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Abstract 

In this paper, we introduce a new quadratic functional equation,  
obtain the general solution and investigate the Hyers-Ulam stability, 
Hyers-Ulam-Rassias stability and generalized Hyers-Ulam-Rassias 
stability for the quadratic functional equations in Felbin’s type fuzzy 
normed linear spaces. A counter-example for singular case is also 
provided in the space of real numbers. 

1. Introduction and Preliminaries 

In 1940, Ulam [13] raised the following question: 

Let ( )⋅,G  be a group and let H be a metric group with metric ( )., ⋅⋅d  

Given 0>ε  does there exist a 0>δ  such that if a function HGf →:  
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satisfies the inequality ( ) ( ) ( )( ) δ<yfxfxyfd ,  for all ,, Gyx ∈  then a 

homomorphism HGa →:  exists with ( ) ( )( ) ε<xaxfd ,  for all ?Gx ∈  

In other words, under what condition, does there exist a homomorphism 
near an approximate homomorphism? In 1941, Hyers [7] gave a first 
affirmative answer to the question of Ulam for Banach spaces. 

Theorem 1.1 (Hyers [7]). Let EEf ′→:  be a mapping between Banach 

spaces such that 

 ( ) ( ) ( ) δ≤−−+ yfxfyxf  (1.1) 

for all Eyx ∈,  and for some .0>δ  Then there exists a unique additive 

mapping EEA ′→:  such that 

 ( ) ( ) δ≤− xaxf  (1.2) 

for all .Ex ∈  Moreover, if ( )txf  is continuous in t for each fixed ,Ex ∈  

then a is linear. 

The famous Hyers stability result that appeared in [7] was generalized in 
the stability involving a sum of powers of norms by Aoki [1]. Th. M. Rassias 
[11] and J. M. Rassias [9] provided generalizations of Hyers’ theorem which 
allows the Cauchy difference to be unbounded. 

Theorem 1.2 (Th. M. Rassias [11]). Let EEf ′→:  be a mapping from 

a normed vector space E into a Banach space E′  subject to the inequality 

 ( ) ( ) ( ) ( )pp yxyfxfyxf +ε≤−−+  (1.3) 

for all ,, Eyx ∈  where ε and p are constants with 0>ε  and .1<p  Then 

the limit 

 ( ) ( )
n

n

n

xfxL
2
2lim

∞→
=  (1.4) 

exists for all Ex ∈  and EEL ′→:  is the unique additive mapping which 
satisfies 
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 ( ) ( ) p
p xxLxf

22
2
−

ε≤−  (1.5) 

for all .Ex ∈  If ,0<p  then inequality (1.3) holds for 0, ≠yx  and (1.5) 

for .0≠x  Also, if for each ,Ex ∈  the function ( )txf  is continuous in ,R∈t  

then L is linear. 

Theorem 1.3 (J. M. Rassias [9]). Let X be a real normed linear space 
and Y be a real complete normed linear space. Assume that YXf →:  is 

an approximately additive mapping for which there exist constants 0≥θ  
and R∈qp,  such that 1≠+= qpr  and f satisfies inequality 

 ( ) ( ) ( ) pp yxyfxfyxf θ≤−−+  (1.6) 

for all ., Xyx ∈  Then there exists a unique additive mapping EEL ′→:  

satisfying 

 ( ) ( ) r
r xxLxf

22 −
θ≤−  (1.7) 

for all .Xx ∈  If, in addition, YXf →:  is a mapping such that the 

transformation ( )txft →  is continuous in R∈t  for each fixed ,Xx ∈  

then L is an R -linear mapping. 

A function YXf →:  is called quadratic if f satisfies the quadratic 

functional equation 

 ( ) ( ) ( ) ( )yfxfyxfyxf 22 +=−++  (1.8) 

for all ., Xyx ∈  

I. S. Chang and H. M. Kim [2] established the general solution and the 
generalized Hyers-Ulam stability for the functional equations 

( ) ( ) ( ) ( ) ( ),622 xfyxfyxfyxfyxf +−++=−++  (1.9) 

( ) ( ) ( ) ( ) ( )yfxfyxfyxfyxf +++=+++ 422  (1.10) 

and showed that equations (1.9) and (1.10) are equivalent to (1.8). 
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During the last decades, the stability problems of several functional 
equations have been extensively investigated by a number of authors              
[1, 2, 6, 8-10]. 

