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Abstract 

Let K be a closed convex nonempty subset of a Hilbert space H and let 
the set of the common fixed points of a finite family of Lipschitzian 
hemicontractive maps on K be nonempty. Sufficient conditions for the 
strong convergence of the sequence of successive approximations 
generated by an M-step Picard-like process to a common fixed point of 
the family are proved. 
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1. Introduction 

Let H be a Hilbert space and let K be a nonempty subset of H. K is said 
to be (sequentially) compact if every closed bounded sequence in K has a 
subsequence that converges in K. K is said to be boundedly compact if every 
bounded subset of K is compact. In finite dimensional spaces, closed subsets 
are boundedly compact. Given a subset S of K, we shall denote by ( )Sco  and 

( )Sccl  the convex hull and the closed convex hull of S, respectively. If K is 

boundedly compact convex and S is bounded, then ( )Sco  and hence ( )Sccl  

are compact convex subsets of K. 

A map EKT →:  is said to be semi-compact if for any bounded 
sequence { } Kxn ⊂  such that 0→− nn Txx  as ,∞→n  there exists a 

subsequence { } { }nn xx j ⊂  such that jnx  converges strongly to some 

Kx ∈∗  as .∞→j  The map T is said to be demi-compact at Ez ∈  if for 

any bounded sequence { } Kxn ⊂  such that zTxx nn →−  as ,∞→n  

there exist a subsequence { } { }nn xx j ⊂  and a point Kp ∈  such that jnx  

converges strongly to p as .∞→j  (Observe that if T is additionally 

continuous, then .)zTpp =−  A nonlinear map EKT →:  is said to be 

completely continuous if it maps bounded sets into relatively compact sets.    
T is said to be Lipschitzian if 0≥∃L  such that 

 .,, KyxyxLTyTx ∈∀−≤−  (1) 

If ,1=L  then T is called nonexpansive and if ,1<L  then the mapping  
T is called a contraction. The mapping T with domain ( )TD  and the range 

( )TR  in H is called pseudocontractive if ( ),, TDyx ∈∀  

 ( ) ( ) .222 yTIxTIyxTyTx −−−+−≤−  (2) 

If (2) holds for all ( )TDx ∈  and ( )TFy ∈  (fixed point set of T), then T is 

said to be hemicontractive. 



Strong Convergence of an M-step Picard-like Process … 119 

The class of pseudocontractive maps has been extensively studied (see, 
e.g., [1-6] and the references therein). It is clear that the important class of 
nonexpansive mappings is a subclass of the class of pseudocontractive maps. 

In [4], Ishikawa introduced a new iteration method and proved that it 
converges strongly to a fixed point of a Lipschitz pseudocontractive map 
defined on a compact convex subset of a Hilbert space. In fact, he proved the 
following result. 

Theorem 1 (Ishikawa [4]). Let K be a compact convex nonempty subset 
of a Hilbert space and let KKT →:  be a Lipschitz pseudocontractive map. 
Let { } { }nn βα ,  be real sequences satisfying the following conditions: 

1. .10 <β≤α< nn  

2. .0lim =β
∞→

n
n

 

3. .∞=βαΣ nn  

Then starting with an arbitrary ,0 Kx ∈  the sequence { }nx  of successive 

approximations defined by 

 ( )[ ] ( ) ,0;111 ≥α−+β−+βα=+ nxxTxTx nnnnnnnn  (3) 

converges strongly to a fixed point of T. 

This result has been generalized in several ways by many authors, see, 
e.g., Qihou [5] who proved a convergence theorem in the case where T is a 
Lipschitz hemicontraction. Chidume and Moore [1] who proved the case 
where T is a continuous hemicontraction and for iteration process with errors, 
Ghosh and Debnath [3] who proved the convergence of a Picard-like process 
to a fixed point of a quasi-nonexpansive map. Recently, Moore and Nnubia 
[6] proved a convergence theorem for a Picard-like process to a point in the 
common fixed point set of a finite family of Lipschitzian hemicontractions. 

