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Abstract 

In this paper, we establish some fixed point theorems by using a 
modified Abbas and Nazir iteration process for total asymptotically 
nonexpansive mappings in uniformly convex hyperbolic spaces, a 
nonlinear domain. The results presented here extend and improve 
some well-known results in the current literature. 

1. Introduction 

Fixed point theory is a branch of nonlinear analysis which has      
attracted much attention in recent times due to its possible applications. 
Approximating fixed points of nonlinear mappings using different iteration 
processes on different domains has remained at the heart of fixed point 
theory. Nonexpansive mappings constitute one of the most important classes 
of nonlinear mappings which have remained a crucial part of such studies. 
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The Picard iteration process { }nx  is defined by 

 .1,1 ≥=+ nTxx nn  (1.1) 

In 1953, Mann defined the Mann iteration process [16] as 

 ( ) ,11 nnnnn Txxx α+α−=+  (1.2) 

where { }nα  is a sequence of positive numbers in ( ).1,0  

In 2007, Agarwal et al. defined the S-iteration process [2] as 

( ) ,11 nnnnn TyTxx α+α−=+  

( ) ,1 nnnnn Txxy β+β−=  (1.3) 

where { }nα  and { }nβ  are sequences of positive numbers in ( ).1,0  

In 2013, Abbas and Nazir defined the iteration process [1] as 

( ) ,11 nnnnn TzTyx α+α−=+  

( ) ,1 nnnnn TzTxy β+β−=  

( ) ,1 nnnnn Txxz γ+γ−=  (1.4) 

where { }nα  and { }nβ  are sequences of positive numbers in ( )1,0  and 

converge faster than all Picard, Mann and S-iterations for nonexpansive 
mappings. 

Khan [24] proved the strong and Δ -convergence theorems of the Abbas 
and Nazir iteration process on a nonlinear domain in a hyperbolic space for a 
nonexpansive mapping. 

The purpose of this paper is to study the iterative scheme defined as 
follows. Let C be a nonempty closed convex subset of a complete uniformly 
convex hyperbolic space X with monotone modulus of uniform convexity         

.η  Let CCT →:  be a uniformly L-Lipschitzian and asymptotically 

nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx  is a sequence 

generated iteratively by 
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( ),,,1 nn
n

n
n

n zTyTWx α=+  

( ),,, nn
n

n
n

n zTxTWy β=  

( ).,, nn
n

nn xTxWz γ=  (1.5) 

In this paper, we prove the strong and Δ -convergence of a three-step 
iteration process for totally asymptotically nonexpansive maps on a nonlinear 
domain in hyperbolic spaces. 

2. Preliminaries 

Let ( )dX ,  be a metric space and C be its nonempty subset. Let 

CCT →:  be a mapping. A point Cx ∈  is called a fixed point of T if 

.xTx =  We will also denote by ( )TF  the set of fixed points of T, that is, 

( ) { }.: xTxCxTF =∈=  T is said to be nonexpansive if 

 ( ) ( ) .,,,, CyxyxdTyTxd ∈∀≤  (2.1) 

A mapping CCT →:  is said to be asymptotically nonexpansive if 

there exists a sequence { } [ )∞⊂ ,0nk  with 0→nk  such that 

 ( ) ( ) ( ) .,,1,,1, CyxnyxdkyTxTd n
nn ∈≥∀+≤  (2.2) 

A mapping CCT →:  is said to be L-Lipschitzian if there exists a 
constant 0>L  such that 

 ( ) ( ) .,,1,,, CyxnyxLdyTxTd nn ∈≥∀≤  (2.3) 

A mapping CCT →:  is said to be totally asymptotically nonexpansive 

if there exist nonnegative sequences { },nμ  { }nξ  with 0,0 →ξ→μ nn  and 

a strictly increasing continuous function [ ) [ )∞→∞ζ ,0,0:  with ( ) 00 =ζ  

such that 

( ) ( ) ( )( ) .,,1,,,, CyxnyxdyxdyTxTd nn
nn ∈≥∀ξ+ζμ+≤  (2.4) 
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It follows from the above definitions that each nonexpansive mapping      
is an asymptotically nonexpansive mapping with ,1=nk  1≥∀n  and that      

each asymptotically nonexpansive mapping is a totally asymptotically 
nonexpansive mapping with ,1−=μ nn k  ,0=ξn  ,1≥∀n  ( ) ,tt =ζ  .0≥∀t  

Moreover, each asymptotically nonexpansive mapping is a uniformly              
L-Lipschitzian mapping with { }.sup 1 nn kL ≥=  However, the converse of 

these statements is not true, in general. 