The functional equation 

 ( ) ( ) ( ) ( )yfxfyxfyxf 22 +=−++  (1.11) 

is called a quadratic functional equation. In fact, every solution of the 
quadratic equation (1.11) is said to be a quadratic mapping. A Hyers-Ulam 
stability problem for the quadratic functional equation (1.11) was discussed 
by Skof [12], Cholewa [3] and Czerwik [4] in different settings. 

Recently, Zivari-Kazempour and Eshaghi Gordji [16] proved the general 
solution of the following quadratic functional equation: 

( ) ( ) ( )xzfzyfyxf 222 +++++  

 ( ) ( ) ( ) ( )[ ]zfyfxfzyxf +++++= 32  (1.12) 

and investigate the Hyers-Ulam stability in Banach space. 

In [5], Felbin introduced the concept of fuzzy normed linear space 
(FNLS); Xiao and Zhu [14] studied its linear topological structures and some 
basic properties of a fuzzy normed linear space. It is known that theories of 
classical normed space and Menger probabilistic normed spaces are special 
cases of fuzzy normed linear spaces. 

Before we proceed to the main theorems, we will introduce some basic 
definitions which helpful to our theorem. 

Let η be a fuzzy subset on ,R  i.e., a mapping [ ]1;0: →η R  associating 

with each real number t its grade of membership ( ).tη  

Definition 1.4 [5]. A fuzzy subset η on R  is called a fuzzy real number, 
whose α-level set is denoted by [ ] ,αη  i.e., [ ] ( ){ },: α≥η=η α tt  if it satisfies 

two axioms: 

( )1N  There exists R∈0t  such that ( ) .10 =η t  
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( )2N  For each ( ],1,0∈α  [ ] [ ],, +
α

−
αα ηη=η  where +

α
−
α η≤η<∞−  

.+∞<  

The set of all fuzzy real numbers is denoted by ( ).RF  If ( )RF∈η  and 

( ) 0=η t  whenever ,0<t  then η is called a non-negative fuzzy real number 

and ( )R∗F  denotes the set of all non-negative fuzzy real numbers. 

Definition 1.5 [5]. Fuzzy arithmetic operations ,⊕  ,  ,⊗   on ( )RF  

( )RF×  can be defined as: 

(1) ( ) ( ) ( ) ( ){ },sup stst
s

−δ∧η=δ⊕η
∈R

 ,R∈t  

(2) ( ) ( ) ( ) ( ){ },sup tsst
s

−δ∧η=δη
∈R

 ,R∈t  

(3) ( ) ( ) ( ) ( ){ },sup
0,

stst
ss

δ∧η=δ⊗η
≠∈R

 ,R∈t  

(4) ( ) ( ) ( ) ( ){ },sup sstt
s

δ∧η=δη
∈R

 .R∈t  

The additive and multiplicative identities in ( )RF  are 0  and ,1  

respectively. Let η  be defined as .0 η−  It is clear that ( ).η⊕η=δη  

Definition 1.6 [5]. For ,0R∈k  fuzzy scalar multiplication ηk  is 

defined as ( ) ( ) ( )kttk η=η  and η0  is defined to be .0  

Definition 1.7 [5]. Define a partial ordering  in ( )RF  by δη  if  

and only if −
α

−
α δ≤η  and +

α
+
α δ≤η  for all ( ].1,0∈α  The strict inequality in 

( )RF  is defined by δ<η  if and only if −
α

−
α δ<η  and +

α
+
α δ<η  for all 

( ].1,0∈α  

Definition 1.8 [14]. Let X be a real linear space; L and R (respectively, 
left norm and right norm) be symmetric and non-decreasing mappings from 
[ ] [ ]1;01;0 ×  into [ ]1;0  satisfying ( ) ,00;0 =L  ( ) .11;1 =R  Then ⋅  is called 
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a fuzzy norm and ( )RLX ,,, ⋅  is a fuzzy normed linear space (abbreviated 