Our purpose in this paper is to construct an M-step Picard-like iteration 
process which converges strongly to a common fixed point of a finite family 
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of Lipschitz hemicontractive self maps of a closed convex nonempty subset 
of a Hilbert space. 

We need the following lemma in this work: 

Lemma 1.1 [4]. For any zyx ,,  in a Hilbert space H and a real number 

[ ],1,0∈λ  

  ( ) ( ) ( ) .111 2222 yxzyzxzyx −λ−λ−−λ−+−λ=−λ−+λ  (4) 

Lemma 1.2. Let K be a closed convex nonempty subset of a Banach 
space E and let ,: KKTi →  where { }mIi ...,,2,1=∈  be a finite family 

of continuous nonlinear maps in K such that ( )∩m
i iTFF 1= ∅≠=  and let 

{ } 1≥nnx  be a sequence in K satisfying 

1. ,,0lim IixTx nin
n

∈∀=−
∞→

 

2. N∈∃ ∗n  such that ( ) ,,11 ∗
∗∗

+ ≥∀ν+−τ+≤− nnxxxx nnnn  

where ∑
≥

∞<ν
0n

n  and ∑
≥

∞<τ
0

.
n

n  Then 

1. ∗

∞→
− xxn

n
lim  exists and { }nx  is bounded. 

2. { }nx  converges strongly to a common fixed point of sTi’  if and only if 

( ) .0,inflim =∞→ Fxd nn  

3. { }nx  converges strongly to a common fixed point of sTi’  if one of the 

sTi’  satisfies any of the following conditions: 

(a) condition B, 

(b) semi-compact, 

(c) demi-compact at ,0 K∈  

(d) completely continuous. 

4. { }nx  converges strongly to a point of F if any of the following 

conditions holds: 
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(a) K is compact. 

(b) K is boundedly compact. 

2. Main Result 

2.1. Strong convergence theorem for finite family of Lipschitzian 
hemicontractive maps 

We define the following auxiliary maps: ( )1,0, ∈βα  constants: 

 ( ) { },...,,2,1;1 NiTIS ii ∈β+β−=β  (5) 

( ) .1 βαβ α+α−= iii STIT  (6) 

Theorem 2.1. Let H be a real Hilbert space and K be a nonempty closed 

convex subset of H and let { }N
iiT 1=  be a finite family of Lipschitzian         

(with constant )0>iL  hemicontractive maps from K into itself such that 

( )∩N
i iTFF 1==  is not empty. Starting with an arbitrary ,0 Kx ∈  define the 

iterative sequence { }nx  by 

,0, nn xy =  

,1,, −αβ= iniin yTy  

,1, += nmn xy  (7) 

for ( ) ,111
2

2

L
Lc −−+=β  where ;21 22 cL =β−β−  { == iLMaxL i :  

} ∞<N...,,1  and for any ( ).,0 β∈α  Then 

1. ∗

∞→
− xxn

n
lim  exists for .Fx ∈∗  

2. { },...,,2,1 Ni ∈∀  .0lim =−
∞→

nin
n

xTx  
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Proof. Let ( )∩N
i iTFx 1=