Example 2.1. Let [ ],3,0=X  ( ) ,, yxyxd −=  ( ) ,tt =ζ  ,0≥∀t  

,1=μn  ,0=ξn  1≥∀n  and define T by 

( )
⎩
⎨
⎧

=
≠

=
.3if,1
,3if,0

x
x

xT  

By taking 3=x  and ,5.2=y  we have 

( ( ) ( )) ( ) ( )( ) .15.2,35.2,35.2,3 =ζ+≤ ddTTd nn  

But 

( ) ( )( ) ( ).5.2,35.015.2,3 dTTd =≤/=  

Therefore, T is a totally asymptotically nonexpansive mapping, but T is not 
nonexpansive mapping. 

A mapping T from a subset C of a metric space ( )dX ,  into itself is 

semi-compact if every bounded sequence { } Cxn ⊂  satisfying ( )nn Txxd ,  

0→  as ∞→n  has a strongly convergent subsequence. 

A mapping CCT →:  with ( ) ∅≠TF  is said to satisfy condition (I) if 

there exists a non-decreasing function [ ) [ )∞→∞ ,0,0:f  with ( ) 00 =f  

and ( ) 0>rf  for all ( )∞∈ ,0r  such that ( ) ( )( )( )TFxdfTxxd ,, ≥  for all 

Cx ∈  (see [21]). 

Hyperbolic spaces in general and uniformly convex hyperbolic spaces in 
particular originate in [19]. An important example of such spaces is the 
Hilbert ball with the hyperbolic metric, which is studied in detail in the book 
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by Goebel and Reich [25]. See also the recent paper by Kopecka and Reich 
[26]. 

A hyperbolic space [13] is a triple ( ),,, WdX  where ( )dX ,  is a metric 

space and a mapping [ ] XXW →× 1,0: 2  satisfying 

(W1) ( )( ) ( ) ( ) ( ),,1,,,, yudxudyxWud α−+α≤α  

(W2) ( ) ( )( ) ( ),,,,,,, yxdyxWyxWd β−α=βα  

(W3) ( ) ( )( ),1,,,, α−=α xyWyxW  

(W4) ( ) ( )( ) ( ) ( ) ( )wzdyxdwyWzxWd ,,1,,,,, α+α−≤αα  

for all Xzyx ∈,,  and [ ].1,0, ∈βα  

The class of hyperbolic spaces in the sense of Kohlenbach [13] contains 
all normed linear spaces and convex subsets thereof as well as Hadamard 
manifolds and CAT(0) spaces in the sense of Gromov (see [5]). 

A hyperbolic space ( )WdX ,,  is uniformly convex [22], if for all 0>r  

and [ ),2,0∈ε  there exists ( ]1,0∈δ  such that for all ,,, Xyxu ∈  we have 

 ( )ruyxWd δ−≤⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ 1,2

1,,  (2.5) 

whenever ( ) ( ) ruydruxd ≤≤ ,,,  and ( ) ., ryxd ε≥  

A map ( ) ( ] ( ]1,02,0,0: →×∞η  which provides such ( )εη=δ ,r  for 

given 0>r  and ( ]2,0∈ε  is called modulus of uniform convexity of X. We 

call η  to be monotone if it decreases with r (for a fixed ε). 

Lemma 2.2 (See [11]). Let ( )WdX ,,  be a complete uniformly convex 

hyperbolic space with monotone modulus of uniform convexity .η  Let Xx∈  

and { }nα  be a sequence in [ ]ba,  for some ( ).1,0, ∈cb  If { }nx  and { }ny  

are sequences in X such that ( ) ,,suplim rxxd n
x

≤
∞→

 ( ) rxyd n
x

≤
∞→

,suplim  and 

( )( ) rxyxWd nnn
x

=α
∞→

,,,lim  for some ,0≥r  then ( ) .0,lim =
∞→

nn
x

yxd  
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The concept of Δ -convergence in a metric space was introduced by   
Lim [15]. Δ -convergence in CAT(0) spaces has been investigated initially 
by Dhompongsa and Panyanak [8]. See also Khan and Abbas [12] and Khan 
et al. [11]. 