to FNLS) if the mapping ⋅  from X into ( )RF∗  satisfies the following 

axioms, where [ ] [ ]+
α

−
αα = xxx ,  for Xx ∈  and ( ]:1;0∈α  

   (N1) 0=x  if and only if ,0=x  

   (N2) xrrx =  for all Xx ∈  and ( ),, ∞∞−∈r  

   (N3) for all :, Xyx ∈  

(N3L) If ,1
−≤ xs  −≤ 1yt  and ,1

−+≤+ yxts  then 

( ) ( ) ( )( )., tysxLtsyx ≥++  

(N3R) If ,1
−≥ xs  −≥ 1yt  and ,1

−+≥+ yxts  then 

( ) ( ) ( )( )., tysxRtsyx ≤++  

Lemma 1.9 [15]. Let ( )RLX ,,, ⋅  be an FNLS and suppose that 

(R-1) ( ) ( ),,max, babaR ≤  

(R-2) ( ],1,0∈α∀  ( ]αβ∃ ,0  such that ( ) α≤β yR ,  for all ( ),,0 α∈y  

(R-3) ( ) .0,lim
0

=+→
aaR

a
 

Then (R-1) ⇒ (R-2) ⇒ (R-3), but not conversely. 

Lemma 1.10 [15]. Let ( )RLX ,,, ⋅  be an FNLS. Then we have the 

following: 

(1) If ( ) ( ),,max, babaR ≤  then for all ( ],1,0∈α  +
α

+
α ≤+ xyx  

+
α+ y  for all ., Xyx ∈  

(2) If (R-2), then for each ( ],1,0∈α  there is ( ]α∈β ,0  such that 
+
β

+
β

+
α +≤+ yxyx  for all ., Xyx ∈  
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(3) If ( ) ,0,lim
0

=+→
aaR

a
 then for each ( ],1,0∈α  there is ( ]α∈β ,0  

such that +
β

+
β

+
α +≤+ yxyx  for all ., Xyx ∈  

Lemma 1.11. Let ( )RLX ,,, ⋅  be an FNLS and suppose that 

(L-1) ( ) ( ),,min, babaL ≥  

(L-2) ( ],1,0∈α∀  ( ]1,αβ∃  such that ( ) α≥γβ,L  for all ( ) ,1,α∈γ  

(L-3) ( ) .1,lim
1

=−→
aaL

a
 

Then (L-1) ⇒ (L-2) ⇒ (L-3), but not conversely. 

Lemma 1.12. Let ( )RLX ,,, ⋅  be an FNLS. Then we have the 

following: 

(1) If ( ) ( ),,min, babaL ≥  then ( ],1,0∈α∀  −
α

−
α

−
α +≤+ yxyx  

for all ., Xyx ∈  

(2) If (L-2), then for each ( ],1,0∈α  there is ( ]1,α∈β  such that 
−
α

−
β

−
α +≤+ yxyx  for all ., Xyx ∈  

(3) If ( ) ,1,lim
1

=−→
aaL

a
 then for each ( ],1,0∈α  there is ( ]1,α∈β  

such that −
β

−
β

−
α +≤+ yxyx  for all ., Xyx ∈  

Lemma 1.13. Let ( )RLX ,,, ⋅  be an FNLS satisfying (R-2). Then: 

(1) For each ( ],1,0∈α  +
α⋅  is a continuous mapping from X into R  at 

.Xx ∈  

(2) For any +∈ Zn  and { } ,1
n
iix =  we have 

( ] ( ] ∑∑ =
+
β

+

α=
≤α∈β∃∈α∀

n
i i

n
i i xx

11
.;,0,1,0  
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Definition 1.14 [14]. Let ( )RLX ,,, ⋅  be an FNLS and 

( ) .0,lim
0

=+→
aaR

a
 A sequence { } Xx nn ⊆∞

=1  converges to ,Xx ∈  

denoted by ,lim xxnn =∞→  if 0lim =− +
α∞→ xxnn  for every ( ]1,0∈α  

and is called a Cauchy sequence if 0lim , =− +
α∞→ nmnm xx  for every 

( ].1,0∈α  A subset XA ⊆  is said to be complete if every Cauchy sequence 

in A, converges in A. The fuzzy normed space ( )RLX ,,, ⋅  is said to be a 

fuzzy Banach space if it is complete. 

