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Abstract 

For a Schur multiplier S in a multiscale system and =φ  

( ) ( ),1 SISI −+ −  we obtain a multiscale linear system whose main 

transformation is found to be an isometry. The state space of the 
system is 

( ) {( ) (( ) ( ) ) ( )}.,:, SGIFIGF DE ∈Φ+−Φ+=Φ ∗  

1. Introduction 

This paper continues the study of the de Branges-Rovnyak space in 
stationary multiscale systems based on the complementation theory (see        
[6, 7]). As in non-stationary systems, we derive the analogue Herglotz 
representation theorem in the stationary systems (see [2]). We first state some 
of notations and results as mentioned in [3] and [4]. 
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Let T  be a homogeneous tree of order 2≥q  and let ( )T2l  be the 

Hilbert space of square-summable sequences indexed by the nodes of T  and 

( )TX  the ∗C -algebra of bounded linear operators on ( ).2 Tl  Let 

TT →γ :  be the primitive upward shift. Define the upward shift operator 

γ  on ( )T2l  by 

( ) ( ).1 γ=γ tf
q

tf  

Then γ  is an isometry but not a unitary. 

Define 

,,, 100 σ−=ω=σγγ=σ IInn
n   and  .,1 ++ ∈σ−σ=ω Znnnn  

Define the commutative ∗C  algebra 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∞<∈ω== ∑
∞

=0
sup,:

k
kkkkk ccc CK c  

with the operator norm kk csupop =c  and define the Banach algebra 

( ) .and:
0

opop ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≤∈γ== ∑
∞

=k
kkk

k SS sssU KT  

In [1] it was shown that ( )TU∈S  if and only if 

∑
∞

=
∈γ=

0
.,

k
kk

kS Kss  

In this case, the operators ks  are uniquely determined by 

.,, ++ ∈ωωγ=ω ZknS nkn
k

kns  

In [3] it was shown that the multiscale system is both stationary and casual if 
S is of the form 
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∑
+∈

ωγ=
Znk

nkk
n sS

,
,  with ., C∈nks  

An operator ( )TU∈S  with 1op ≤S  is called a Schur multiplier. 

As in the non-stationary system, define Hilbert spaces 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∞<∈ω== ∑ ∑
∞

=

∞

=0 0

2
2 :

k k
kkk cc KK c  

and 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∞<=∈γ== ∑ ∑
∞

=

∞

=0 0

22
22 22

,:
k k

kkk
k FF KK fffH H  

with the scalar product 

∑
∞

=
=

0
,,

2
k

kkcddc K   and  ∑
∞

=
=

0
.,,

22
k

kkH gfGF K  

Then 2H  is a left ideal in ( )TU  and for a Schur multiplier S, the 

multiplication operator SFFM S =  is a contraction in 2H  (see [3]). 

Now review the following notations to define the left point evaluation on 

2H  (see [1]). 

For K∈c  and ,Z∈n  define 

[ ] ( ) ( ) [ ] ,,, 00 Innnnnn ==γγ=γγ= cccccc  

( ) ( ) nnnnnn −−− γγ=γγ= cccc ,   and  ( ) .0 cc =  

Define the unit open disk in the multiscale system by 

( ) { ( ) [ ] }.1suplim:
1
<=ρ∈=

∞→
nn

n
c cc KD T  

For ( )∑∞
= ∈γ= 0k k

kF TUf  and ( ),TD∈c  the left point evaluation of F 
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at c is defined by 

( ) [ ] ( )∑ ∑
∞

=

∞

=

∧ γγ==
0 0k k

k
kk

k
kF fcfcc  

and the right point evaluation of F at c is defined by 

( ) ( ) ( )∑ ∑
∞

=

∞

=

− γγ==
0 0

.
k k

k
k

kkk
kF cfcfc  

Then both ( )c∧F  and ( )cF  are absolutely convergent in K  and for any 

,2K∈k  

( )
22

,, Kkck H
c ∧
∧ = FKF   and  ( ) ,,,

22 Kkck H
c 
 FKF =  

where 

( ) 1−∗
∧ γ−= cc IK   and  ( ) .1−∗γ−= cc IK  

2. The de Branges-Rovnyak Space ( )SH  

Let S be a Schur multiplier. The Hilbert space 

( ) { { } }∞<−+∈=
∈

22
2 22

2
sup: HH

H
H GSGFFS

G
H  

with the scalar product 

( ) { } ∞<−+=
∈

222
22

2
sup HH

H
GSGFF

G
SH  

was introduced by de Branges and Rovnyak (see [5]). The de Branges-
Rovnyak space ( )SH  was constructed based on the complementation theory. 