∗ ∈  and ,,1,, iySz iniin ∀= −β  

( ) 2
1,1,

2
1,

2
, 1 ∗

−−
∗

−β
∗ −β+β−=−=− xyTyxySxz iniininiin  

( ) 2
1,

2
1,1 ∗

−
∗

− −β+−β−= xyTxy iniin  

( ) 2
1,1,1 −− −β−β− inini yyT  

( ) ( 2
1,

2
1,1 ∗

−
∗

− −β+−β−≤ xyxy inin  

) ( ) 2
1,1,

2
1,1, 1 −−−− −β−β−−+ ininiiniin yyTYTy  

,2
1,1,

22
1, −−

∗
− −β+−= iniinin yTyxy  

( ) 2
,1,

2
1,

2
, 1 ∗

−
∗

−αβ
∗ −α+α−=−=− xzTyxyTxy iniininiin  

( ) 2
,

2
1,1 ∗∗
− −α+−α−= xzTxy iniin  

( ) 2
1,,1 −−α−α− inini yzT  

( ) ( )2
,,

2
,

2
1,1 iniininin zTzxzxy −+−α+−α−≤ ∗∗
−  

( ) 2
1,,1 −−α−α− inini yzT  

( ) 2
1,

2
1,1 ∗

−
∗

− −α+−α−≤ xyxy inin  

2
1,1,

2
−− −αβ+ iniin yTy  

( ) ,1 2
1,,

2
,, −−α−α−−α+ ininiiniin yzTzTz  

( ) 2
,1,

2
,1,

2
,, 1 iniiniiniininiin zTyTzTyzTz −β+−β−=− −−  

( ) .1 2
1,1, −− −β−β− inini yyT  

( ) 2
1, ,1 iznTy iin −β−≤ −  

( ) .1 2
1,1,

22
−− −β−β−β− iniin yTyL  
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So, 

( ) 2
1,1,

222
1,

2
, 21 −−

∗
−

∗ −β−β−αβ−−≤− iniininin yTyLxyxy  

( ) .2
,1, iniin zTy −α−βα− −  

Thus, 

( ) 2
1

2222
1, 21 nnnn xTxLxxxy −β−β−αβ−−≤− ∗∗  

( ) ,2
1,1 nn zTx −α−βα−  

2
2,

∗− xyn  

( ) 2
1,21,

222
1, 21 nnn yTyLxy −β−β−αβ−−≤ ∗  

( ) 2
2,21, nn zTy −α−βα−  

( ) ( )2
1,21,

2
1

222 21 nnnnn yTyxTxLxx −+−β−β−αβ−−≤ ∗  

( ) ( ).2
2,21,

2
1,1 nnnn zTyzTx −+−α−βα−  

Hence, ,Ii ∈∀  we have 

( )∑
=

−−
∗∗ −β−β−αβ−−≤−

i

j
jnjjnnin yTyLxxxy

1

2
1,1,

2222
, 21  

( )∑
=

− −α−βα−
i

j
jnjjn zTy

1

2
,1, .  

Therefore, 

2
1

∗
+ − xxn  

( )∑
=

−−
∗ −β−β−αβ−−≤

m

j
jnjjnn yTyLxx

1

2
1,1,

222 21  

( )∑
=

− −α−βα−
m

j
jnjjn zTy

1

2
,1, .  
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So, ∗

∞→
− xxn

n
lim  exists and 

.,lim0lim ,1,1,1, IjzTyyTy jnjjn
n

jnjjn
n

∈∀−==− −
∞→

−−
∞→

 

Now, 

1,1,1, −−− −+−≤− jnjjnjnnnjn yTyyxxTx  

njjnj xTyT −+ −1,  

( ) ,1 1,1,1, −−− −+−+≤ jnjjnjnn yTyyxL  

( ) ( ) ( )njnjjnnjnn xzTyxyx −α+−α−=− − ,1,, 1  

( ) jnjnnjn zTxxy ,1,1 −α+−α−≤ −  

jnjjnnjn zTyxy ,1,1, −α+−≤ −−  

njn xy −≤ −2,  

( )jnjjnjnjjn zTyzTy ,1,1,12, −+−α+ −−−−  

#  

( )∑
=

− −α+−≤
j

i
iniinnn zTyxy

1
,1,0,  

( )∑
=

− −α=
j

i
iniin zTy

1
,1, .  

Hence, ,0lim =−
∞→

nin
n

xTx  ,Ii ∈∀  thus, completing the proof. 