Let { }nx  be a bounded sequence in a hyperbolic space X. For ,Xx ∈   

we define a continuous functional { }( ) [ )∞→⋅ ,0:, Xxr n  by { }( ) =nxxr ,  

( )n
x

xxd ,suplim
∞→

 for all .Cx ∈  The asymptotic radius of { }nx  with respect 

to XC ⊂  is defined as { }( ) { }( ){ }.:,inf Cxxxrxr nn ∈=  

The asymptotic center of a bounded sequence { }nx  with respect to 

XC ⊂  is defined as 

{ }( ) { }( ) { }( ){ }.anyfor,,: CyxyrxxrXxxA nnnC ∈≤∈=  

Lemma 2.3 (Leustean [14]). Let ( )WdX ,,  be a complete uniformly 

convex hyperbolic space with monotone modulus of uniform convexity. Then 
every bounded sequence { }nx  in X has a unique asymptotic center with 

respect to any nonempty closed convex subset C of X. 

A sequence { }nx  in X is said to Δ -convergence Xx ∈  if x is the unique 

asymptotic center of { }nu  for every subsequence { }nu  of { }.nx  In this case, 

we write Δ -limit of { }nx  as .lim xxnn =−Δ  

Lemma 2.4 (See [11]). Let C be a nonempty closed convex subset of 
uniformly convex hyperbolic space and let { }nx  be a bounded sequence in C 

such that { }( ) { }yxA nC =  and { }( ) .ρ=nC xr  If { }my  is another sequence in 

C such that { }( ) ,,lim ρ=
∞→

nm
n

xyr  then .lim yym
n

=
∞→

 

Lemma 2.5 (See [6]). Let { },na  { }nb  and { }nc  be sequences of 

nonnegative numbers such that 

( ) .1,11 ≥∀++=+ ncaba nnnn  

If ∑
∞

=
∞<

1n
nb  and ∑

∞

=
∞<

1
,

n
nc  then n

n
a

∞→
lim  exists. 
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3. Main Results 

In this section, we prove our main theorems. 

Theorem 3.1. Let C be a nonempty closed convex subset of a complete 
uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity .η  Let CCT →:  be a uniformly L-Lipschitzian and totally 

asymptotically nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx    

is defined by the iteration process (1.5) and the following conditions are 
satisfied: 

  (i) ∑
∞

=
∞<μ

1n
n  and ∑

∞

=
∞<ξ

1
,

n
n  

 (ii) there exist constants ( )1,0, ∈ba  such that { } { } { } ⊂γβα nnn ,,  

[ ],, ba  

(iii) there exists a constant 0>M  such that ( ) ,Mrr ≤ζ  .0>∀r  

Then ( )uxd n
n

,lim
∞→

 and ( )( )TFxd n
n

,lim
∞→

 exist for all ( ).TFu ∈  

Proof. Let ( ).TFu ∈  By (1.5), T be a totally asymptotically 

nonexpansive mapping and condition (iii), we have 

( ) ( ( ) )uxTxWduzd nn
n

nn ,,,, γ=  

( ) ( ) ( )uxTduxd n
n

nnn ,,1 γ+γ−≤  

( ) ( ) ( ) ( )( )[ ]nnnnnnn uxduxduxd ξ+ζμ+γ+γ−≤ ,,,1  

( ) ( )( ) nnnnnn uxduxd ξγ+ζμγ+= ,,  

( ) ( ) nnnnn uxdM ξγ+μγ+≤ ,1  (3.1) 

and 

( ) ( ( ) )uzTxTWduyd nn
n

n
n

n ,,,, β=  

( ) ( ) ( )uzTduxTd n
n

nn
n

n ,,1 β+β−≤  
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( ) ( ) ( )( )[ ]nnnnn uxduxd ξ+ζμ+β−≤ ,,1  

( ) ( )( )[ ]nnnnn uzduzd ξ+ζμ+β+ ,,  

( ) ( ) ( )[ ]nnnn uxdM ξ+μ+β−≤ ,11  

( ) ( )[ ].,1 nnnn uzdM ξ+μ+β+  (3.2) 

Substituting (3.1) into (3.2), we have 

( ) ( ) ( ) ( )[ ]nnnnn uxdMuyd ξ+μ+β−≤ ,11,  

( ) ( ) ( ){ }[ ]nnnnnnnn uxdMM ξ+ξγ+μγ+μ+β+ ,11  

( )( ) ( )( )uxdMM nnnnn ,111 μ+γβ+μ+≤  

( )( ) .11 nnnn M ξμ+γβ++  (3.3) 

