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Abstract

In this paper, we introduce a new quadratic functional equation,
obtain the general solution and investigate the Hyers-Ulam stability,
Hyers-Ulam-Rassias stability and generalized Hyers-Ulam-Rassias
stability for the quadratic functional equations in Felbin’s type fuzzy
normed linear spaces. A counter-example for singular case is also
provided in the space of real numbers.

1. Introduction and Preliminaries

In 1940, Ulam [13] raised the following question:

Let (G, ) be a group and let H be a metric group with metric d(-, -).

Given ¢ > 0 does there exist a & > 0 such that if a function f : G - H
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satisfies the inequality d(f(xy), f(x)f(y)) <& for all x, y € G, then a
homomorphism a : G — H exists with d(f(x), a(x)) < ¢ forall x e G?
In other words, under what condition, does there exist a homomorphism

near an approximate homomorphism? In 1941, Hyers [7] gave a first
affirmative answer to the question of Ulam for Banach spaces.

Theorem 1.1 (Hyers [7]). Let f : E — E' be a mapping between Banach
spaces such that

[ fx+y)-f)-f(y)|<3d (1.1)
for all x, y e E and for some & > 0. Then there exists a unique additive
mapping A: E — E' such that

| () -a(x)] <8 (1.2)

for all x € E. Moreover, if f(tx) is continuous in t for each fixed x € E,
then a is linear.

The famous Hyers stability result that appeared in [7] was generalized in
the stability involving a sum of powers of norms by Aoki [1]. Th. M. Rassias
[11] and J. M. Rassias [9] provided generalizations of Hyers’ theorem which
allows the Cauchy difference to be unbounded.

Theorem 1.2 (Th. M. Rassias [11]). Let f : E — E’ be a mapping from

a normed vector space E into a Banach space E’ subject to the inequality

[ fx+y) = F00) = F <l x| +]y[?) (1.3)

for all x, y € E, where ¢ and p are constants with ¢ >0 and p <1. Then
the limit

L(x) = lim —~ (1.4)

n—oo 2

f(2"x)

exists for all x e E and L: E — E’ is the unique additive mapping which
satisfies
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2¢
1100~ L0l < =5l P (15)
for all x € E. If p <0, then inequality (1.3) holds for x, y # 0 and (1.5)
for x # 0. Also, if for each x € E, the function f(tx) is continuousin t € R,
then L is linear.
Theorem 1.3 (J. M. Rassias [9]). Let X be a real normed linear space

and Y be a real complete normed linear space. Assume that f : X —» Y is

an approximately additive mapping for which there exist constants 6 > 0
and p, g€ R suchthat r = p + g # 1 and f satisfies inequality

[ O+ y) = F00 = F) <6 x[Ply|P (1.6)
for all x, y € X. Then there exists a unique additive mapping L: E —» E’
satisfying
|00~ L0 < — 2 x| (L7)
27 -2

for all x e X. If, in addition, f : X — Y is a mapping such that the
transformation t — f(tx) is continuous in t € R for each fixed x e X,
then L is an R -linear mapping.

A function f : X —» Y is called quadratic if f satisfies the quadratic
functional equation

f(x+y)+ f(x—y)=2f(x)+2f(y) (1.8)
forall x, y e X.

I. S. Chang and H. M. Kim [2] established the general solution and the
generalized Hyers-Ulam stability for the functional equations

fx+y)+ f(2x—y)=f(x+y)+ f(x—y)+6f(x), (1.9
f2x+y)+ f(x+2y)=4f(x+y)+ f(X)+ f(y) (1.10)

and showed that equations (1.9) and (1.10) are equivalent to (1.8).
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During the last decades, the stability problems of several functional
equations have been extensively investigated by a number of authors
[1, 2, 6, 8-10].

The functional equation
f(x+y)+ f(x—y)=2f(x)+2f(y) (1.11)

is called a quadratic functional equation. In fact, every solution of the
guadratic equation (1.11) is said to be a quadratic mapping. A Hyers-Ulam
stability problem for the quadratic functional equation (1.11) was discussed
by Skof [12], Cholewa [3] and Czerwik [4] in different settings.

