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Abstract

For a Schur multiplier S in a multiscale system and ¢ =

(1+S)}(1 = S), we obtain a multiscale linear system whose main
transformation is found to be an isometry. The state space of the
system is

E@)={F,G): (1 + ®)F, —(I + ®*)G) € D(S)}.
1. Introduction

This paper continues the study of the de Branges-Rovnyak space in
stationary multiscale systems based on the complementation theory (see
[6, 7]). As in non-stationary systems, we derive the analogue Herglotz
representation theorem in the stationary systems (see [2]). We first state some

of notations and results as mentioned in [3] and [4].
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Let 7 be a homogeneous tree of order q > 2 and let I,(7) be the
Hilbert space of square-summable sequences indexed by the nodes of 7 and

X(T) the C™-algebra of bounded linear operators on 1,(7). Let
: T — T De the primitive upward shift. Define the upward shift operator

Y
y on Ix(7) by

1

() = 7 f(ty).
Then ¥ is an isometry but not a unitary.
Define
on=7", og=1, wg=1-0y, and o, =6, —0psy, NeZ,.

Define the commutative C* algebra
o0
K = {c = chmk ¢k € C, supgleg | < oo}
k=0

with the operator norm | ¢ [, = supy| ¢ | and define the Banach algebra

< ko .
U(T) = {s = > s s e Kand [ s [l <118 ||Op}
k=0

In [1] it was shown that S € U(7) if and only if

00
S = Z?ksk, Sk € K.
k=0

In this case, the operators s, are uniquely determined by
_ .k
OpSk =Y OnekSo,, N KkeZ,.

In [3] it was shown that the multiscale system is both stationary and casual if
S is of the form
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S = Z V”mkskm with Sk,n € C.
k,neZ,

An operator § e U(7') with || S |, <1 is called a Schur multiplier.

As in the non-stationary system, define Hilbert spaces

o0 o0
K2={0=chmk GKSZle|2<oo}
k=0 k=0

and

o [e0]
K¢ . 2 2
H, :{F = E vofy oy eK2'||F||H2 - Z"fk ”Kz <OO}
k=0 k=0

with the scalar product

[o0)

(¢, d)g, = Zakck, and (F,G),, = Z(fk, Ik K,
k=0 k=0

Then H, is a left ideal in U(7) and for a Schur multiplier S, the

multiplication operator MgF = SF is a contraction in H, (see [3]).

Now review the following notations to define the left point evaluation on
H, (see [1]).

For c € K and n e Z, define
C[n] — (C"{)n_n, C<n> — ?n("{C)n, C[O] — C<O> — |’

n

¢ =", ¢ =3 ey and @ =¢,

Define the unit open disk in the multiscale system by

1
I(T) = {c e K : p(c) = limsup| M| <1}.

n—oo

For F = Zf:ﬂkfk e U(7) and ¢ € I(7), the left point evaluation of F
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at c is defined by
o0 o0
Fre) = > ke = > (en)f sy
k=0 k=0

and the right point evaluation of F at c is defined by

F2(0) = D el = 3 4 (o).
k=0 k=0

Then both F”(c) and F~(c) are absolutely convergent in K and for any
k S Kz,

<F’ Kf\k>H2 = <F/\(C)’ k>K2 and <F’ KZK>H2 = <FA(C)’ k>K2’
where
KS=( -yt and K& =(1 —c*9)L.
2. The de Branges-Rovnyak Space H(S)

Let S be a Schur multiplier. The Hilbert space

2 2
H(S)=1{F e Hy : sup {|F + SG -G <
(5)={F eH;: sup | B, =16 I, ) < )

with the scalar product
F |2 = sup F+SG|%. -G} <o
” ”7—((3) GeHz{” |||—|2 ” ||H2}

was introduced by de Branges and Rovnyak (see [5]). The de Branges-
Rovnyak space H(S) was constructed based on the complementation theory.