Thus, 

( ) ( ( ) )uzTyTWduxd nn
n

n
n

n ,,,,1 α=+  

( ) ( ) ( )uTzduyTd nnn
n

n ,,1 α+α−≤  

( ) ( ) ( )( )[ ]nnnnn uyduyd ξ+ζμ+α−≤ ,,1  

( ) ( )( )[ ]nnnnn uzduzd ξ+ζμ+α+ ,,  

( ) ( ) ( )[ ]nnnn uydM ξ+μ+α−≤ ,11  

( ) ( )[ ].,1 nnnn uzdM ξ+μ+α+  (3.4) 

Combining (3.1), (3.3) and (3.4), we have 

( ) ( ) ( ) 1,,1,1 ≥∀ψ+ω+≤+ nuxduxd nnnn   and  ( )TFu ∈  (3.5) 

and 

 ( )( ) ( ) ( )( ) ,1,,1,1 ≥∀ψ+ω+≤+ nTFxdTFxd nnnn  (3.6) 

where 

( )( )MMM nnnnnnnnnnnnnn μγβ+γβ+γα+μ+γβ+γα+μ=ω 212  
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and 

( )( ).212 MMM nnnnnnnnnnnn μγβ+γβ+γα+μ+γβ+μ=ψ  

Furthermore, using condition (i), we have 

 ∑
∞

=

∞<μ
1n

n    and   ∑
∞

=

∞<ξ
1

.
n

n  (3.7) 

Consequently, a combination of (3.5), (3.6), (3.7) and by Lemma 2.5 shows 
that ( )uxd n

n
,lim

∞→
 and ( )( )TFxd n

n
,lim

∞→
 exist for all ( ).TFu ∈  The proof 

is completed. ~ 

Theorem 3.2. Let C be a nonempty closed convex subset of a complete 
uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity .η  Let CCT →:  be a uniformly L-Lipschitzian and totally 

asymptotically nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx    

is defined by the iteration process (1.5) and the following conditions are 
satisfied: 

  (i) ∑
∞

=
∞<μ

1n
n  and ∑

∞

=
∞<ξ

1
,

n
n  

 (ii) there exist constants ( )1,0, ∈ba  such that { } { } { } ⊂γβα nnn ,,  

[ ],, ba  

(iii) there exists a constant 0>M  such that ( ) ,Mrr ≤ζ  .0>∀r  

Then ( ) .0,lim =
∞→

nn
n

Txxd  

Proof. By Theorem 3.1, ( )uxd n
n

,lim
∞→

 exists for all ( ).TFu ∈  Assume 

that 

 ( ) .0,lim ≥=
∞→

ruxd n
n

 (3.8) 
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Now, taking suplim  on both sides in inequality (3.3), we get 

( ) ( )( ) ( )( )uxdMMuyd nnnnn
n

n
n

,111suplim,suplim μ+γβ+μ+≤
∞→∞→

 

( )( ) nnnn M ξμ+γβ++ 11  

( )uxd n
n

,lim
∞→

≤  

.r=  (3.9) 

Noting 

( ) ( )uTyTduyTd n
n

n
n

n ,, =  

( ) ( )( ) nnnn uyduyd ξ+ζμ+≤ ,,  

( ) ( ) 1,,1 ≥∀ξ+μ+≤ nuydM nnn  (3.10) 

and 

( ) ( )uTzTduzTd n
n

n
n

n ,, =  

( ) ( )( ) nnnn uzduzd ξ+ζμ+≤ ,,  

( ) ( ) ,1,,1 ≥∀ξ+μ+≤ nuzdM nnn  (3.11) 

by (3.1), (3.8) and (3.9), we have 

( ) ruyTd n
n

n
≤

∞→
,suplim    and   ( ) .,suplim ruzTd n

n

n
≤

∞→
 (3.12) 

Besides, by (3.4) and (3.5), we get 

( ) ( ( ) ) ( ) ( ) nnnnn
n

n
n

n uxduzTyTWduxd ψ+ω+≤α=+ ,1,,,,1  

which yields that 

 ( ) ( ( ) ) .,,,lim,lim 1 ruzTyTWduxd nn
n

n
n

n
n

n
=α=

∞→
+

∞→
 (3.13) 
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By (3.12), (3.13) and Lemma 2.4, we have 