Recently, Zivari-Kazempour and Eshaghi Gordji [16] proved the general
solution of the following quadratic functional equation:

f(x+2y)+ f(y+2z)+ f(z + 2x)
=2f(x+y+2)+3f(x)+ f(y)+ f(2)] (1.12)
and investigate the Hyers-Ulam stability in Banach space.

In [5], Felbin introduced the concept of fuzzy normed linear space
(FNLS); Xiao and Zhu [14] studied its linear topological structures and some
basic properties of a fuzzy normed linear space. It is known that theories of
classical normed space and Menger probabilistic normed spaces are special
cases of fuzzy normed linear spaces.

Before we proceed to the main theorems, we will introduce some basic
definitions which helpful to our theorem.

Let 1 be a fuzzy subset on R, i.e., amapping n : R — [0; 1] associating

with each real number t its grade of membership n(t).

Definition 1.4 [5]. A fuzzy subset n on R is called a fuzzy real number,
whose a-level set is denoted by [n],, i.e., [n], =1{t:n(t) > a}, if it satisfies

two axioms:

(N7) There exists ty € R such that n(ty) = 1.
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(N,) For each o €(0,1], [n], =My, nel where —oo <mg <nj
< oo,
The set of all fuzzy real numbers is denoted by F(R). If n e F(R) and
n(t) = 0 whenever t < 0, then n is called a non-negative fuzzy real number
and F*(R) denotes the set of all non-negative fuzzy real numbers.

Definition 1.5 [5]. Fuzzy arithmetic operations ®, ©, ®, @ on F(R)
x F(R) can be defined as:

(1) M ®3)(t) = sup n(s) A d(t-s)), teR,

2 med)() = sup ()~ d3(s -, teR,

@) M®3)(t)= sup {n(s)Ad(t/s), teR,

selR, s#0

(4) (n @ 8)(t) = sup {n(st) A &(s)j, t e R.

seR

The additive and multiplicative identities in F(R) are 0 and 1,
respectively. Let ©n be defined as 0 —n. It is clear that 1 © & = n ® (&n).

Definition 1.6 [5]. For k € R/0, fuzzy scalar multiplication k ® 1 is
defined as (k ® m)(t) = n(t/k) and 0 ® m is defined to be 0.

Definition 1.7 [5]. Define a partial ordering < in F(R) by n <& if
and only if ng, < 8, and n, < &, forall o e (0, 1]. The strict inequality in
F(R) is defined by m < & if and only if ng < &, and ng, < & for all
a € (0, 1].

Definition 1.8 [14]. Let X be a real linear space; L and R (respectively,
left norm and right norm) be symmetric and non-decreasing mappings from
[0;1]x[0; 1] into [0; 1] satisfying L(0; 0)=0, R(} 1) =1. Then | -| is called
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a fuzzy norm and (X, |-, L, R) is a fuzzy normed linear space (abbreviated
to FNLS) if the mapping ||-| from X into F*(R) satisfies the following
axioms, where [|| x [, =[] x|l | x[5] for x € X and a € (0; 1]:

(N1) | x|l = 0 ifand only if x =0,

(N2) [rx | =|r|®| x| forall xe X and r € (-0, ),

(N3) forall x, y e X:

(N3L) If s < x|, t<[y[; and s+t <|x+y], then

I+ y (s +t) = L( x[(s). [ y (V).
(N3R) If s > || x|, t>|y[; and s+t >|x+ y|[, then
Ix+yl(s+t) < RAx[). |y 1)
Lemma 1.9 [15]. Let (X, ||, L, R) be an FNLS and suppose that
(R-1) R(a, b) < max(a, b),
(R-2) Va € (0, 1], 3B(0, a] such that R(B, y) < a forall y e (0, o),
(R-3) Iima_>0+ R(a, a) = 0.
Then (R-1) = (R-2) = (R-3), but not conversely.

Lemma 1.10 [15]. Let (X, -], L, R) be an FNLS. Then we have the

following:
(1) If R(a, b) < max(a, b), then for all o € (0,1], |x+y|[ <[ x|
+]|y g forall x, y e X.

