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Abstract 

The images and preimages of fuzzy difunctional relations are studied 
under the balanced mappings. 

1. Introduction 

Ounalli and Jaoua [1] extended difunctional relations in the framework       
of fuzzy relations with max-min composition for the purpose of gaining a 
better understanding of their properties and their structure. Seo et al. [3] 
characterized fuzzy difunctional relations on a set and proved there exists         
a relationship between fuzzy equivalence relations and fuzzy difunctional 
relations. Sung [4] characterized balanced mappings and gave sufficient 
condition for the image of an F-preorder to be an F-preorder under a 
balanced mapping. As a continuation of these studies, in this paper, we apply 
the idea of difunctional relation in the setting of balanced mappings and 
study images and preimages of fuzzy difunctional relations under balanced 
mappings. 



Yeoul Ouk Sung 632 

2. Preliminaries 

For details, we refer to [4-6]. 

Definition 2.1. Let G be a group. A fuzzy subset f of G is call a fuzzy 
subgroup of G if 

  (i) ( ) ( ) ( )yfxfyxf ∧≥,  for all x, y of G, 

 (ii) ( ) ( )xfxf =−1  for all x of G, 

(iii) ( ) ( ).ofidentity1 Geef ==  

Definition 2.2. Let R be a fuzzy relation on X. The reflexive(symmetric, 

transitive) closure ∗R  of R is defined by: 

  (i) ,∗⊆ RR  

 (ii) ∗R  is a fuzzy reflexive(symmetric, transitive) relation, 

(iii) for all fuzzy reflexive(symmetric, transitive) relations S that contain 

., SRR ⊆∗  

Definition 2.3. Let R and S be two fuzzy relations. 

We say that 

  (i) R is more deterministic than S if and only if ,11 SSRR oo −− ⊆  

(ii) R is deterministic if and only if it is more deterministic than the 

identity I, i.e., .1 IRR ⊆− o  

Theorem 2.4 [1, Proposition 7]. If a fuzzy relation R is symmetric and 
transitive, then R is fuzzy difunctional. 

3. Some Properties 

In this section, we deal with some properties of fuzzy difunctional 
relations in the framework of fuzzy relation. 
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Theorem 3.1. Let a t-norm F be idempotent. If a fuzzy relation R is 

deterministic on X, then 1−RR o  is F-transitive. 

Proof. We note that F-transitivity is equivalent to transitivity. It suffices 

to show that 1−RR o  is fuzzy transitive. Indeed, 

( ) ( ) ( ) 1111 −−−− = RRRRRRRR oooooo  

,1−= RIR oo  as R is fuzzy deterministic 

,1−= RR o  

which shows that 1−RR o  is fuzzy transitive. 

Theorem 3.2. Under the above conditions of Theorem 3.1, then 1−RR o  
is fuzzy difunctional. 

Proof. We prove that 1−RR o  is fuzzy transitive, this follows from 
argument proved earlier in the proof of Theorem 3.1, so we need only to 

show that 1−RR o  is fuzzy symmetric. 

Since ( ) ,111 −−− = RRRR oo  1−RR o  is fuzzy symmetric, this completes 

the proof. 

Theorem 3.3. Let R fuzzy be a fuzzy symmetric and fuzzy idempotent 

relation on X. Then the reflexive closure ∗R  of R is fuzzy difunctional. 

Proof. By [6, Theorem 3.1], we note that .IRR U=∗  Then we have 

( ) ( ) IRIRR UU 11 −−∗∗ ==  

,IR U=  as R is fuzzy symmetric 

.∗= R  

This means ∗R  is fuzzy symmetric, also from argument proved earlier in the 

proof of Theorem 3.1, we see that ∗R  is fuzzy transitive, hence ∗R  is fuzzy 
difunctional. 
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Theorem 3.4. Let R be a fuzzy reflexive and symmetric relation on X. 

Then the transitive closure ∗R  of R is fuzzy difunctional. 

Proof. By [6, Theorem 3.3], we note that ∗R  is fuzzy idempotent. 

Now, we prove that ∗R  is fuzzy symmetric. 

For 1≥n  and ,, Xyx ∈  we have 

( ) ( ( ) ( ) ( ))yzRzzRzxRyxR n
zz

n

n
,,,, 1211

...,, 11
−∧∧∧=

−
L∨  

( ( ) ( ) ( ))xzRzzRzyR nnn
zz n

,,, 1211
...,, 11

∧∧∧= −−−
−

L∨  

( )xyRn ,=  for all ,, Xyx ∈  

which yields nR  is fuzzy symmetric for .1≥n  

Therefore, ∗R  is fuzzy symmetric. But, since ∗R  is fuzzy symmetric and 

fuzzy idempotent, ( ) ( ) ,1 ∗∗∗∗∗∗∗−∗∗ === RRRRRRRRR ooooo  which 

shows that ∗R  is fuzzy difunctional. 

