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Abstract 

Let q be a prime number and m be a non-negative integer. In           
this paper, we show that all non-negative integer solutions of the 

Diophantine equation myx zq 274 =+  are the following: 
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1. Introduction 

Solving Diophantine equations of the form ,2 2zp yx =+  where p is 

prime, has been widely studied by many mathematicians. For example,     
Acu [1] proved in 2007 that ( ) ( ) ( )3,1,2,3,0,3,, =zyx  are the only two 

non-negative solutions for the case 5=p  whereas it was shown in 2011     

by Suvarnamani et al. [10] that there is no non-negative solution ( )zyx ,,  

when x is even, for the case .11,7=p  
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In 2012, the author [2] studied the Diophantine equations ,4 2zp yx =+  

where p is prime and Sroysang [5-7] studied the Diophantine equations 

,198 2zyx =+  23231 zyx =+  and .4932 2zyx =+  

In 2013, Sroysang [4, 8] studied the Diophantine equations 287 zyx =+  

and .3223 2zyx =+  

Later, in 2014, Sroysang [9] studied the Diophantine equations yx 138 +  

.2z=  

Inspired by all references, our aim is to find all possible non-negative 

solutions to the Diophantine equation ,74 2myx zq =+  where q is prime 

and m, x, y, z are non-negative integers. 

2. Main Results 

In this study, we use the statement on Catalan’s conjecture, that the only 

solution in integers ,1>a  ,1>b  ,1>x  1>y  of the equation 1=− yx ba  

is ( ) ( ).3,2,2,3,,, =yxba  (Consult [3] for more details.) 

Throughout this paper, q denotes a prime number. First, we give the 
following lemmas which will be used in the subsequent study. 

Lemma 1. The Diophantine equation 17 =− yxq  has only two non-

negative integer solutions, namely, ( ) ( )0,1,2,, =yxq  and ( ) =yxq ,,  

( ).1,3,2  

Proof. By Catalan’s conjecture, 17 =− yxq  has no solution only when 

1>x  and .1>y  It suffices to consider only the case 1≤x  or case .1≤y  

Thus, we consider the following: 

Case .0=x  We have .171 =− y  So ,07 =y  which is impossible. 
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Case .1=x  We have .71 yq +=  This implies that q is even. Since       

q is prime, .2=q  It follows that .0=y  In this case, we have ( ) =yxq ,,  

( ).0,1,2  

Case .0=y  We have .2=xq  So 2=q  and .1=x  

Case .1=y  We have .8=xq  So 2=q  and .3=x  Thus, ( ) =yxq ,,  

( ).1,3,2  

Finally, one can easily check that ( ) ( )0,1,2,, =yxq  and ( )yxq ,,  

( )1,3,2=  are solutions of the Diophantine equation .17 =− yxq  This 

finishes the proof.  

Lemma 2. The Diophantine equation 172 =− yz  has no non-negative 
integer solution. 

Proof. The Diophantine equation 172 =− yz  can be rewritten as 

( ) ( ).1117 2 −+=−= zzzy  

There exist α, β such that ,17 +=α z  ,17 −=β z  β>α  and .y=β+α  

Therefore, 

( ) ( ) ( ) .21177177 =−−+=−=− βαβ−αβ zz  

This implies that 0=β  and .217 =−α  Therefore, 37 =α  which is 

impossible. 

Thus, the Diophantine equation 172 =− yz  has no non-negative integer 

solution. This finishes the proof.  

Now we consider the Diophantine equation .74 2zq yx =+  
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Theorem 3. The Diophantine equation 

 274 zq yx =+  (1) 

has only two non-negative integer solutions, namely, ( ) =zyxq ,,,  

( )3,0,1,2  and ( ) ( ).9,2,3,2,,, =zyxq  

Proof. Note that z is an odd integer. Thus, ( ).4mod12 ≡z  It follows 

that 

( ).4mod1743 2 ≡=+≡ zq yxy  

This implies that y is even. Let ky 2=  for some .0≥k  Since z is odd, 

kz 7+  and kz 7−  are even. Thus, equation (1) can be rewritten as 

.2
7

2
7

4
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x zzzq  

Then there are non-negative integers α, β such that ,2
7kzq +=α  =βq  

,2
7kz −  β>α  and .x=β+α  Therefore, 

 ( ) .72
7

2
71 k

kk zzqqqq =−−+=−=− βαβ−αβ  (2) 