(2) If (R-2), then for each a € (0, 1], there is B e (0, ] such that

[ x+yl5 <Ixlg +yls forall x, y e X.
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Q) If Iima_>O+ R(a, a) = 0, then for each a € (0, 1], there is B € (0, o]
suchthat || x +y o <[ x[g +[ v forall x, y € X.
Lemma 1.11. Let (X, |-, L, R) be an FNLS and suppose that
(L-1) L(a, b) > min(a, b),
(L-2) Va € (0,1], 3B(a, 1] such that L(B, y) > o forall y e (a), 1,
(L-3) Iima_)l, L(a, a) = 1.
Then (L-1) = (L-2) = (L-3), but not conversely.

Lemma 1.12. Let (X, |-|, L, R) be an FNLS. Then we have the

following:

(1) If L(a, b) > min(a, b), then Va e (0,1], | x+y| <|x|; +] I

forall x, y € X.

(2) If (L-2), then for each o (0, 1], there is B e (a, 1] such that

[ x+ylly <l xlg +1ylg forall x, y e X.

(3) If Iima_)l_ L(a, a) =1, then for each a € (0, 1], there is B € (a, 1]
suchthat | x + y [, <[ x| +[y]g forall x, y € X.

Lemma 1.13. Let (X, |-, L, R) be an FNLS satisfying (R-2). Then:

(1) For each a € (0, 1], |- ||; is a continuous mapping from X into R at

X e X.

(2) Forany n e Z* and {x ! ,, we have
Hi=1

Va e (0.1, 3pe O af H > x H; <37 Il
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Definition 1.14 [14]. Let (X,|-|, L, R) be an FNLS and

IimaHO+ R(a, a)=0. A sequence {xp}»_, < X converges to X e X,
denoted by lim, ., Xy = X, if limy | x, — x| = 0 for every a e (0, 1]

and is called a Cauchy sequence if limpy .| Xm — X [ =0 for every

a € (0,1]. Asubset A < X is said to be complete if every Cauchy sequence
in A, converges in A. The fuzzy normed space (X, ||-||, L, R) is said to be a
fuzzy Banach space if it is complete.

Lemma 1.15. Let (X, |-, L, R) be an FNLS satisfying (R-2). Then:

(1) For each a € (0, 1], |- ||; is a continuous mapping from X into R at

X e X.

(2) Forany ne Z* and {x }?:1, we have

vac©1 pea [T x| T Inl

In this paper, we introduce a new quadratic functional equation of the
form

[ f(Bx+y)+ f(x+3y)]-52f(x+y)+2f(x—y)=40[f(x)+ f(y)] (1.13)

and discuss its general solutions in Section 2. In Section 3, we investigate the
Hyers-Ulam stability, Hyers-Ulam-Rassias stability and generalized Hyers-
Ulam-Rassias stability for functional equation (1.13) in Felbin’s type fuzzy
normed linear spaces.

Now we proceed to find the general solution of the functional equation
(1.13).

2. General Solution to Quadratic Functional Equation (1.13)

In this section, we obtain the general solution of the functional equation
(1.13). Throughout this section, let X and Y be vector spaces.
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Theorem 2.1. A function f : X — Y is a solution of the functional
equation (1.13) for all x, y € X if and only if it satisfies the quadratic

functional equation
f(x+y)+ f(x—y)=2f(x)+2f(y) (2.1)
forall x e X.