Theorem 3.5. Let f be a fuzzy subgroup of a group G. Then the fuzzy 

relation R on G defined by ( ) ( )1, −= abfbaR f  for all ( )ba,  of ,GG ×  is 

fuzzy difunctional. 

Proof. We prove that fR  is fuzzy symmetric and transitive. Let ., Gba ∈  

Then 

( ) ( )1, −= abfbaR f  

(( ) ),11 −−= abf  as f is a fuzzy subgroup on G 

( )1−= baf  

( ),, abR f=  

which yields fR  is fuzzy symmetric. 
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For ,, Gba ∈  we have 

( ) ( ( ) ( ))btRtaRbaRR ft
t

ff ,,, ∧=∨o  

( ( ) ( ))11 −− ∧= tbfatf
t
∨  

( ),1−≤ abf  as f is a fuzzy subgroup on G 

( ),, baR f=  

which yields fR  is fuzzy transitive. Therefore, fR  is fuzzy difunctional. 

Theorem 3.6. Let R be a fuzzy reflexive relation on X. If R is fuzzy 
difunctional, then for a given [ ],1,0∈k  a fuzzy relation p given by ( )yxp ,  

( ) kyxR ∨= ,  for all ,, Xyx ∈  is fuzzy difunctional. 

Proof. For ,, Xyx ∈  we have 

( ) ( ) ( )( )ytptxpyxP
t

,,, ∧=∨  

( ) ( )( ) kytRtxR
t

∨∧= ,,∨  

( ) kyxRR ∨= ,o  

( ) ,, kxxR ∨≤  as R is fuzzy difunctional 

( )yxP ,=  for all ,, Xyx ∈  

which shows that p is fuzzy transitive. Therefore, P is fuzzy difunctional. 

Theorem 3.7 [5, Theorem 3.14]. Let R be a fuzzy relation on X. Then the 
following conditions are equivalent: 

  (i) R is fuzzy difunctional, 

(ii) ,11 ∅=−
α

−
α RR yx I  Xyx ∈,  and 0>α  implies .11 −

α
−
α = RR yx  



Yeoul Ouk Sung 636 

Theorem 3.8. Let YXf →:  be a function. If Q is fuzzy difunctional 

on Y, then function ( ) ( ) ( )( )yfxfQyxR ,, =  for all ,, Xyx ∈  is fuzzy 

difunctional on X. 

Proof. Let 0>α  be fixed and ,1 ∅≠α
−
α RR yx I  ., Xyx ∈  Then      

we prove that .11 −
α

−
α = RR yx  Now, let .1−

α∈ Rz x  Then ( ) ,, α≥xzR  by 

,1 ∅≠α
−
α RR yx I  this means that ( ) α≥xwR ,  and ( ) ., α≥ywR  On the 

other hand, we have 

( ) ( )( ) ( ) ( )( ),,, 1 yfzfQQQyfzfQ oo −≥  as Q is fuzzy difunctional 

( ( )( )) ( ) ( )( )yftQQtzfQ
t

,, 1 o−∧=∨  

( ) ( )( ) ( ( )( ) ( )( )( ))yfsQxfsQxfzfQ
s

,,, ∧∧≥ ∨  

( ) ( )( ) ( )( ) ( ) ( )( )( )( )yfwfQxfwfQxfzfQ ,,, ∧∧≥  

for ( )wfs =  

,α≥  

which yields ( ) ,, α≥yzR  thus we get .α∈ Rz y  Hence, .11 −
α

−
α ⊆ RR yx  

We can prove in the same method that .11 −
α

−
α ⊆ RR xy  Therefore, 

.11 −
α

−
α = RR yx  

Let F be a t-norm and R be an F-preorder. We denote ( ) yxyxF ∗=,  for 

., Ryx ∈  Now, we define yx ∗  if and only if ( ) 1, =yxR  and ( ) .1, =xyR  

clearly, ~ is an equivalence relation on X. Let ( ) ( ) ( )yxRvuR ,,~ =  for 

,~
Xux ∈∈  .~

Xvy ∈∈  

Then we get the following result. 