Ran ( )∗− SS MMI  is a dense in ( )SH  and ( ( ) ) cc c ∧
∗∧−= KSSIKS  is a 

reproducing kernel function of ( ).SH  

The space ( )SH  is the state space of a linear system whose transfer 

function is a Schur multiplier S (see [1]). 
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Theorem 2.1. Let S be a Schur multiplier. Then the linear system 

( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛→⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠

⎞
⎜
⎝

⎛=
22

:
KK

SS
DC
BA

V
SS

SS
S

HH
 

defined by 

( ( )) ( ( )) ,0,0 γ−=γ−= ∧∧ kk SSBFFFA SS  

( )0∧= FFCS   and  ( )kk 0∧= SDS  (2.1) 

satisfies 

 ,
0

0ˆ
0 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
= ω∗

I
MIVV SS  (2.2) 

where .ˆ 00 ω=ω FFM  S can be written by 

( )( )∑
∞

=

++γ+=
0

11 .
k

k
S

k
SS

k
S BACDS kkk  

The space 

( ) ( ) ( ){ }SSFFS HTL ∈∈= :U  

is a Hilbert space with the norm 

( ) ( ) .222
2HFSFF SS += HL  

The space ( )SL  is called the overlapping space of ( ).SH  The transformation 

( ) ( )SST LL →:  defined by ( ( ))γ−= ∧ 0FFTF  is contractive and its 

adjoint is isometric (see [7]). 

For a Schur multiplier S, ( ) ( )SISI −+=Φ −1  is a Carathéodory 

operator. The space ( ) ( ) 21Ran ∗
ΦΦ +=Φ MML  is the state space of a 

bounded linear system (see [7]). 
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Theorem 2.2. Let ( ) ( )SISI −+=Φ −1  for a Schur multiplier S. Then 

( ) ( ) ( ){ }SGGI HL ∈Φ+=Φ :  

and for ( ),SG H∈  

 ( ) ( ) ( ).2 SGGI HL =Φ+ Φ  (2.3) 

The linear system 

( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛ Φ

→⎟
⎠
⎞

⎜
⎝
⎛ Φ

⎟
⎠
⎞

⎜
⎝
⎛

ΦΦ

ΦΦ

22
:

KK
LL

DC
BA

 

defined by 

( ( )) ( ( )) ,0,0 γΦ−Φ=γ−= ∧
Φ

∧
Φ kkBFFFA  

( )0∧
Φ = FFC   and  ( )kk 0∧

Φ Φ=D  (2.4) 

satisfies 

( )( ) ( ) ( )GBBGAAIGIAA SSSS
∗∗∗

ΦΦ +Φ+=Φ+  

for ( )SG H∈  and 

.Φ
∗
ΦΦ = BCA  

3. The Overlapping Space of ( )SD  

From (2.1), we have that FSBFFA SS
∗∗ −γ=  for ( )SF H∈  and 

( ) ( ) .222
2Kk∗∗ −=−γ SSSS BFFSBF HH  

Let ( ),0 SFF H∈=  nSn FAF ∗
+ =1  and nSn FB∗=g  for each non-negative 

integer n. Then for each n, 

( ) ( )SSF n
nn H∈++γ−γ −
−

1
1

0 gg L  
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and 

( ) ( ) ( ) ∑
−

=
−

− −=++γ−γ
1

0

222
1

1
0 .

2

n

k
kSSn

nn FSF Kggg HHL  

Define the extension space ( )SD  associated with ( )SH  by the set of pairs 

( ),, GF  where ( )SF H∈  and ∑∞
= γ= 0k

k
kG g  and for each non-negative 

integer n, 

( ) ( ).1
1

0 SSF n
nn H∈++γ−γ −
− gg L  

Then the sequence 

( ) ( ) ∑
−

=
−

− +++γ−γ
1

0

22
1

1
0 2

n

k
kSn

nn SF Kggg HL  

is bounded and non-decreasing. ( )SD  becomes a Hilbert space with the 

scalar product 

( ) ( ) ( ) ( ) .lim,
1

0

22
1

1
0

2
2 ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+++γ−γ= ∑

−

=
−

−
∞→

n

k
kSn

nn
nS SFGF Kggg HD L  

There is a partial isometry from ( )SD  onto ( ).SH  

The extended space ( )SD  is the state space of a linear system (see [6]). 