Proof. Assume f satisfies the functional equation (1.13). Letting (X, y)
by (0, 0) in (1.13), we get f(0) = 0. Setting y = 0 in (1.13), we obtain

f(3x) = 9f(x) (2.2)

forall x € X. Replacing x by % andy by 0in (1.13), we get

f(éj - % £(x) 2.3)

for all x € X. Thus, f is quadratic. Putting x = 0 in (1.13) and using (2.2),
we obtain f(-y)= f(y) forall y e X. Thus, fis an even function. Setting

y by —x in (1.13) and using evenness of f, we arrive

f(2x) = 4f(x) (2.4)
forall x e X. Replacing (x, y) by (x +y, x — y) in (1.13), we get
9f(2x +y)+9f(2x —y)—52f(x)+2f(y) =10[f(x + y) + f(x—y)] (2.5)

forall x, y e X. Setting (x, y) by (g 0) in (2.5), we get

X

T(EJ - % £(x) 2.6)

forall x € X. Substituting x by % in (2.5), we obtain

5[f(x+2y)+ f(x=2y)]=18[f(x+y)+ f(x—y)]-26f(x)+4f(y) (2.7)
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for all x, y € X. Replacing x by y in (2.7) and subtracting from (2.5), we

arrive

f(2x+y)+ f(2x—y) =12f(x) + 6f(y) - 2[f(x + y) + f(x - y)] (2.8)
forall x, y € X. Puttingy by x + y in (2.8), we get

fBx+y)+ f(x—y)+2f(2x+y)+2f(y)=12f(x)+6f(x+y) (2.9)

for all x, y € X. Replacing y by —y in (2.9) and adding the resultant with
(2.9) and using (2.8), we arrive

fEx+y)+ fBx—y)=9[f(x+y)+ f(x-y)]-16f(x) (2.10)
forall x, y e X. Setting (x, y) by (y, x) in (2.10), we get

f(x+3y)+ f(x=3y)=9[f(x+y)+ f(x—-y)]-16f(x) (2.11)

for all x, y € X. Setting (x, y) by (y, ZX;F yj in (2.11) and using (2.3),
we arrive
f(x+2y)=f(x+y)— f(x—y)+ f(x)+4f(y) (2.12)

forall x, y € X. Replacing x by y in (2.12), we arrive
f2x+y)=f(x+y)- f(x—y)+ f(y)+4f(x) (2.13)

for all x, y € X. Replacing y by —y in (2.13) and adding the resultant with

(2.13), we arrive

f2x+y)+ f(2x—y)=8f(x)+ 2f(y) (2.14)
for all x, y € X. Replacing x by g and using (2.6), we arrive (2.1).

Conversely, suppose that a function f : X — Y satisfies (2.1). Replacing

yby x+ vy in(2.1), we get

f2x+y)+ f(y)=2f(x)+2f(x+y) (2.15)
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forall x, y € X. Now, replacingy by x + y in (2.15), we obtain

f3x+y)-3f(x+y)=6f(x)-2f(y) (2.16)

forall x, y € X. Setting (x, y) by (y, x) in (2.16) and adding the resultant

with (2.16), we arrive
fBx+y)+ f(x+3y)—-6f(x+y)=4f(x)+4f(y) (2.17)
forall x, y e X. Setting (x, y) by (x +y, x — y) in (2.15), we get
fBx+y)+ f(x—y)=2f(x+y)+8f(x) (2.18)
for all x, y € X. Replacing x by y and y by x in (2.18) and adding the
resultant with (2.18), we obtain
fBx+y)+ f(x+3y)+2f(x—-y)=4f(x+y)+8f(x)+8f(y) (2.19)
for all x, y € X. Multiply equation (2.17) by 8 and adding the resultant with
(2.19), we arrive (1.13). g

3. Generalized Hyers-Ulam-Rassias Stability of (1.13)

Now, we prove the fuzzy stability of quadratic functional equation in the
spirit of Hyers, Ulam and Rassias.

Let us denote
De(x, y) =9[f(3x+y)+ f(x+3y)]-52f(x +y)
+2f(x - y) = 40[f (x) + f(y)]
forall x, y e X.