If ,0=k  then ( ) .11 =−β−αβ qq  This implies that 0=β  and .11 =−αq  

That is, 2=q  and .1=α  In this case, we have ( ) ( ).3,0,1,2,,, =zyxq  

Next, we consider the case .0>k  

If ,0>β  then .7kq |  Since q is prime, .7=q  Equation (2) can be 

rewritten as 

( ) .7177 k=−β−αβ  
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This implies that β=k  and .117 =−β−α  Therefore, 27 =β−α  which is 

impossible. Thus, .0=β  Equation (2) can be rewritten as 

.71 kq =−α  

By Lemma 1 and ,0>k  we have ( ) ( ).1,3,2,, =α kq  Thus, ( )zyxq ,,,  

( ).9,2,3,2=  

It is easy to check that ( ) ( )3,0,1,2,,, =zyxq  and ( ) =zyxq ,,,  

( )9,2,3,2  are the solutions of .74 2zq yx =+  This finishes the proof.  

Using Theorem 3, the following corollaries are easy to verify. 

Corollary 4. The Diophantine equation 474 zq yx =+  has only one 

non-negative integer solution, namely, ( ) ( ).3,2,3,2,,, =zyxq  

Corollary 5. Let .3≥m  The Diophantine equation myx zq 274 =+  

has no non-negative integer solution. 

It is clear that the Diophantine equation 174 =+ yxq  has no non-

negative integer solution. Thus, we can conclude the following theorem. 

Theorem 6. Let m be a non-negative integer. All non-negative integer 

solutions of the Diophantine equation myx zq 274 =+  are following: 

( )
( ) ( )
( )



=
=

=
.2;3,2,3,2
,1;9,2,3,23,0,1,2

,,,
mif
mifand

zyxq  

Using Theorem 6, it is easy to show: 

Example 7 (Theorem 3.1 [4]). The Diophantine equation 287 zyx =+  
has only one non-negative integer solution, namely, ( ) ( ).3,1,0,, =zyx  

Example 8 (Theorem 3.1 [7]). The Diophantine equation yx 4932 +  
2z=  has only one non-negative integer solution, namely, ( ) ( ).9,1,1,, =zyx  
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Example 9 (Theorem 2.1 [10]). The Diophantine equation 274 zyx =+  
has no non-negative integer solution. 

Proof. By Lemma 2, we know that the Diophantine equation yx 74 +  
2z=  has no non-negative integer solution when .0=x  For ,1≥x  the 

Diophantine equation 274 zyx =+  can be rewritten as ( ) .724 222 zyx =+−  

Since ,1≥x  .022 ≥−x  By Theorem 3, we have ( ) ( )3,0,1,,22 =− zyx  

or ( ) ( ).9,2,3,,22 =− zyx  Since x is an integer, 122 =−x  and 22 −x  

3=  are impossible. Thus, the Diophantine equation 274 zyx =+  has no 

non-negative integer solution.  

The following statement is a consequence of Theorem 3. 

Example 10. The Diophantine equation 

 27196 zq yx =+  (3) 

has only two non-negative integer solutions, namely, ( ) =zyxq ,,,  

( )21,2,1,2  and ( ) ( ).63,4,3,2,,, =zyxq  

Proof. We know that 3≥z  is an odd integer. Thus, 1+z  and 1−z  are 

even integers. So .12
1,2

1gcd =




 −+ zz  We consider equation (3) into 

three cases: 

Case 1. .0=y  Equation (3) can be rewritten as 

 ( ) ( ),111196 2 −+=−= zzzqx  (4) 

.2
1

2
149 





 −





 += zzqx  (5) 

Since 12
1,2

1gcd =




 +− zz  and 7 is prime, 2

149 +z  or 2
149 −z  but 

not both. 
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Case .2
149 +z  Equation (5) can be rewritten as 

.2
1

98
1






 −





 += zzqx  

Then there are non-negative integers α, β such that 2
1,98

1 −=+= βα zqzq  

and .x=β+α  Since ,3≥z  it is easy to check that .β<α  One can see that 

( ) .12
1

2
14949 −=+−−=−=− αβα−βα zzqqqq  

This implies that 0=α  and .149 −=−βq  Therefore, 48=βq  which is 

impossible. 