Theorem 3.1. Let S be a Schur multiplier. The linear system 

 
( ) ( )

⎟
⎠
⎞

⎜
⎝
⎛→⎟

⎠
⎞

⎜
⎝
⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

22
:ˆˆ

ˆˆˆ
KK

SS
DC
BAV

SS

SS
S

DD
 (3.1) 

defined by 

( )( ) (( ( )) ( )),0,0,ˆ ∧∗∧ −γγ−= FSGFFGFAS  

(( ( )) ( ( )) ),0,0ˆ kkk ∧∗∧ −γ−= SSISSBS  

( )( ) ( )0,ˆ ∧= FGFCS   and  ( )kk 0ˆ ∧= SDS  
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satisfies 

( ) ( ( ( )) ( )) .00,,ˆˆ
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +γγ−γγ
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ∨∨
∗

kk
GGGFGF

VV SS  

Define 

( ) ( ) ( ) ( ){ }.,:, SGSFGFS DE ∈−=  

Then ( )SE  is a Hilbert space with the scalar product 

( ) ( ) ( ) ( ).,, 222
2 SS GSFFGF DE −+= H  

The space ( )SE  is a Herglotz space and there is a relation between ( )SE  

and ( ).SL  

Theorem 3.2. Let S be a Schur multiplier. Then ( )SE  is the set of pairs 

( )GF ,  with ∑∞
= γ= 0k

k
kG g  such that for each non-negative integer n, 

( ).1
1

0 SF n
nn L∈++γ+γ −
− gg L  

There is a partial isometry from ( )SE  onto ( ).SL  Furthermore, the 

transformation ( ) ( )SST EE →:ˆ  defined by 

( ) (( ( )) ( ))0,0,ˆ ∧∧ +γγ−= FGFFGFT  

is an isometry. 

Proof. Let ( ).SF L∈  If ( ) ( )SST LL →:  is defined by =TF  

( ( )) ,0 γ− ∧FF  then ( )SFBFFT S
∗∗ −γ=  so ∗T  is isometric (see [7]). 

Let ( ),0 SFF L∈=  nn FTF ∗
+ =1  and ( ).nSn SFB∗−=f  For =F~  

∑∞
= γ0 ,~

k
k

kf  

( )SF n
nn L∈++γ+γ −
−

1
1

0
~~ ff L  
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so we have ( ) ( ) ( ) ( )SFFSFSF ED ∈∈−
~,,~,  and 

( ) ( ) ( ).
~, SS FFF LE =  

Let E  be the set of all elements in ( )SE  of the form ( ).~, FF  If ( ) E∈FF ~,  

and ( ) ( )SQ E∈,0  with ∑∞
= γ= 0 ,k

k
kQ q  then the identities 

( )Sn
n

n
nnF L1

1
01

1
0 ,~~

−
−

−
− ++γ++γ+γ qqff LL  

( ) ( )Sn
n

n
nnF Lγγ++γ−−γ+γ= −

−
−

−−
2

2
02

2
0

1 ,~~ qqff LL  

( ) 0,~ 11
00 =γγ+γ= −−

S
nnF Lqf  

imply that E  is the orthogonal complement of the set of elements of the form 
( ) ( ).,0 SQ E∈  Hence the transformation which maps ( )GF ,  to F is a partial 

isometry from ( )SE  onto ( ).SL  

Let ( ) ( )., SGF E∈  Since ( ) ( ),, SGSF D∈−  the linear system (3.1) 

implies that 

(( ( ) ( )) ( ) ( )) ( ).00,00 SFSSGFSSF E∈−γ−γ− ∧∧∗∧∧  

Hence (( ( )) ( )) ( )SFGFF E∈+γγ− ∧∧ 0,0  from 

( ( )) ( ( ) ( )) ( ( )) ( )γ−−γ−=γ− ∧∧∧∧∧ 00000 FSSFSSFFFS  

and 

( ) ( ) ( ) ( ( )) ( ).00000 ∧∧∗∧∧∗∧ −++γ=+γ FSSIFSSGFG  

Define 

( ) (( ( )) ( )).0,0,ˆ ∧∧ +γγ−= FGFFGFT  

For ( ) ( )SGF E∈,  and ∑∞
= γ= 0 ,k

k
kG g  write ( ) .0 0g=∨G  Then the 

identities 
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( ) ( ) ( ) (( ( )) ( )) ( ) ( )SS QPFGFFQPGFT EE ,,0,0,,,ˆ ∧∧ +γγ−=  

