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Abstract

It is known that multiplicative groups occur in modular arithmetic.
Many authors have studied these groups. Denniss constructed groups
in modular arithmetic G under multiplication modulo m each of which
has an identity element which is not necessarily 1, for some value of
m. We find other possible values of m and a set H > G such that H

and G are also groups under multiplication modulo m. Further, we also
find other multiplicative groups in modular arithmetic.

1. Introduction

For the most part of our notation and terminology, we follow that of
Gallian [3]. Thus, the set {0,1, 2,.., n—1}, n>1 is denoted by Z,. The

set Z,, is a group under addition modulo n. The set of all positive integers

less than n and relative prime to n, U, = {a € Z,|(a, n) =1}, is a group
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under multiplication modulo n, the identity element is being 1. In [3, p. 52],
we can see that G = {5, 15, 25, 35} is a group under multiplication modulo
40. We can show that it is a group by constructing its Cayley table, and we
can see that its identity element is 25. In this paper, we find further examples

of multiplicative groups modulo 7.

Many authors, for example, McLean [4], Denniss [2] and Brakes [1] have
studied multiplicative groups in modular arithmetic. Denniss constructed
groups in modular arithmetic under multiplication modulo m each of which
has an identity element which is not necessarily 1, for some value of m. The

Denniss’ Theorem is as follows.

Theorem (Denniss). Let n and g be positive integers, n > 1, and k =

2

n' mod(1+ n + n® + -+ n?71) for some integer i > 0. Then the set {k, kn,

kn?, ..., kn?™YY forms a group under multiplication mod(k + kn + kn* + ---

+ knd™h),

In this theorem, let m =k + kn + kn? + -+ kn?7!. In this paper, we

find other possible values of m such that {k, kn, knz, . knq_l} is also a

group under multiplication modulo m. This slightly extends Denniss’

Theorem. We also find a set H o G such that H is a group under

multiplication modulo m. Further, we find other multiplicative groups in
modular arithmetic. Thus, we can find further examples of groups in modular

arithmetic.
2. Constructions

To derive our results, we use McLean’s criterion [4], which says that
if G=1{e a,b,..}(modn) is a multiplicative group, then H = {ke, ka,
kb, ...} (mod kn) is a multiplicative group if and only if ke € G.

Our first result is as follows.
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Theorem 2.1. Let n, d and g be positive integers, n > 1, q > 1, where d

91

7 If k= n' mod s for some integer i > 0, then

divides n—1, and s = "

the set {k, kn, knz, ey knq_l} forms a group under multiplication mod ks.

1ts identity element is e, where ¢ = 1 mod s.

Proof. Since n? —1=(n—-1)(1+n+n*>+--+n?") and d divides
n-—1,

S—nq_l—n_1(1+n+n
- d d

2

4o 4 nq_l)

is an integer, and

n? =1mods,
and so the set

{1, n, n’, ., nq_l}
forms a group under multiplication mod s. The identity element is 1, and for
anyt, 0 <t <gq-—1, (nt)_1 = n97". By using McLean’s criterion, the set
G = {k, kn, kn®, ..., kn?™!}

forms a group under multiplication mod ks when k = n' mods for some
integer i > 0.

We show that there exists an identity element e € G, where e = n? =
1mods. Let kn' € G. Since k = n’ mods, G = {ni, it ni+q_1}(m0d s),
and there exists n"Y = emods, e e G, for some nonnegative integer u.

Since n? =1mods, n*Y =1mods, n"Y —1=Is, for some positive integer

I. Hence we have

n“n' — kn' = (0" —1)kn" = Iskn’,
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n"n' = kn' mod ks,

and so the identity element is e, where e = n*Y = n? = 1mods. O

Note that, in Theorem 2.1, when d =n—1, then s =1+n TRPLI

+ n?7! and we have Denniss’ Theorem.

For example, in Theorem 2.1, let » =3 and ¢ = 4. Then we can have
d =1 or2,and s =80 or 40, respectively. When we take d = 2, s = 40,
and k£ =1 =1mod40 (or by Dennis’ Theorem), then the set {1, 3, 9, 27} isa
group under multiplication mod 40 with the identity element 1. When we
take d =1, s =80, and k =1=1mod80, then the set {1, 3,9, 27} is a
group under multiplication mod 80 with the identity element 1. When we
take d =1, s = 80, and k£ = 30003 = 3 mod 80, then the set {30003, 90009,

270027, 810081} is a group under multiplication mod 2400240 with the
identity element 810081, since 810081 = 1 mod 80.

From Theorem 2.1, if we take ¢ = j +1 and &k = n', then we have the

following corollary.

Corollary 2.2. Let n and d be positive integers where d divides n — 1.

Then, for any nonnegative integers i and j, the set {ni, ni+1, ey ni+j} is a
PR N
group under multiplication modTnl . Its identity element is e, where

PYARIES

— /7t =
e=n = Il mod p

Now we give a set H D> {k, kn, kn?, ..., knq_l} such that H is also a
group under multiplication modulo m = k + kn + kn? + -+ kn? 7L
Theorem 2.3. Let n, d and q be positive integers, n > 1, g > 1, where d

q _ . .
divides n —1, and S:nTI. If k=n'"mods or k=s-n"mods for

some integer i >0, then the set {h|h=kn'! or h=k(s—n’), j=0,1,
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vy @ — 1} forms a group under multiplication mod ks. Its identity element is
e, where e = 1 mod s.