Lemma 1.15. Let ( )RLX ,,, ⋅  be an FNLS satisfying (R-2). Then: 

(1) For each ( ],1,0∈α  +
α⋅  is a continuous mapping from X into R  at 

.Xx ∈  

(2) For any +∈ Zn  and { } ,1
n
iix =  we have 

( ] ( ] ∑∑ =
+
β

+

α=
≤α∈β∃∈α∀

n
i i

n
i i xx

11
.;,0,1,0  

In this paper, we introduce a new quadratic functional equation of the 
form 

 ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]yfxfyxfyxfyxfyxf +=−++−+++ 40252339  (1.13) 

and discuss its general solutions in Section 2. In Section 3, we investigate the 
Hyers-Ulam stability, Hyers-Ulam-Rassias stability and generalized Hyers-
Ulam-Rassias stability for functional equation (1.13) in Felbin’s type fuzzy 
normed linear spaces. 

Now we proceed to find the general solution of the functional equation 
(1.13). 

2. General Solution to Quadratic Functional Equation (1.13) 

In this section, we obtain the general solution of the functional equation 
(1.13). Throughout this section, let X and Y be vector spaces. 
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Theorem 2.1. A function YXf →:  is a solution of the functional 

equation (1.13) for all Xyx ∈,  if and only if it satisfies the quadratic 

functional equation 

 ( ) ( ) ( ) ( )yfxfyxfyxf 22 +=−++  (2.1) 

for all .Xx ∈  

Proof. Assume f satisfies the functional equation (1.13). Letting ( )yx,  

by ( )0,0  in (1.13), we get ( ) .00 =f  Setting 0=y  in (1.13), we obtain 

 ( ) ( )xfxf 93 =  (2.2) 

for all .Xx ∈  Replacing x by 3
x  and y by 0 in (1.13), we get 

 ( )xfxf 9
1

3 =⎟
⎠
⎞⎜

⎝
⎛  (2.3) 

for all .Xx ∈  Thus, f is quadratic. Putting 0=x  in (1.13) and using (2.2), 
we obtain ( ) ( )yfyf =−  for all .Xy ∈  Thus, f is an even function. Setting 

y by x−  in (1.13) and using evenness of f, we arrive 

 ( ) ( )xfxf 42 =  (2.4) 

for all .Xx ∈  Replacing ( )yx,  by ( )yxyx −+ ,  in (1.13), we get 

 ( ) ( ) ( ) ( ) ( ) ( )[ ]yxfyxfyfxfyxfyxf −++=+−−++ 102522929  (2.5) 

for all ., Xyx ∈  Setting ( )yx,  by ⎟
⎠
⎞⎜

⎝
⎛ 0,2

x  in (2.5), we get 

 ( )xfxf 4
1

2 =⎟
⎠
⎞⎜

⎝
⎛  (2.6) 

for all .Xx ∈  Substituting x by 2
x  in (2.5), we obtain 

 ( ) ( )[ ] ( ) ( )[ ] ( ) ( )yfxfyxfyxfyxfyxf 42618225 +−−++=−++  (2.7) 



K. Ravi and S. Sabarinathan 986 

for all ., Xyx ∈  Replacing x by y in (2.7) and subtracting from (2.5), we 

arrive 

( ) ( ) ( ) ( ) ( ) ( )[ ]yxfyxfyfxfyxfyxf −++−+=−++ 261222  (2.8) 

for all ., Xyx ∈  Putting y by yx +  in (2.8), we get 

( ) ( ) ( ) ( ) ( ) ( )yxfxfyfyxfyxfyxf ++=+++−++ 6122223  (2.9) 

for all ., Xyx ∈  Replacing y by y−  in (2.9) and adding the resultant with 

(2.9) and using (2.8), we arrive 

( ) ( ) ( ) ( )[ ] ( )xfyxfyxfyxfyxf 16933 −−++=−++  (2.10) 