 ( ) .0,lim =
∞→

n
n

n
n

n
zTyTd  (3.14) 

Next, 

( ) ( ( ) )uzTyTWduxd nn
n

n
n

n ,,,,1 α=+  

( ) ( ) ( )uzTduyTd n
n

nn
n

n ,,1 α+α−≤  

( ) ( ) ( ) ( )uyTdyTzTduyTd n
n

nn
n

n
n

nn
n

n ,,,1 α+α+α−≤  

( ) ( )n
n

n
n

nn
n yTzTduyTd ,, α+≤  

( ) ( ) ( ),,,1 n
n

n
n

nnnn yTzTduydM α+ξ+μ+≤  (3.15) 

we have ( ) ruyd n
n

≥
∞→

,inflim  and from (3.7), ( ) ,,suplim ruyd n
n

≤
∞→

 it yields 

that ( ) .,lim ruyd n
n

=
∞→

 This implies that 

 ( ( ) ) .,,,lim ruzTxTWd nn
n

n
n

n
=β

∞→
 (3.16) 

Since ( ) ruxTd n
n

n
≤

∞→
,suplim  and ( ) ,,suplim ruzTd n

n

n
≤

∞→
 it follows 

from Lemma 2.4 that 

 ( ) .0,lim =
∞→

n
n

n
n

n
zTxTd  (3.17) 

Also, 

( ) ( ( ) )uzTxTWduyd nn
n

n
n

n ,,,, β=  

( ) ( ) ( )uzTduxTd n
n

nn
n

n ,,1 β+β−≤  

( ) [ ( ) ( )] ( )uzTduzTdzTxTd n
n

nn
n

n
n

n
n

n ,,,1 β++β−≤  

( ) ( ) ( )uzTdzTxTd n
n

n
n

n
n

n ,,1 +β−≤  

( ) ( ) ( ) ( ) .,1,1 nnnn
n

n
n

n uzdMzTxTd ξ+μ++β−≤  (3.18) 
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By virtue of (3.17) that 

( ) ,,inflim ruzd n
n

≥
∞→

 

and since (3.1), 

( ) ( ) ( ) ,,1, nnnnnn uxdMuzd ξγ+μγ+≤  

we have ( ) .,suplim ruzd n
n

≤
∞→

 Therefore, 

 ( ) ( ( ) ) .,,,lim,lim ruxTxWduzd nn
n

n
n

n
n

=γ=
∞→∞→

 (3.19) 

Thus, from Lemma 2.4, we obtain 

 ( ) .0,lim =
∞→

n
n

n
n

xTxd  (3.20) 

By (3.14), we have 

( ) ( ( ) ) ( ) 0,,,,,1 →α≤α≤+ n
n

n
n

nnnn
n

n
n

nn zTyTdyzTyTWdyxd  

        as .∞→n  

Similarly, we have 

( ) ( ( ) ) ( ) ( ) 0,1,,,, →β−≤β≤ n
n

n
n

nnnn
n

n
n

nn zTxTdzzTxTWdzyd  

  as ∞→n  

and 

( ) ( ( ) ) ( ) 0,,,,, →γ≤γ≤ nn
n

nnnn
n

nnn xxTdxxTxWdxzd  as .∞→n  

It follows that 

( ) ( ) ( ) ( ) 0,,,, 11 →++≤ ++ nnnnnnnn xzdzydyxdxxd  as .∞→n  (3.21) 

Since T is uniformly L-Lipschitzian, we get 

( ) ( ) ( )1
1

11 ,,, +
+

++ +≤ n
n

nnnnn xTxdxxdTxxd  

( ) ( )nn
n

n
n

n
n TxxTdxTxTd ,, 11

1
1 ++

+
+ ++  

( ) ( ) ( ) ( ).,,,1 1
1

11 nn
n

n
n

nnn xxTLdxTxdxxdL +++≤ +
+

++  
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Therefore, (3.20) and (3.21) imply that 

 ( ) .0, =nn Txxd  (3.22) 

The proof is completed. ~ 

Theorem 3.3. Let C be a nonempty closed convex subset of a complete 
uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity .η  Let CCT →:  be a uniformly L-Lipschitzian and totally 

asymptotically nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx      

is defined by the iteration process (1.5) and the following conditions are 
satisfied: 

  (i) ∑
∞

=
∞<μ

1n
n  and ∑

∞

=
∞<ξ

1
,

n
n  

 (ii) there exist constants ( )1,0, ∈ba  such that { } { } { } ⊂γβα nnn ,,  

[ ],, ba  

(iii) there exists a constant 0>M  such that ( ) ,Mrr ≤ζ  .0>∀r  

Then the sequence { }nx  Δ-converges to a fixed point of T. 