Theorem 3.1. Let X be a linear space and (Y, |-|, L, R) be a fuzzy
Banach space satisfying (R-2). Let f : X — Y be a mapping for which there

exists a function ¢ : X x X — F*(R) such that
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i (¢(3| X;)i?’l y)); < oo (3.1)

forall x, y € X.
| Ds (% ¥) [ = o(x, y) (3.2)

for all x, y e X and all o € (0,1]. Then there exists a unique quadratic
mapping T : X — Y suchthat Vo e (0, 1], 3B € (0, o] s.t.

| F) =T < Sii (403 O))ﬁ VX € X. (3.3)
i=0
Proof. Setting y = 0 in (3.2), we get
| 9F(3x) - 81F (x) | < ¢(x, 0) (3.4)

forall x e X. Multiply both sides of equation (3.4) by % in the fuzzy scalar

multiplication sense, then we have

[ 130 -91(x)] < g © o(x, 0). (3.5)

Replacing x by 3" x and multiplying by % in equation (3.5) in the fuzzy
9

scalar multiplication sense, we obtain

<11 04@E"x 0 (3.6)

819

f(3"1x)  f(3"x)
9n+1 - gn

for all x € X and all non-negative integers n € N. By Lemma 1.13 and
inequality (3.6), we conclude that for all a < (0, 1], there exists B € (0, o]
such that

n

1 1 i +
— —(¢(3'x, 0 3.
< Zg (0(3'%, 0)); (37)

o I=m

OO

F3"x) f(3m x) [
9n+1
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for all x € X and all non-negative integers m and n with n > m. Now (3.1)

n
and (3.7) imply that {Lnx)} is a fuzzy Cauchy sequence in Y for all
9

n
X € X. SinceY is a fuzzy Banach space, the sequence {%} converges

forall x € X. So we can define the mapping T : X — Y by

T(x):= lim @)

n—oo 9”

for all x € X. Letting m =0 and passing the limit n — o in (3.7), by
continuity of |- |*, we have
1 (03'%, 0))
| £ =T < g1 —B (3.8)
i=0
for all x € X. Therefore, we obtain (3.3). Now we show that T is quadratic

and unique. Applying (3.1), (3.2) and the continuity of |- |, we have
[9[T(3x + y) + T(x +3y)] - 52T (x + y) + 2T (x — y) — 40[T (x) + T(V)];

i GG 3"

n—o 9

=0

for all x, y € X. Therefore, the mapping T : X — Y is quadratic. To prove
the uniqueness of T, let T': X — Y be a quadratic mapping satisfying (3.3).
Since by Lemma 1.13,
1 1 & (633", 0))
IT00-T00) < Jim gr > =
i=0

<¢<3'x o)
81 z — =

n—>oo
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for all xe X, T =T". Hence, T is unique. This completes the proof of
Theorem 3.1. O

Remark 3.2. The above theorem is also true if | - | is replaced by ||-||;
in (3.1) and the fuzzy Banach space Y satisfies (L-2) and (R-2).

The following theorem is an alternative result of Theorem 3.1.

Theorem 3.3. Let X be a linear space and (Y, |-|, L, R) be a fuzzy
Banach space such that R(a, b) < max(a, b) and L(a, b) > min(a, b). Let
f: X —>Y be a mapping for which there exists a function ¢ : X x X

— F*(R) satisfying (3.1) and (3.2) for all x, y € X and all o < (0, 1].
Then there exists a unique quadratic mapping T : X — Y such that

[ 100 =T = ®(x 0) (3.9)

for all x e X, where @(x, 0) is a fuzzy real number generated by the families

of nested bounded closed intervals [a,, b, ] such that

1 <& (0(3'%, 0));,
a, 5209—

1 <& (p(3'%, 0))
b, = QET

forall x e X.

Theorem 3.4. Let X be a linear space and (Y, |-|, L, R) be a fuzzy
Banach space satisfying (R-2). Let f : X — Y be a mapping for which there

exists a function ¢ : X x X — F*(R) such that
© . +
29'(4{1, lD <o (3.10)
= 33 )),

forall x, y € X.
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I D (%, y) [ = o(x, y) (3.11)

for all x, y e X and all o € (0, 1]. Then there exists a unique quadratic
mapping T : X — Y suchthat Va € (0, 1], 3B € (0, o] s:t.

| £0-TO < éiﬁ[q{f ODB (312)

forall x e X.