for all ., Xyx ∈  Setting ( )yx,  by ( )xy,  in (2.10), we get 

( ) ( ) ( ) ( )[ ] ( )xfyxfyxfyxfyxf 16933 −−++=−++  (2.11) 

for all ., Xyx ∈  Setting ( )yx,  by ⎟
⎠
⎞⎜

⎝
⎛ +

3
2, yxy  in (2.11) and using (2.3), 

we arrive 

 ( ) ( ) ( ) ( ) ( )yfxfyxfyxfyxf 42 ++−−+=+  (2.12) 

for all ., Xyx ∈  Replacing x by y in (2.12), we arrive 

 ( ) ( ) ( ) ( ) ( )xfyfyxfyxfyxf 42 ++−−+=+  (2.13) 

for all ., Xyx ∈  Replacing y by y−  in (2.13) and adding the resultant with 

(2.13), we arrive 

 ( ) ( ) ( ) ( )yfxfyxfyxf 2822 +=−++  (2.14) 

for all ., Xyx ∈  Replacing x by 2
x  and using (2.6), we arrive (2.1). 

Conversely, suppose that a function YXf →:  satisfies (2.1). Replacing 

y by yx +  in (2.1), we get 

 ( ) ( ) ( ) ( )yxfxfyfyxf ++=++ 222  (2.15) 
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for all ., Xyx ∈  Now, replacing y by yx +  in (2.15), we obtain 

 ( ) ( ) ( ) ( )yfxfyxfyxf 2633 −=+−+  (2.16) 

for all ., Xyx ∈  Setting ( )yx,  by ( )xy,  in (2.16) and adding the resultant 

with (2.16), we arrive 

 ( ) ( ) ( ) ( ) ( )yfxfyxfyxfyxf 44633 +=+−+++  (2.17) 

for all ., Xyx ∈  Setting ( )yx,  by ( )yxyx −+ ,  in (2.15), we get 

 ( ) ( ) ( ) ( )xfyxfyxfyxf 823 ++=−++  (2.18) 

for all ., Xyx ∈  Replacing x by y and y by x in (2.18) and adding the 

resultant with (2.18), we obtain 

 ( ) ( ) ( ) ( ) ( ) ( )yfxfyxfyxfyxfyxf 884233 +++=−++++  (2.19) 

for all ., Xyx ∈  Multiply equation (2.17) by 8 and adding the resultant with 

(2.19), we arrive (1.13).  

3. Generalized Hyers-Ulam-Rassias Stability of (1.13) 

Now, we prove the fuzzy stability of quadratic functional equation in the 
spirit of Hyers, Ulam and Rassias. 

Let us denote 

( ) ( ) ( )[ ] ( )yxfyxfyxfyxD f +−+++= 52339,  

( ) ( ) ( )[ ]yfxfyxf +−−+ 402  

for all ., Xyx ∈  

Theorem 3.1. Let X be a linear space and ( )RLY ,,, ⋅  be a fuzzy 

Banach space satisfying (R-2). Let YXf →:  be a mapping for which there 

exists a function ( )R∗→×ϕ FXX:  such that 
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( ( ))∑

∞

=

+
α ∞<

φ

0 9

3,3

i
i

ii yx
 (3.1) 

for all ., Xyx ∈  

 ( ) ( )yxyxD f ,, φ  (3.2) 

for all Xyx ∈,  and all ( ].1,0∈α  Then there exists a unique quadratic 

mapping YXT →:  such that ( ],1,0∈α∀  ( ]α∈β∃ ,0  s.t. 

 ( ) ( )
( ( ))

∑
∞

=

+
β+

α ∈∀
φ

≤−
0

.,
9

0,3
81
1

i
i

i
Xx

x
xTxf  (3.3) 

Proof. Setting 0=y  in (3.2), we get 

 ( ) ( ) ( )0,8139 xxfxf φ−  (3.4) 

for all .Xx ∈  Multiply both sides of equation (3.4) by 9
1  in the fuzzy scalar 

multiplication sense, then we have 

 ( ) ( ) ( ).0,9
193 xxfxf φ−  (3.5) 