( ( ( )) ( )) ( ) ( )SQSPFGFFS D−−γ−γ−= ∧∧ ,,0,0  

( ( ))
2

,0 HPFF γ−+ ∧  

( ( ) ( )) ( ) ( )SSS QSPFBGSFA D−−−= ∧ ,,0ˆ,ˆ  

2
, Hγ+ PF  

( ) ( ( ) ( ( )) ) ( )SQQSQSPGSF Dγ−−+γ−= ∨∨ 0,0,,  

( ) ( )
22

,0,0 HH γ++ ∨∧ PFQF  

( ) ( ( )) ( ( )) ( )SQQQPGF Eγ−+γ= ∨∨ 0,0,,  

hold for each ( ) ( )., SQP E∈  Hence 

( ) ( ( ) ( ( )) )γ−+γ= ∨∨∗ 0,0,ˆ GGGFGFT  

and T̂  is isometric. ~ 

Let ( ) ( )SISI −+=Φ −1  for a Schur multiplier S. Define ( )ΦE  by the 

set of pairs ( )GF ,  such that for each non-negative integer n, 

( )Φ∈++γ+γ −
− L1

1
0 n

nnF gg L  

and ∑∞
= γ= 0 .k

k
kG g  

The relation (2.3) implies that 

( ( )) ( )( ).0 1 FSIBSIFFA ++−γ= ∗−∨∗∗
Φ  

Let ( ) nn FAFFF ∗
Φ+ =Φ∈= 10 ,L  and ( ( )) ( )( ).0ˆ 1

nn FSIBSI ++−= ∗−∨∗f  

Then for ∑∞
= γ= 0 ,ˆˆ

k
k

kF f  
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( )Φ∈++γ+γ −
− L1

1
0

ˆ
n

nnF ff L  

so ( ) ( ).ˆ, Φ∈ EFF  Since 

( ) 0,ˆ
1

1
01

1
0 =++γ++γ+γ Φ−

−
−

−
Ln

n
n

nnF qqff LL  

for any ( )∑∞
= Φ∈γ= 0 ,k

k
kQ Lq  ( )ΦE  becomes a Hilbert space with the 

scalar product 

( ) ( ) ( )Φ−
−

∞→Φ ++γ+γ= LE 1
1

0lim, n
nn

n
FGF gg L  

and 

 ( ) ( ) ( )., ΦΦ = LE FGF  (3.2) 

There is a relation between ( )ΦE  and ( ).SD  

Theorem 3.3. If ( ) ( ),, Φ∈ EGF  then (( ) ( ) ) ( )SGSIFSI D∈+−+ ∗,  

and 

( ) ( ) (( ) ( ) ( ).,
2

1, SGSIFSIGF DE
∗

Φ +−+=  

Proof. Let ( ) ( )Φ∈ EGF ,  and ∑∞
= γ= 0 .k

k
kG g  For ,2Kc ∈  

( ) ( ) ( ) ( )∑ ∑
= =

−∗
−

∗
−

∗ γ=γ=γ
k

j

k

j

jjk
jk

kj
jk

jk
SM

0 0
.cscsc  

So we have ∑∞
=

∗ γ= 0k
k

kGS p  and 

( ) ,1
1

01
1

0 −
−

−
−∗ ++γ=++γ n

n
n

n
SM ppgg LL  

where ( )∑ =
−∗

−= k
j

jk
jjkk 0 .gsp  

Let 1
1

01 −
−

− ++γ= n
n

nG gg L  and 11 −−
∗ = nnS PGM  for each positive 
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integer n. The relation (2.2) implies that 