Fuzzy Difunctional Relations under Balanced Mappings 637 

Theorem 3.9. Let F be a t-norm and R be an F-preorder. If R is fuzzy 

difunctional on X, then ~
R  is fuzzy difunctional on .~

X  

Proof. Let 0>α  be fixed and ( ) ( ) ∅≠−
α

−
α

1
~

1
~

RR vu I  for 

., ~
Xvu ∈  Then we prove that ( ) ( ) .1

~
1

~
−
α

−
α = RR vu  Let ( ),~

Xuw ∈  

since ,,, ~
Xwvu ∈  there exist Xzyx ∈,,  such that ,ux ∈  ,vy ∈  

,wz ∈  since ( ),~
Ruw ∈  this means that ( ) ( ) α≥uwR ,~  and so 

( ) ., α≥xzR  By ( ) ( ) ,1
~

1
~ ∅≠−

α
−
α

RR vu I  there exists ~
Xw ∈′  such 

that ( ) ( ) ,1
~

1
~

−
α

−
α∈′ RR vuw I  this means that ( ) ( ) α≥′ uwR ,~  and 

( ) ( ) ,,~ α≥′ vwR  this leads to ( ) α≥′ xzR ,  and ( ) ., α≥′ yzR  On the 

other hand, we have 

( ) ( ),,, 1 yzRRRyzR oo −≥  as R is fuzzy difunctional 

( ( ) ( ) ( ))ytRRtzR
t

,, 1 o−∧=∨  

( ) ( )yxRRxxR ,, 1 o−∧≥  for xt =  

( ) ( ( ) ( )( ))ysRxsRxzR
s

,,, ∧∧≥ ∨  for zs ′∈  

( ) ( ) ( )yzRxzRxzR ,,, ′∧′∧≥  for zs ′=  

,α≥  

which yields ( ) ( ) ,,~ α≥vwR  hence we have ( ) ( ) ,1
~

1
~

−
α

−
α ⊆ RR vu          

we are done ( ) ( ) 1
~

1
~

−
α

−
α ⊆ RR uv  similarly. Therefore, ~

R  is fuzzy 

difunctional on .~
X  

Theorem 3.10. Let f be a balanced mapping from XX ×  into YY ×  
and R be a fuzzy relation on Y. If R is fuzzy symmetric and transitive, then 

( )Rf 1−  is fuzzy difunctional on X. 
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Proof. Let ( ) ( ).,, vuyxf =  Then we have ( ) ( ) ( )( )yxfRyxRf ,,1 =−  

( ) ( ) ( )( ) ( ) ( ).,,,, 1 xyRfxyfRuvRvuR −====  This means that ( )Rf 1−  

is fuzzy symmetric. Next, let ( ) ( )vuyxf ,, =  for ,Xz ∈  since f is a 

balanced mapping, there exists Ytz ∈  such that ( ) ( )ztuzxf ,, =  and 

( ) ( ).,, vtyzf z=  Then we have 

( ( ) ( ))( ) ( )( ) ( )( )( )yzfRzxfRyxRfRf
z

,,,11 ∧=−− ∨o  

( ) ( )( ),,, ytRtuR zz
z

∧=∨  as R is a balanced mapping 

( )vuRR ,o≤  

( ),, vuR≤  as R is fuzzy transitive 

( ) ( )yxRf ,1−=  for all ,, Xyx ∈  

which yields ( )Rf 1−  is fuzzy transitive. Hence, ( )Rf 1−  is fuzzy difunctional. 

Theorem 3.11. Let f be a balanced mapping from XX ×  onto YY ×  
and R be a fuzzy relation on X. If R is fuzzy symmetric and transitive, then 
( )Rf  is fuzzy difunctional on Y. 

Proof. Let ( ) YYvu ×∈,  be given, we note that f is injective, hence f      

is bijective. Then there exists unique ( ) XXyx ×∈,  such that ( ) =yxf ,  

( )., vu  Then we get 

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ),,,,,,
,,

uvRfxyRyxRstRvuRf
vustf

====
=
∨  

this means that ( )Rf  is fuzzy symmetric. 

Next, let ( ) YYvu ×∈,  and ( ) ( ).,, vuyxf =  Then we have 

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )vwRfwuRfvuRfRf
w

,,, ∧=∨o  

( )

( ) ( )

( )

( ) ( )⎟
⎟
⎠

⎞
⎜⎜
⎝

⎛

=
∧

=
=

vuytf

ytR

wutxf

txR

w

w

w

w

w ,,

,

,,

,∨  
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( ) ( )ytRtxR ww ,, ∧=  

( )yxRR ,o≤  

( )yxR ,≤  

( ) ( )vuRf ,=  for all ,, Yvu ∈  

which yields ( )Rf  is fuzzy transitive, therefore ( )Rf  is fuzzy difunctional. 
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