Replacing x by xn3  and multiplying by 19
1
+n  in equation (3.5) in the fuzzy 

scalar multiplication sense, we obtain 

 ( ) ( ) ( )0,3
9
1

81
1

9
3

9
3

1

1
xxfxf n

nn

n

n

n
φ−+

+
 (3.6) 

for all Xx ∈  and all non-negative integers .N∈n  By Lemma 1.13 and 
inequality (3.6), we conclude that for all ( ],1,0∈α  there exists ( ]α∈β ,0  

such that 

 ( ) ( ) ( ( ))∑
=

+
β

+

α
+

+
φ≤−

n

mi

i
im

m

n

n
xxfxf 0,3

9
1

81
1

9
3

9
3

1

1
 (3.7) 
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for all Xx ∈  and all non-negative integers m and n with .mn ≥  Now (3.1) 

and (3.7) imply that ( )
⎭
⎬
⎫

⎩
⎨
⎧

n

n xf
9
3  is a fuzzy Cauchy sequence in Y for all 

.Xx ∈  Since Y is a fuzzy Banach space, the sequence ( )
⎭
⎬
⎫

⎩
⎨
⎧

n

n xf
9
3  converges 

for all .Xx ∈  So we can define the mapping YXT →:  by 

( ) ( )
n

n

n

xfxT
9
3lim:

∞→
=  

for all .Xx ∈  Letting 0=m  and passing the limit ∞→n  in (3.7), by 

continuity of ,+
α⋅  we have 

 ( ) ( )
( ( ))

∑
∞

=

+
β+

α
φ

≤−
0 9

0,3
81
1

i
i

i x
xTxf  (3.8) 

for all .Xx ∈  Therefore, we obtain (3.3). Now we show that T is quadratic 

and unique. Applying (3.1), (3.2) and the continuity of ,+
α⋅  we have 

( ) ( )[ ] ( ) ( ) ( ) ( )[ ] +
α+−−++−+++ yTxTyxTyxTyxTyxT 40252339  

( ( ))
0

9

3,3
lim =

φ
≤

+
α

∞→ n

nn

n

yx
 

for all ., Xyx ∈  Therefore, the mapping YXT →:  is quadratic. To prove 

the uniqueness of T, let YXT →′ :  be a quadratic mapping satisfying (3.3). 
Since by Lemma 1.13, 

( ) ( )
( ( ))

∑
∞

=

+
β

∞→

φ
≤′−

0 9

0,33
81
1

9
1lim

i
i

ni

nn

x
xTxT  

( ( ))
∑
∞

=

+
β

∞→
=

φ
≤

ni
i

i

n

x
0

9

0,3
81
1lim  
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for all ,Xx ∈  .TT ′=  Hence, T is unique. This completes the proof of 

Theorem 3.1.  

Remark 3.2. The above theorem is also true if +
α⋅  is replaced by −

α⋅  

in (3.1) and the fuzzy Banach space Y satisfies (L-2) and (R-2). 

The following theorem is an alternative result of Theorem 3.1. 

Theorem 3.3. Let X be a linear space and ( )RLY ,,, ⋅  be a fuzzy 

Banach space such that ( ) ( )babaR ,max, ≤  and ( ) ( ).,min, babaL ≥  Let 

YXf →:  be a mapping for which there exists a function XX ×ϕ :  

( )R∗→ F  satisfying (3.1) and (3.2) for all Xyx ∈,  and all ( ].1,0∈α  

Then there exists a unique quadratic mapping YXT →:  such that 

 ( ) ( ) ( )0,xxTxf ϕ−  (3.9) 

for all ,Xx ∈  where ( )0,xϕ  is a fuzzy real number generated by the families 

of nested bounded closed intervals [ ]αα ba ,  such that 

( ( ))∑
∞

=

−
α

α
ϕ

=
0

,
9

0,3
81
1

i
i

i x
a  

( ( ))∑
∞

=

+
α

α
ϕ

=
0 9

0,3
81
1

i
i

i x
b  

for all .Xx ∈  

Theorem 3.4. Let X be a linear space and ( )RLY ,,, ⋅  be a fuzzy 

Banach space satisfying (R-2). Let YXf →:  be a mapping for which there 

exists a function ( )R∗→×ϕ FXX:  such that 

 ∑
∞

=

+

α
∞<⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛φ

1 3
,

3
9

i
ii

i yx  (3.10) 

for all ., Xyx ∈  
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 ( ) ( )yxyxD f ,, φ  (3.11) 

for all Xyx ∈,  and all ( ].1,0∈α  Then there exists a unique quadratic 

mapping YXT →:  such that ( ],1,0∈α∀  ( ]α∈β∃ ,0  s.t. 