Proof. Setting y = 0 in (3.11), we get
[9f(3x)—81f(x)| < o(x, 0) (3.13)

for all x € X. Multiply both sides of equation (3.13) by % in the fuzzy scalar

multiplication sense, then we have

[ 13x) =910 < 5 © o(x, 0) (3.14)

for all x € X. Replacing x by % and multiplying both sides by 9" in
3

equation (3.14) in the fuzzy scalar multiplication sense, we obtain

9nf L _9n+lf X
3” 3n+1

for all x e X. By Lemma 1.13 and inequality (3.15), we conclude that for
all o € (0, 1], there exists B € (0, a] such that
+
X 0 (3.16)
@ 3+l B '

oMl X _ | _gmf[ X
3n+1 3m

forall x € X and all non-negative integers m and n with n > m. Now (3.10)

9" X
‘ <> (p(w, oj (3.15)

+ n

e

I=m

9i
9

and (3.16) imply that {9” f(gin} is a fuzzy Cauchy sequence in Y for all
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x e X. Since Y is a fuzzy Banach space, the sequence {Q”f(ij}

3n
converges for all x € X. The rest of this proof is similar to the proof of
Theorem 3.1. O

The same discussion in Remark 3.2 does hold for the above theorem.
Also, the following theorem is an alternative result of Theorem 3.4.

Theorem 3.5. Let X be a linear space and (Y, |-|, L, R) be a fuzzy
Banach space such that R(a, b) < max(a, b) and L(a, b) > min(a, b). Let
f: X —>Y be a mapping for which there exists a function ¢ : X x X

— F*(R) satisfying (3.10) and (3.11) for all x, y € X and all o < (0, 1].
Then there exists a unique quadratic mapping T : X — Y such that

1) =T | = a(x, 0) (3.17)

for all x € X, where @(x, 0) is a fuzzy real number generated by the

families of nested bounded closed intervals [a,, b, ] such that

SAEDR

S RCE]

The following corollaries are the immediate consequences of Theorems
3.1 and 3.4 which give the Hyers-Ulam and generalized Hyers-Ulam stability
of the functional equation (1.13).

forall x e X.

Corollary 3.6. Let ¢ be a non-negative fuzzy real number, X be a
linear space and (Y, | -|, L, R) be a fuzzy Banach space such that R(a, b)

<max(a, b) and L(a, b) > min(a, b). Suppose that the mapping f : X —Y
satisfies the inequality
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IDs(x, y) | =2 (3.18)

for all x, y € X. Then there exists a unique quadratic mapping T : X —» 'Y

satisfying
| FO0-T = = (3.19)

forall x e X.

Proof. Let ¢(x, y) :=¢ for all x, y € X. By Theorem 3.1, we get the

desired result. O

Corollary 3.7. Let € be a non-negative fuzzy real number and p, q
be non-negative real numbers such that p,q>2 or 0< p,q< 2. Let X

be a fuzzy normed linear space and (Y, |-|. L, R) be a fuzzy Banach
space satisfying (R-2). Suppose that the mapping f : X — Y satisfies the

inequality
[Dr(x Y =e@(Ix]§ @] y[%) (3.20)

for all x, y € X. Then there exists a unique quadratic mapping T : X —» Y
such that Va € (0, 1], 3B € (0, a] s.t.

+ +\p
[ £0)-TX), < % (3.21)
forall x € X.
Proof. The result follows from Theorems 3.1 and 3.4 by taking
ox, y)=e® (I x|F @] y})
forall x, y € X. O

Now we will provide an example to illustrate that the functional equation
(1.13) is not stable for p = 2 in Corollary 3.7.
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Example 3.8. Let ¢ : R — R be a function defined by

B(xX) = {axz, if |x|<1,

a, otherwise,

where a > 0 is a constant and a function f : R - R by
_ 5 46™)
f(x)= Zg—n forall x e R.
n=0

Then f satisfies the functional inequality
[9f(x+3y)+9f(3x+y)-52f(x+y)+2f(x—y)—40f(x)—40f(y)|
<1539a(| x> + |y [%) (3.22)

for all x, y € R. Then there do not exist a quadratic mapping C : R - R

and a constant B > 0 such that

| f(x)—C(x)| < Bl x |2 forall x e R. (3.23)

Proof. Now

Therefore, we see that f is bounded. We are going to prove that f satisfies
(3.22).