Proof. By Theorem 3.1, we have ( )uxd n
n

,lim
∞→

 exists. This implies that 

the sequence { }nx  is bounded. Therefore, by Lemma 2.3, { }nx  has a unique 

asymptotic center { }( ) { }.xxA nC =  Let { }ny  be any subsequence of { }nx  such 

that { }( ) { }.yyA nC =  By Theorem 3.2, we have 

 ( ) .0,lim =
∞→

nn
n

Tyyd  (3.23) 

We claim that ( ),TFy ∈  we define a sequence { }ma  in C by .yTa m
m =  

Then one has 

( ) ( ) ( ) ( )nnn
m

n
m

n
mm

nm yTydyTyTdyTyTdyad ,,,, 1 +++≤ − L  
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( ) ( )( ) ( )∑
=

−+ξ+ζμ+≤
m

j
n

j
n

j
nnnn yTyTdyydyyd

1

1,,,  

( ) ( ) ( )∑
=

−+ξ+μ+≤
m

j
n

j
n

j
nnn yTyTdyydM

1

1 .,,1  (3.24) 

By (3.23), one gets 

( ) ( ) { }( )nn
n

nn
n

yyryydyad ,,suplim,suplim =≤
∞→∞→

 

which yields that 

{ }( ) { }( ) 0,, →− nnm yyryar  as .0→m  

It follows from Lemma 2.4 that .lim yyT m
m

=
∞→

 Utilizing the uniform 

continuity of ( ) .limlim, 1 yyTyTTTyT m
m

m
m

=== +

∞→∞→
 That is, ( ).TFy ∈  

By the uniqueness of asymptotic centers, .xTx =  Similarly, we can prove 
.yTy =  Suppose that .yx ≠  Then by the uniqueness of asymptotic centers, 

we have 

( ) ( )xydyyd n
n

n
n

,suplim,lim
∞→∞→

≤  

( )xxd n
n

,suplim
∞→

≤  

( )yxd n
n

,suplim
∞→

<  

( ),,suplim yyd n
n ∞→

=  (3.25) 

a contradiction. Therefore, .yx =  Hence, { }( ) { }yyA n =  for all subsequences 

{ }ny  of { },nx  this is, { }nx  Δ -converges to a fixed point of T. The proof is 

completed. ~ 
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Theorem 3.4. Let C be a nonempty closed convex subset of a complete 
uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity .η  Let CCT →:  be a uniformly L-Lipschitzian and totally 

asymptotically nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx    

is defined by the iteration process (1.5) and the following conditions are 
satisfied: 

  (i) ∑
∞

=
∞<μ

1n
n  and ∑

∞

=
∞<ξ

1
,

n
n  

 (ii) there exist constants ( )1,0, ∈ba  such that { } { } { } ⊂γβα nnn ,,  

[ ],, ba  

(iii) there exists a constant 0>M  such that ( ) .0, >∀≤ζ rMrr  

Then the sequence { }nx  converges strongly to a point ( )TFu ∈  if and only 

if ( )( ) .0,inflim =
∞→

TFxd n
n

 

Proof. Since ( )( ) ( ).,,0 uxdTFxd nn ≤≤  If { }nx  converges to ∈u  

( ),TF  then ( ) .0,lim =
∞→

uxd n
n

 That is, we get ( )( ) .0,inflim =
∞→

TFxd n
n

 

Suppose that ( )( ) .0,inflim =
∞→

TFxd n
n

 By Theorem 3.1, we have 

( )( )TFxd n
n

,lim
∞→

 exists and hence by hypothesis ( )( ) .0,lim =
∞→

TFxd n
n

 

Next, we prove that { }nx  is a Cauchy sequence, it follows from (3.5), 

( ) ( ) ( ) 1,,1,1 ≥∀ψ+ω+≤+ nuxduxd nnnn    and   ( ),TFu ∈  

where ∑
∞

=
∞<ω

1n
n  and ∑

∞

=
∞<ψ

1
.