 ( ) ( ) ∑
∞

=

+

β

+
α ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ϕ≤−

1
0,

3
981

1

i
i

i xxTxf  (3.12) 

for all .Xx ∈  

Proof. Setting 0=y  in (3.11), we get 

 ( ) ( ) ( )0,8139 xxfxf ϕ−  (3.13) 

for all .Xx ∈  Multiply both sides of equation (3.13) by 9
1  in the fuzzy scalar 

multiplication sense, then we have 

 ( ) ( ) ( )0,9
193 xxfxf ϕ−  (3.14) 

for all .Xx ∈  Replacing x by 13 +n
x  and multiplying both sides by n9  in 

equation (3.14) in the fuzzy scalar multiplication sense, we obtain 

 ⎟
⎠
⎞

⎜
⎝
⎛ϕ⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛

++
+ 0,

39
9

3
9

3
9 11

1
n

n

n
n

n
n xxfxf  (3.15) 

for all .Xx ∈  By Lemma 1.13 and inequality (3.15), we conclude that for 
all ( ],1,0∈α  there exists ( ]α∈β ,0  such that 

∑
=

+

β
+

+

α
+

+ ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ϕ≤⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛

n

mi
i

i

m
m

n
n xxfxf 0,

39
9

3
9

3
9 11

1  (3.16) 

for all Xx ∈  and all non-negative integers m and n with .mn ≥  Now (3.10) 

and (3.16) imply that 
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

n
n xf

3
9  is a fuzzy Cauchy sequence in Y for all 
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.Xx ∈  Since Y is a fuzzy Banach space, the sequence 
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

n
n xf

3
9  

converges for all .Xx ∈  The rest of this proof is similar to the proof of 

Theorem 3.1.  

The same discussion in Remark 3.2 does hold for the above theorem. 
Also, the following theorem is an alternative result of Theorem 3.4. 

Theorem 3.5. Let X be a linear space and ( )RLY ,,, ⋅  be a fuzzy 

Banach space such that ( ) ( )babaR ,max, ≤  and ( ) ( ).,min, babaL ≥  Let 

YXf →:  be a mapping for which there exists a function XX ×ϕ :  

( )R∗→ F  satisfying (3.10) and (3.11) for all Xyx ∈,  and all ( ].1,0∈α  

Then there exists a unique quadratic mapping YXT →:  such that 

 ( ) ( ) ( )0,xxTxf ϕ−  (3.17) 

for all ,Xx ∈  where ( )0,xϕ  is a fuzzy real number generated by the 

families of nested bounded closed intervals [ ]αα ba ,  such that 

∑
∞

=

−

α
α ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ϕ=

1
,0,

3
981

1

i
i

i xa  

∑
∞

=

+

α
α ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ϕ=

1
0,

3
981

1

i
i

i xb  

for all .Xx ∈  

The following corollaries are the immediate consequences of Theorems 
3.1 and 3.4 which give the Hyers-Ulam and generalized Hyers-Ulam stability 
of the functional equation (1.13). 

Corollary 3.6. Let ε be a non-negative fuzzy real number, X be a         
linear space and ( )RLY ,,, ⋅  be a fuzzy Banach space such that ( )baR ,  

( )ba,max≤  and ( ) ( ).,min, babaL ≥  Suppose that the mapping YXf →:  

satisfies the inequality 
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 ( ) εyxD f ,  (3.18) 

for all ., Xyx ∈  Then there exists a unique quadratic mapping YXT →:  

satisfying 

 ( ) ( ) 72
ε− xTxf  (3.19) 

for all .Xx ∈  

Proof. Let ( ) ε=ϕ :, yx  for all ., Xyx ∈  By Theorem 3.1, we get the 

desired result.  