If x=y =0, then (3.22) is trivial. If |x|* +|y[* > % then the left

hand side of (3.22) is less than 171a. Now suppose that 0 < | x|2 +] y|2

< é Then there exists a positive integer k such that

1
9k+1

1
$|x|2+|y|2<9—k, (3.24)
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so that 9K~1x? < é 9"‘1y2 < % and consequently,

37H(x), 37N (y), 3T x+ y), 3 x - y), 3B+ y), 3T (x + 3y)
e (-1, ).
Therefore, foreach n =0, 1, ..., k — 1, we have
3"(x), 3"(y), 3"(x +y), 3"(x - y), 3"(3x + y), 3"(x + 3y) e (-1, 1)
and
99(3"(x + 3y)) + 99(3"(3x + ) - 526(3"(x + y))
+29(3"(x - y)) — 409(3" (x)) - 404(3"(y)) = 0
forn=0,1, ..., k —1. From the definition of f and (3.24), we obtain that
|9f(x+3y)+9f(3x+y)—52f(x+y)+2f(x-y)

—40f(x)—40f(y)|

<37 L1 993" (x + 3y)) + 90(3"(3x + ¥)) - 526(3(x + )

©

+29(3"(x — y)) — 409(3"(x)) — 404(3"(y)) |

<> L 003" (x + 3y) + 90(3"(3x + y)) + 523 (x + )

+29(3"(x = y)) + 40(3" (x)) + 406(3"(y)) |

o0
1 _1368a 1 2 2
Szkg—nlSZa— 3 Xg_k_1539a(|x| +|y| )
n=

Thus, f satisfies (3.22) forall x, y e R with 0 < |x[* +|y[? < %
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We claim that the quadratic functional equation (1.13) is not stable for
p =2 in Corollary 3.7. Suppose on the contrary, there exist a quadratic

mapping C: R — R and a constant 3 > 0 satisfying (3.23). Since f is
bounded and continuous for all x € R, C is bounded on any open interval
containing the origin and continuous at the origin. In view of Corollary 3.7,

C(x) must have the form C(x) = kx? for any x in R. Thus, we obtain that
[ £00] < B+ k]I x[ (3.25)
But we can choose a positive integer m with ma > B + |k |.
If x e (0, %) then 3"x € (0, 1) forall n =0,1, ..., m—1. For this
am-

X, we get

© n m-1 _on, 2
f(x)= Z ¢(an) > Z a(39nx) = max? > (B + | k |)x2
n=0 n=0

which contradicts (3.25). Therefore, the quadratic functional equation (1.13)
is not stable in sense of Ulam, Hyers and Rassias if p = 2, assumed in the

inequality (3.20). O

We obtain the following corollary for Theorems 3.1 and 3.4 for the
functional equation (1.13).

Corollary 3.9. Let £ be a non-negative fuzzy real number and p, q
be non-negative real numbers such that p,q>1 or 0< p,q<1. Let X
be a fuzzy normed linear space and (Y, |-|. L, R) be a fuzzy Banach
space satisfying (R-2). Suppose that the mapping f : X — Y satisfies the
inequality

IDr(x ) =e@ (x| @yI§ @U@ IyIED  (326)

for all x, y € X. Then there exists a unique quadratic mapping T : X —» 'Y
such that Va € (0, 1], 3B € (0, a] s.t.
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e (1 xJ)°P

100 =T < 977 (3.27)
forall x € X.
Proof. The result follows from Theorems 3.1 and 3.4 by taking
o(x y)=e® (I x[§ ®yI§ x5 @lyI5PD
forall x, y € X. O

4. Conclusion

In this paper, we introduced and achieved the general solution of

new quadratic functional equation. Also, the fuzzy version of Hyers-Ulam
stability, Hyers-Ulam-Rassias stability, generalized Hyers-Ulam-Rassias
stability and Hyers-Ulam-J. M. Rassias stability problems are studied.
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