( ) ( ) ( ) ( ) ( ).11
1

0 SGFSIFSI n
n

n
nn H∈+γ+=++γ+γ+ −−
− gg L  

Hence (( ) ( ) ) ( )SGSIFSI D∈+−+ ∗,  since 

( ) ( )11 −− ++γ+ nn
n PGSFSI  

( ) ( ) 1−
∗++γ+= nS

n GMISFSI  

( ) ( ) ( ) ( ).11 SGSMIGFSI nSn
n H∈−−+γ+= −

∗
−  

From (3.2) and the identities 

( ) ( ) ( )
2

11 Snn
n PGSFSI H−− ++γ+  

( ) ( ) ( ) ( )
2

11 SnSn
n GSMIGFSI H−

∗
− −−+γ+=  

( ) ( ) ( ) ,2
11

2
1 2H−−− +−+γ+= nnSn

n PGGFSI H  

we have 

(( ) ( ) ) ( )
2, SGSIFSI D

∗+−+  

[ ( ) ( ) ( ) ]2
11

2
11 2

lim H−−−−∞→
++++γ+= nnSnn

n
n

PGPGSFSI H  

( ) ( ) ( )
2

1lim Sn
n

n
GFSI H−∞→

+γ+=  

( )
2

1lim2 Φ−∞→
+γ= Ln

n
n

GF  

( ) ( ).,2 2
Φ= EGF  ~ 

The space ( )ΦE  is a Herglotz space. 

Theorem 3.4. Define the linear system 

( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛ Φ

→⎟
⎠
⎞

⎜
⎝
⎛ Φ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

ΦΦ

ΦΦ

22
:ˆˆ

ˆˆ

KK
EE

DC
BA  
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by 

( )( ) (( ( )) ( )),0,0,ˆ ∧∧
Φ +γγ−= FGFFGFA  

(( ( )) ( ( )) ),0,0ˆ kkk ∧∗∧
Φ Φ+ΦγΦ−Φ=B  

( )( ) ( )0,ˆ ∧
Φ = FGFC   and  ( ) .0ˆ kk ∧

Φ Φ=D  

Then 

∗
ΦΦ

∗
ΦΦ

∗
Φ == CBAIAA ˆˆˆ,ˆˆ   and  .ˆˆˆˆˆˆ ∗

ΦΦ
∗
ΦΦΦ

∗
Φ +== DDCCBB  

Proof. Let ( ) ( )Φ∈ EGF ,  and ∑∞
= γ= 0 .k

k
kG g  Since 

1
1

0 −
− ++γ+γ n

nnF gg L  

( ( )) ( ( ) )1
1

0
1 00 −

−∧+∧ ++γ+γ+γγ−= n
nnn FFF gg L  

( ) ( ) ( ),1
2

1
1

0 Φ∈++γ+γ−γ= −
−− Ln

nnF ggg L  

we have 

(( ( )) ( )) ( )Φ∈+γγ− ∧∧ E0,0 FGFF  

and 

( ( ) ( ( )) ) ( ).0,0 Φ∈γ−+γ ∨∨ EGGGF  

Define 

( ) (( ( )) ( )).0,0,ˆ ∧∧
Φ +γγ−= FGFFGFA  

Then 

( ) (( ( )) ( ( )) )γ−+γ= ∨∨∗
Φ 0,0,ˆ GGGFGFA  

so ΦÂ  is isometric. 

Since (( ( )) ( ( )) )kk 0,0 ∧∗∧ −γ− SSISS  and (( ( )) ( −− ∗∨∗ SSSI ,0 k  
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( )) )γ∨∗ k0S  are elements of ( )SD  for ,2K∈k  

(( ) ( ( )) ( ( )) ,00 1 γ+−Φ+ −∧∧ kSISSI  

( ) ( ( )) ( ( )) )k100 −∧∧∗∗ +−Φ+− SISSII  

( ( ( )) ( ( )) )) ( )Φ∈Φ+Φ−γΦ+Φ−= ∧∗∧ Ekk 0,0  

and 

(( ) ( ( )) ( ( )) ,00 1k−∨∗∨∗ +−Φ+ SISSII  

( ) ( ( )) ( ( )) )γ+−Φ+− −∨∗∨∗∗∗ k100 SISSI  

(( ( )) ( ( ) ) ( ).0,0 Φ∈γΦ−ΦΦ+Φ= ∨∗∗∨∗ Ekk  

Define 

(( ( )) ( ( )) )kkk 0,0ˆ ∧∗∧
Φ Φ+ΦγΦ−Φ=B  

and 

(( ( )) ( ( )) ).0,0ˆ γΦ−ΦΦ+Φ= ∨∗∗∨∗∗
Φ kkkC  

Then ( ) ( )0,ˆ ∨∗
Φ = GGFB  and ( ) ( ).0,ˆ ∧

Φ = FGFC  Hence we have Φ
∗
ΦBA ˆˆ  

∗
Φ= Ĉ  and .ˆˆˆˆˆˆ ∗

ΦΦ
∗
ΦΦΦ

∗
Φ +== DDCCBB  ~ 
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