.3229"4 * r
* SphericalBesselJ[1,12.3229 = r]SphericalBesselJ[2,12.3229 * r],
{r, 0, 1}, Frame — True, GridLines — Automatic]

and the result is the following graph:

HOOD00

_ r H(r)
00000 0.10 42443

I 020 | 360531
\_ S~ |030 [s94023
0.40 | 391466

400000

H(T‘) 300000

200000 0.60 | 397039

100000 0.80 | 346452

1.00 | 331932

Ok:
0.0 02 0.4 06 0.8 10

r

Graph of Helicity of PAS Flow with A = 12.3229.

The table in the right side of the graph shows the value of H(r) in a certain
value of r, which is calculated as

N[480 * N[Pi] * 1.2 * 12.3229"3
* SphericalBesselJ[2,12.3229 * r]"2+48 * N[Pi] = 1.2 * 12.3229"5 * "2
* SphericalBesselJ[1,12.3229 * r]"2+48 * N[Pi] *1.2 * 12.3229/5 * "2
* SphericalBesselJ[2,12.3229 * r]"2 — 192 = N[Pi] * 1.2 * 12.3229" * r
* SphericalBesselJ[1,12.3229 * r]SphericalBesselJ[2,12.3229 * r]]

As examples, we substitute r with the values of 0.10, 0.20, 0.40, 0.60, 0.80,
and 1.00. Then the values of H(r) are H(0.10) = 42443, H(0.20) = 360531,

H(0.40) = 391446, H (0, 60) = 397039, H(0.80) = 346452, and H(1.00) =
331932.
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3. Conclusion

The helicity of any flow is determined by integral that defined by
Moffatt,

H :j v -V xvdV.
\Y;

Since PAS flow is Beltrami flow, which v vector is parallel to its vorticity,
Cv = V x v, we can substitute the above integral to the following integral:

H =I v - CvdV
\Y

where C is a constant, so that the integral becomes

H =Cj v-vdV.
\

If we determine the PAS flow directly by the definition of integral in (1.5),
we have to expand vector vand V x v, and then expand the scalar product of
them. However, if we use the Beltrami property to determine the helicity of
PAS flow, we need only to expand the product scalar between vector v and
the same vector. Therefore, Beltrami property make simpler in determining
the helicity of PAS flow. With Beltrami property, we can derive that the
value of C which is equal to A, the positive roots of second order of Bessel
function.

The result of global helicity calculated in a space of spherical volume and
calculated as a function of radius of a ball are equal when r =1, thatis H =

H(1) = 331932.
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