n
n  Thus, for any positive integers m, n, we 

have 

( ) ( ) ( )nmnnmn xuduxdxxd ,,, +≤ ++  

( ) ( ) ( ).,,1 111 uxduxd nmnmnmn +ψ+ω+≤ −+−+−+  
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For each ,1,0 xexx ≤+≥  we have 

( )nmn xxd ,+  

( ) ( )uxduxde nmnmnmn ,, 111 +ψ+≤ −+−+
ω −+  

( ) ( )uxdeuxde nmnmnmn mnmnmn ,, 122 121 +ψψ+≤ −+−+
ω

−+
ω+ω −+−+−+  

L≤  

( ) L+ψ+ψ+≤ +

∑ ω∑ ω∑ ω
−+

+=

−+

+=

−+

= 1

2

2

1

1

1

, nnn

nm

ni
i

nm

ni
i

nm

ni
i

eeuxde  

( )uxde nnmnmmn ,121 +ψ+ψ+ −+−+
ω −+  

( ) ( ) ∑
−+

=

ψ++≤
1

,,1
mn

ni
in AuxdA  

where .∞<=
∑ ω
∞

=ni
i

eA  Hence, we have 

( ) ( ) ( )( ) ∑
−+

=
+ →ψ++≤

1
0,1,

mn

ni
innmn ATFxdAxxd  as ., ∞→nm  

Thus, { }nx  is a Cauchy sequence in a closed subset of a complete 

hyperbolic space X, it is complete. We assume that { }nx  converges strongly 

to a point .Cu ∈∗  Now, ( )( ) 0, =TFxd n  gives that ( ( )) .0, =∗ TFud  Since 

( )TF  is closed, we obtain ( ).TFu ∈∗  The proof is completed. ~ 

Theorem 3.5. Let C be a nonempty closed convex subset of a complete 
uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity .η  Let CCT →:  be a uniformly L-Lipschitzian and totally 

asymptotically nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx    

is defined by the iteration process (1.5) and the following conditions are 
satisfied: 
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  (i) ∑
∞

=
∞<μ

1n
n  and ∑

∞

=
∞<ξ

1
,

n
n  

 (ii) there exist constants ( )1,0, ∈ba  such that { } { } { } ⊂γβα nnn ,,  

[ ],, ba  

(iii) there exists a constant 0>M  such that ( ) .0, >∀≤ζ rMrr  

If T is semi-compact, then the sequence { }nx  converges strongly to a 

fixed point of T. 

Proof. By Theorem 3.2, we have ( ) 0,lim =
∞→

nn
n

Txxd  and since T is 

semi-compact, there exists a subsequence { }knx  of { }nx  such that →knx  

.Cu ∈  Therefore, ( ) ( ) .0,lim, ==
∞→ kk nn

n
TxxdTuud  Hence, ( ).TFu∈   

By Theorem 3.1, ( )uxd n
n

,lim
∞→

 exists and ( ).TFux kn ∈→  The proof is 

completed. ~ 

Theorem 3.6. Let C be a nonempty closed convex subset of a complete 
uniformly convex hyperbolic space X with monotone modulus of uniform 
convexity .η  Let CCT →:  be a uniformly L-Lipschitzian and totally 

asymptotically nonexpansive mapping with ( ) .∅≠TF  Suppose that { }nx          

is defined by the iteration process (1.5) and the following conditions are 
satisfied: 

  (i) ∑
∞

=
∞<μ

1n
n  and ∑

∞

=
∞<ξ

1
,

n
n  

 (ii) there exist constants ( )1,0, ∈ba  such that { } { } { } ⊂γβα nnn ,,  

[ ],, ba  

(iii) there exists a constant 0>M  such that ( ) .0, >∀≤ζ rMrr  

If T satisfies condition (I), then the sequence { }nx  converges strongly to 

a fixed point of T. 
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Proof. By Theorem 3.1, we have ( )uxd n
n

,lim
∞→

 exists. From condition 

(I) and Theorem 3.2, we have ( )( )( ) ( ) .0,lim,lim =≤
∞→∞→

nn
n

n
n

TxxdTFxdf  

Since f is a non-decreasing function [ ) [ )∞→∞ ,0,0:f  satisfying ( ) 00 =f  

and ( ) 0>rf  for all ( ),,0 ∞∈r  it follows that ( )( ) .0,lim =
∞→

TFxd n
n

 Now, 

Theorem 3.4 implies that { }nx  converges strongly to a point ( ).TFu ∈  The 

proof is completed. ~ 
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