Proof. First, we show that
G={glg=n' orh=s—-n’, j=0,1,.., q-1

forms a group under multiplication mod s. As in the proof of Theorem 2.1,

since 1 =1=(n—=1)(1+n+n>+-+n?") and d divides n — 1,

S—nq_l—n_l(1+n+n
- d  d

2

+oe 4 n?7h

is an integer, and

n? =1mods.

Let g1, g» € G. We apply multiplication mods. If g, g5 € {1, n,
n%, ., nq_l}, then gyg, € {l, n, n?, ., nq_l} cG If g,ge{s—1,
S—n, S —n>, .5 — nq_l}, then gy =s—n' and g, =s—n" for some
integers £ and u, 0<t,u<qg—1. We have ggy = (s—n")(s —n")=
n'™ mods, and, when it is reduced to mod s, g2, € {1, n, n’, .., nq_l} cG.
Without loss of generality, let gy € {1, n, n?, .., nq_l} and g, € {s —1,
S—n, 5 —n>, .5 — nq_l}. Then g =n' and g, =s—n" for some
positive integers # and u, 0 <t,u < q—1. We have g,gy = n'(s —n") =
—n'""" =5 —n""" mods, and, when it is reduced to mods, gg, €
{s—1,s—n,s- n%, .., s - nq_l} < G. These prove that, if g, g, € G,
then g1g, € G. The identity element is 1. For any integer #, 0 <¢ < g —1,
(nt)_1 =n?" and (s - nt)_1 = s —n?7". This completes the proof that G

forms a group under multiplication mod s.
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By using McLean’s criterion, the set
(hlh=kn'! or h=k(s—n’), j=0,1,..,q-1}

forms a group under multiplication mod ks, when k = n'mods or k=5 —

n' mods for some integer i > 0. As in the proof of Theorem 2.1, the

identity element is e, where e = 1 mod s. O

Remark. The following fact can also be proved, as in the proof of
Theorem 2.3. If G is a group under multiplication mod m with the identity

element e, then the set H = {h|h = g or h = m — g forsome g € G} is also

a group under multiplication mod m with identity element e.

For example, in Theorem 2.3, let n =3 and ¢ = 3. Then we can have
d =1 or2,and s =26 or 13, respectively. If we take d =1, s = 26, and
k=1=1mod26, then the set {l,3,9,17, 23,25} is a group under

multiplication mod 26 with the identity element 1. If we take d = 2, s =13,

and k =25=13-3° mod 13, then the set {25, 75, 100, 225, 250, 300} is a

group under multiplication mod 325 with the identity element 300, since
300 = 1 mod13.

From Theorem 2.3, if we take ¢ = j+1 and £ = n', then we have the

following corollary.

Corollary 2.4. Let n and d be positive integers, n > 1, and d divides
J+l_

n — 1. Then, for any nonnegative integers i and j, and s = — the set

{h|h = n'*or b= n'(s - nl), [=0,1,..., j} is a group under multiplication
mod n's. Its identity element is e, where e = n/*! = 1mods.

Now we give other multiplicative groups in modular arithmetic. Let n, d

and g be positive integers, n > 1, ¢ > 1, where d divides n +1. When ¢ is
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odd, we have

nd4l=n+1)n? T —ni72 40973~ g 1),
Let
q
s=" d+1 = nT—i_l(nq_1 —nd72 4073 ),

Then s is an integer, and

q
nq+lzdnd+1=ds,

—n? =1mods.

Similarly, when ¢ is even, and

nl =1 _n+l, 41 42 g-3
$=" —T(n —n?T 4?7 - 1),

we have

n? = 1mods.

By the same argument as in the proof of Theorem 2.1, we have
(h|h=(-n),i=0,1,.,q-1}

is a group under multiplication modulo s. By using McLean’s criterion, we

find the following theorem.

Theorem 2.5. Let n, d and q be positive integers, n > 1, g > 1, where d

. nd —(-1)? . o
divides n+1, and s = —Q If k is a positive integer and k =

(-=n) mods, for some integer i >0, then the set {h|h = k(-n)’, j =0,
1, ..., g — 1} forms a group under multiplication mod ks. Its identity element

is e, where e = 1mod s.

For example, in Theorem 2.5, let » =2 and ¢ = 3. Then we can have

d=1or3, and s =9 or 3, respectively. When we take d =1, s =9, and
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k=4= (—2)2 mod9, then we find the set {l, -2, 4} = {1, 7, 4fmod?9.
Hence, the set {4, 16, 28} is a group under multiplication mod 36 with the
identity element 28, since 28 = 1 mod9.

By using Theorem 2.5 and the fact in the remark, we have the following
theorem.

Theorem 2.6. Let n, d and q be positive integers, n > 1, g > 1, where d

. nd —(-1) _ o
divides n+1, and s = — If k is a positive integer and k =

(~n)' mods or k =s—(-n) mods for some integer i >0, then the set
{hlh=k(=n) or h=k(s—(-n)’), j=0,1,..,q—1} forms a group under
multiplication mod ks. Its identity element is e, where e = 1 mod s.

For example, in Theorem 2.6, let n =3 and ¢ = 3. Then we can have
d=1, 2 or 4, and s =28, 14 or 7, respectively. When we take d =1,
s =28, and k=1=1mod28, then we find the set {1, -3, 9, 27, 31,19} =
{1, 25,9, 27, 3,19} mod 28, and so the set {1, 3,9, 19, 25, 27} is a group

under multiplication mod 28 with the identity 1.
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