Case .2
149 −z  Equation (5) can be rewritten as 

.98
1

2
1






 −






 += zzqx  

Then there are non-negative integers α, β such that 98
1,2

1 −=+= βα zqzq  

and .x=β+α  It is easy to check that .β>α  One can see that 

( ) .12
1

2
14949 =−−+=−=− βαβ−αβ zzqqqq  

This implies that 0=β  and .149 =−αq  Therefore, 50=αq  which is 

impossible. In this case, the Diophantine equation (3) has no non-negative 
integer solution. 

Case 2. .1=y  Then the Diophantine equation (3) can be rewritten as 

,7128 2kqx =+  where kz 7=  for some .1≥k  This implies that .17 |  This 

is a contradiction. 
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Case 3. .1>y  Then the Diophantine equation (3) can be rewritten as 

,74 22 kq yx =+ −  where kz 7=  for some .1≥k  By Theorem 3, we have 

( ) ( )3,0,1,2,2,, =− kyxq  and ( ) ( )9,2,3,2,2,, =− kyxq  are only two 

non-negative integer solutions of the Diophantine equation 274 −+ yxq  

.2k=  Thus, ( ) ( )21,2,1,2,,, =zyxq  and ( ) ( ).63,4,3,2,,, =zyxq  

It is easy to verity that ( ) ( )21,2,1,2,,, =zyxq  and ( ) =zyxq ,,,  

( )63,4,3,2  satisfy the equation .7196 2zq yx =+  This completes the 

proof.  

Using Example 10, the following example is easy to verify. 

Example 11. Let 2≥m  be an integer. Then the Diophantine equation 
myx zq 27196 =+  has no non-negative integer solution. 

Example 12. The Diophantine equation 222 74 zqq yx =+  has no non-

negative integer solution. 

Proof. We consider the Diophantine equation 222 74 zqq yx =+  into 

two cases: 

Case 1. .0=x  Suppose q is odd. This implies that z is odd. So ≡2q  

( )4mod1  and ( ).4mod12 ≡z  Thus, 

( ).4mod1743 22 ≡=+≡ zq yy  

This implies that y is even. So let ky 2=  for some .0≥k  So 

( ) ( ).7774 222 kkk qzqzqz −+=−=  

Since ,077 >−>+ kk qzqz  we have 47 =+ kqz  and .17 =− kqz  It 

follows that .2
5=z  This contradicts the fact that z is a non-negative integer. 
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Thus, q is even. Since q is prime, .2=q  Therefore, 222 74 zqq yx =+  can 

be rewritten as ( ) 2744 zy =+  or ,71 2ty =+  where tz 2=  for some 

.1≥t  By Lemma 2, the equation 271 ty =+  has no non-negative integer 

solution. This implies that the Diophantine equation yx qq 74 22 +  2z=  has 

no non-negative integer solution. 

Case 2. .0>x  The Diophantine equation 222 74 zqq yx =+  can be 

rewritten as ,74 222 sq yx =+−  where sqz =  for some .1≥s  By Theorem 

3, we have ( ) ( )3,0,1,2,,22, =− syxq  or ( ) ( ).9,2,3,2,,22, =− syxq  

We know that 122 =−x  and 322 =−x  are impossible. Thus, the 

Diophantine equation 222 74 zqq yx =+  has no non-negative integer 

solution.  

Using Example 12, the following example is easy to verify. 

Example 13. Let m be a non-negative integer. The Diophantine equation 
myx zqq 222 74 =+  has no non-negative integer solution. 

3. Open Problems 

Note that solving the Diophantine equation ,4 2zpq yx =+  where q, p 

are prime is still an open problem. The non-negative integer solutions of 
2174 zq yx =+  are not known, either. 
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