Ran(l —MgMg) is a dense in H(S) and K¢S = (1 —SS™(c)")KS is a
reproducing kernel function of H(S).

The space H(S) is the state space of a linear system whose transfer
function is a Schur multiplier S (see [1]).
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Theorem 2.1. Let S be a Schur multiplier. Then the linear system

(S B

defined by
AsF =(F -=F"(0))y, Bsk =(S-5"(0)ky,
CsF = F~(0) and Dgk = S"(0)k (2.1)
satisfies
Ve = (' —(';7'@0 ?] 2.2)

where I\?ImOF = Fog. S can be written by

Sk = Dgk + »_ 7*"(Cs ASBgk) K+,
k=0

The space
L(S)={F e U(T): SF € H(S)}

is a Hilbert space with the norm
2 2 2
IF12s) =l SF 2y, + | F Iy,

The space £(S) is called the overlapping space of H(S). The transformation
T : £(S) > L£(S) defined by TF = (F — F”(0))y is contractive and its
adjoint is isometric (see [7]).

For a Schur multiplier S, @ = (I +S) (1 —=S) is a Carathéodory

operator. The space L£(®)= Ran(Mg + M&k,)]/ 2 js the state space of a
bounded linear system (see [7]).



1092 Meehyea Yang
Theorem 2.2. Let ® = (I + S)_l(l — S) for a Schur multiplier S. Then
L(®)={(l +®)G:G e H(S)}
and for G € H(S),

(1 +@)G | gy = V2|6 l4(s): (2.3)

e o) =)

(F-F"(0)y, Bgk =(®-®"(0)ky,

The linear system

defined by

ApF

CoF = F/(0) and Dgk = @*(0)k (2.4)

satisfies

ApAp (1 + ®)G) = (I + D)(AsAsG + BgBsG)

for G € H(S) and
ApCq = Bo.
3. The Overlapping Space of D(S)
From (2.1), we have that AsF = Fy — SBgF for F € H(S) and
[F7 - SBSF lfys) = I Flis) -~ 1B3k i,

Let Fg = F € H(S), Fy.1 = AsF, and g, = BsF, for each non-negative
integer n. Then for each n,

F7" = S(gg7" * + -+ + gn_1) € H(S)
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and
1 2 2 & 2
| F7" = S(@o7" ™+ + dn-0) Fys) = | F I5ys) — 2 19k ik,
k=0

Define the extension space D(S) associated with H(S) by the set of pairs
(F, G), where F € H(S) and G = Zf:ogkyk and for each non-negative
integer n,
Fy" = S(go7" "t + -+ + gn1) € H(S).

Then the sequence
1 2 S
| F7" = S(go7" ™ + -+ 9n-1)l3gs) + 2 1 9k I,
k=0

is bounded and non-decreasing. D(S) becomes a Hilbert space with the

scalar product
2 1 2 2
[ (F. G) ) = n“_inoo“ FY" = S(go7" ™+ +9n-1)lys) + Z" 9k ||K2}-
k=0

There is a partial isometry from D(S) onto H(S).
The extended space D(S) is the state space of a linear system (see [6]).

Theorem 3.1. Let S be a Schur multiplier. The linear system
- A 3 D(S D(S
Vs =% Bs ( <>jﬁ( ”j (31)
CS DS KZ KZ

As((F, G)) = ((F - F~(0))y, Gy — S*F"(0)),

defined by

Bsk = ((S - $"(0))ky, (I - S"S™(0)k),

Cs((F, G)) = F~(0) and Dgk = S"(0)k
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satisfies

\73\73*((16)} _ ((Fw, (G -G liO))?y " GV(O))}

Define
E(S)={(F, G):(SF, -G) e D(S)}.

Then &(S) is a Hilbert space with the scalar product

[(F. G)I&s) =l F Iy, +1(SF. ~G)[5s)
(S) 2 )

The space £(S) is a Herglotz space and there is a relation between £(S)
and £(S).