Theorem 2.2. Let K, H, ,’sTi  F, { }nx  be as in Theorem 2.1. Then { }nx  

converges strongly to a point of F if and only if ( ) .0,inflim =∞→ Fxd nn  

Proof. The proof follows easily from Theorem 2.1 and Lemma 1.2       
part 2. 
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Theorem 2.3. Let K, H, ,’sTi  F, { }nx  be as in Theorem 2.1. Then { }nx  

converges strongly to a common fixed point of sTi’  if one of the sTi’  

satisfies any of the following conditions: 

1. condition B, 

2. semi-compact, 

3. demi-compact at ,0 K∈  

4. completely continuous. 

Proof. The proof follows easily from Theorem 2.1 and Lemma 1.2         
part 3. 

Theorem 2.4. Let K, H, ,’sTi  F, { }nx  be as in Theorem 2.1. Then { }nx  

converges strongly to a common fixed point of ,’sTi  { }nx  converges strongly 

to a point of F if any of the following conditions hold: 

1. K is compact. 

2. K is boundedly compact. 

Proof. The proof follows easily from Theorem 2.1 and Lemma 1.2       
part 4. 

2.2. Strong convergence theorem for finite family of quasi-accretive 
operators 

T is hemicontractive if and only if TIA −=  is quasi-accretive, so, we 
define the following auxiliary maps: 

 { },...,,1; miAIG ii ∈β−=β  (8) 

.βαβ α−αβ−= iiii GAAIA  (9) 

Theorem 2.5. Let H be a real Hilbert space and let ;: HHAi →  

{ }mi ...,,2,1∈  be a finite family of iL -Lipschitzian quasi-accretive maps 

such that the simultaneous nonlinear equations ;0=xAi  { }mi ...,,2,1∈  

have a solution .Hx ∈∗  Starting with an arbitrary ,0 Kx ∈  define the 
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iterative sequence { }nx  by 

,0, nn xy =  

,1,, −αβ= iniin yAy  

,1, += nmn xy  (10) 

for ( ) ;111
2

2

L
Lc −−+=β  { } ∞<== miLMaxL i ...,,1:  for some ( ),1,0∈c  

( );,0 β∈α  then 

1. ∗

∞→
− xxn

n
lim  exists ( )∩

m

i
iAZZx

1
,

=

∗ =∈∀  where ( ) =:AZ  

{ }0=|∈ AwHw  (the zero set of A), 

2. { }....,,2,1;0lim NixA ni
n

∈∀=
∞→

 

Proof. Let .ii AIT −=  Then iT  is a Lipschitzian hemicontraction. 

Further, 

( ) ( ) ,1 ββ =β−=−β−=β+β−= iiiii GAITIITIS  

( ) ( ) βββαβ α−−α−=α+α−= iiiiii GAGIISTIT 1  

.αββ =α−αβ−= iiii AGAAI  

Thus, Theorem 2.1 applies and we have the stated results. 

As a result of Lemma 1.2, we have the following strong convergence 
results. 

Theorem 2.6. Let K, H, ,’sAi  Z, { }nx  be as in Theorem 2.5. Then { }nx  

converges strongly to a point of Z if and only if ( ) .0,inflim =∞→ Zxd nn  
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Theorem 2.7. Let K, H, ,’sAi  Z, { }nx  be as in Theorem 2.5. Then { }nx  

converges strongly to a common fixed point of sAi’  if one of the sAi’  

satisfies any of the following conditions: 

1. condition B, 

2. semi-compact, 

3. demi-compact at ,0 K∈  

4. completely continuous. 

Theorem 2.8. Let K, H, ,’sAi  Z, { }nx  be as in Theorem 2.5. Then { }nx  

converges strongly to a common fixed point of ,’sAi  { }nx  converges strongly 

to a point of Z if any of the following conditions holds: 

1. K is compact. 

2. K is boundedly compact. 

Our iterative process generalizes some of the existing ones, our result         
is subsequent to the result by the same authors in [6] and compliments that       
our theorems improve, generalize and extend several known results and our 
method of proof is of independent interest. 
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