Theorem 3.2. Let S be a Schur multiplier. Then £(S) is the set of pairs

(F, G) with G = Zfzogkyk such that for each non-negative integer n,

F7" + 907" L+ +9n1 € L(S).

There is a partial isometry from £(S) onto £(S). Furthermore, the

transformation T : £(S) — &£(S) defined by

T(F, G) = ((F - F"(0))y, Gy + F"(0))
is an isometry.

Proof. Let F e £(S). If T:L(S)— L(S) is defined by TF =

(F — F”(0))y, then T*F = Fy — BS(SF) so T™ is isometric (see [7]).
Let Fo=F e £L(S), Fpy =T'F, and f, = -BE(SF,). For F =
o ¥ Kk

Zkzofky '

Fy" + f(ﬁ”_l Foe Fn_l e L(S)
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so we have (SF, —=F) € D(S), (F, F) e &) and
ICFs F)llgcsy =11 llz(s)-

Let £ be the set of all elements in £(S) of the form (F, F). If (F, IE) eé

and (0, Q) € &£(S) with Q = Z(lfzoqkyk, then the identities
(F7" + To7" ™+ + ooy, Gg¥" -+ + Un-1)r(s)
= (F7" 4+ Ry 2 = = B, (@072 + o+ AT )

- F o=n-lon-
= (Fy + o, ao¥" 7" ") gs) = 0

imply that £ is the orthogonal complement of the set of elements of the form
(0, Q) € &(S). Hence the transformation which maps (F, G) to F is a partial

isometry from £(S) onto £(S).

Let (F, G) e &(S). Since (SF, -G) € D(S), the linear system (3.1)
implies that

((SF = S™(0)F"(0))y, — Gy — S™S™(0)F"(0)) € &(S).
Hence ((F — F"(0))y, Gy + F(0)) € £(S) from
S(F = F*(0)y = (SF = S"(0)F"(0))y = (S = S"(0))F"(0)y
and
Gy + F(0) = Gy + S"S"(0)F"(0) + (1 — S*S"(0))F"(0).
Define
T(F, G) = (F = F*(0))7, Gy + F"(0)).

For (F,G)e&(S) and G =Z‘;°:ngyk, write GY(0) = go. Then the

identities
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(T(F, G). (P, Q))g(s) = (((F = F (@)1, Gy + F (), (P, Qg
= ((S(F = F"(0))y, =Gy ~ F(0)), (SP, Q) (s
+(F = FA )y, Py,
= ((As(SF, =G) - BsF"(0)), (SP, —Q)) (s
+(F, Py,
= ((SF, ~G), (SPY + $Q”(0), <(Q ~ Q" (0) )5
+(F"(0), Q" (0)y, +(F. P7)y,
={(F, G). (PY +Q7(0)). (Q - Q7 (0))¥)g(s)
hold for each (P, Q) e £(S). Hence
T*(F, G) = (Fy + GY(0), (G — GY(0))y)

and T is isometric. O

Let @ = (I + S)_l(l —S) for a Schur multiplier S. Define £(®) by the

set of pairs (F, G) such that for each non-negative integer n,
F7" +0g7" ™+ + gpg € L(D)
and G = Zfzogkyk.
The relation (2.3) implies that
AGF = F7— (1 +S™(0))*B*((1 + S)F).

Let Fy = F e £(®), Fryg = ApF,and f, = —(1 + S*V(0))1B*((1 + S)F,).

Then for F = Zfzo firk,
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Fy"+f7" 4+, € L(D)
s0 (F, F) e &®). Since
(FP" + 7"+ + fog, o7+ In-1) (@) = 0

for any Q = Zf::oqkyk € L(D), £(D) becomes a Hilbert space with the

scalar product
I H =N —n-1
[ (F. G)lg@) = JIm[FY™ + 907"+ + On-all ()
and
I(Fs ) leq@)y =1 F llza): (3.2)
There is a relation between £(®) and D(S).

Theorem 3.3. If (F, G) € £&(®), then ((I + S)F, (1 + S™)G) € D(S)

and

I(F. 60y = 10+ SIF. =1 + 578 sy

Proof. Let (F, G) € &(®) and G = Zf:ogkyk. For ¢ € Ky,

k ) k o
M3(*) = D pls i) = 3 s etk iyl
j=0 j=0

So we have $*G = Zfzopkyk and
* —n-1 o~ =n-1
Ms(goY" ~+-+0n1) =Po¥ ~ + "+ Pnt,
k * —j
where py = ijosk_jggk D,

Let Gy 4 = Q7" *+-+0y_1 and MG, ; = P,_; for each positive
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integer n. The relation (2.2) implies that
(1+S)(FF" +go7" "+ +gng) = (1 + S)(F¥" + Gpy) € H(S).
Hence ((1 + S)F, (1 + S™)G) e D(S) since
(I + S)FY" +S(Gp_1 + Py_1)
=(1 +S)Fy" +S(1 + Mg)G,,;

=(1+S)(FY" +Gy_1) - (1 = SMg)Gp_1 € H(S).
From (3.2) and the identities

1+ S)Fyn +8(Gpg + Pn—l)”%{(s)
= [(1+ S)(F7" + Gng) = (1 = SM§)Gp_a[f3s)

_ 2 2
— (1 + S)(FF" + Gy 1) sy ~ 1 Gnos + Pt Iy,

we have
[(1+8)F, =1 +57)6) 3,
= lim [|(1 + S)FF" + Gy + Py-) s + 1 Gnoa + Poa [, ]
= lim | (1 +S)(F7" + Gn1)l5s)
=2 lim | F7" + Go1 [0,
=2 (F, 6)30)

The space £(®) is a Herglotz space.

Theorem 3.4. Define the linear system

& s))-(%)
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by
Ao ((F, G)) = ((F - F(0))y, Gy + F"(0)),
Bok = (0 - @ (0))ky, (@" + @ (0))k),
Co((F, G)) = F~(0) and Dgk = @"(0)k.
Then
AoAp =1, ApBg =Ch and BHBg = CoCh = Do + Di.
Proof. Let (F, G) € £(®) and G = > gyv". Since
FY" + 907"+ + Ona
= (F=F )" +(F (07" + 97"+ +gn-1)
= (FY=go)7" "+ (97"? +- + gn-1) € L(D),
we have
(F = F(0)y, Gy + F*(0)) € &(@)
and
(F¥+GY(0), (G-G"(0)7) € &(®).
Define
Ao(F, G) = ((F = F"(0))y, Gy + F"(0)).
Then

Ab(F, G) = (F7 +GY(0)), (G -G (0))7)

S0 Ap Is isometric.

Since (S — S™(0))ky, (1 — S*S™(0)k) and ((1 — SS™(0))k, (S* —
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S*(0))ky) are elements of D(S) for k € Ky,
(1 +®)(S = $"(0) (1 + 87(0) Ky,
—(I + @) (1 = $*S™(0) (1 + $*(0)) k)

= (~(® + @*(0)ky, ~(@” + @"(0))k)) € £(®)

and
(1 + @)(1 = SS™(0))(1 + $*(0))k,
~(1 +®)"(S* = $™(0)) (1 +$*(0)) "ky)
= (@ + @™ (0))k, (®* — D™V (0)ky) € E(D).
Define
Bok = (@ - @ (0)ky, (@ + ®*(0)k)
and

Cok = (@ + @™ (0))k, (" - ©™(0)ky).

Then B (F, G) = GY(0) and Cq(F, G) = F/(0). Hence we have AjBg

= CAZ) and éé)éq) = CA(Dé:;) = [Sq) + [3:;) (|
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