Corollary 3.7. Let ε be a non-negative fuzzy real number and p, q               
be non-negative real numbers such that 2, >qp  or .2,0 << qp  Let X               

be a fuzzy normed linear space and ( )RLY ,,, ⋅  be a fuzzy Banach       

space satisfying (R-2). Suppose that the mapping YXf →:  satisfies the 

inequality 

 ( ) ( )q
X

p
Xf yxyxD ⊕⊗ε,  (3.20) 

for all ., Xyx ∈  Then there exists a unique quadratic mapping YXT →:  

such that ( ],1,0∈α∀  ( ]α∈β∃ ,0  s.t. 

 ( ) ( )
( )

2339 −

ε
≤−

+
β

+
β+

α p

px
xTxf  (3.21) 

for all .Xx ∈  

Proof. The result follows from Theorems 3.1 and 3.4 by taking 

( ) ( )q
X

p
X yxyx ⊕⊗ε=ϕ :,  

for all ., Xyx ∈   

Now we will provide an example to illustrate that the functional equation 
(1.13) is not stable for 2=p  in Corollary 3.7. 
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Example 3.8. Let RR →φ :  be a function defined by 

( )
⎩
⎨
⎧ <=φ

otherwise,,
,1if,2

a
xaxx  

where 0>a  is a constant and a function RR →:f  by 

( ) ( )∑
∞

=

φ=
0 9

3

n
n

n xxf  for all .R∈x  

Then f satisfies the functional inequality 

( ) ( ) ( ) ( ) ( ) ( )yfxfyxfyxfyxfyxf 40402523939 −−−++−+++  

( )221539 yxa +≤  (3.22) 

for all ., R∈yx  Then there do not exist a quadratic mapping RR →:C  

and a constant 0>β  such that 

 ( ) ( ) 2xxCxf β≤−  for all .R∈x  (3.23) 

Proof. Now 

( ) ( )∑ ∑
∞

=

∞

=

==
φ

≤
0 0

.8
9

99
3

n n
nn

n aaxxf  

Therefore, we see that f is bounded. We are going to prove that f satisfies 
(3.22). 

If ,0== yx  then (3.22) is trivial. If ,9
122 ≥+ yx  then the left 

hand side of (3.22) is less than 171a. Now suppose that 220 yx +<  

.9
1<  Then there exists a positive integer k such that 

 ,
9
1

9
1 22

1 kk yx <+≤+  (3.24) 
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so that 9
19,9

19 2121 << −− yx kk  and consequently, 

( ) ( ) ( ) ( ) ( ) ( )yxyxyxyxyx kkkkkk 33,33,3,3,3,3 111111 ++−+ −−−−−−  

( ).1,1−∈  

Therefore, for each ,1...,,1,0 −= kn  we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )1,133,33,3,3,3,3 −∈++−+ yxyxyxyxyx nnnnnn  

and 

( ( )) ( ( )) ( ( ))yxyxyx nnn +φ−+φ++φ 352339339  

( ( )) ( ( )) ( ( )) 034034032 =φ−φ−−φ+ yxyx nnn  

for .1...,,1,0 −= kn  From the definition of f and (3.24), we obtain that 

( ) ( ) ( ) ( )yxfyxfyxfyxf −++−+++ 2523939  

( ) ( )yfxf 4040 −−  

( ( )) ( ( )) ( ( ))∑
∞

=

+φ−+φ++φ≤
0

352339339
9
1

n

nnn
n yxyxyx  

( ( )) ( ( )) ( ( ))yxyx nnn 34034032 φ−φ−−φ+  

( ( )) ( ( )) ( ( ))∑
∞

=

+φ++φ++φ≤
kn

nnn
n yxyxyx 352339339

9
1  

( ( )) ( ( )) ( ( ))yxyx nnn 34034032 φ+φ+−φ+  

( )∑
∞

=

+=×=≤
kn

kn yxaaa .1539
9
1

8
1368152

9
1 22  

Thus, f satisfies (3.22) for all R∈yx,  with .9
10 22 <+< yx  
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We claim that the quadratic functional equation (1.13) is not stable for 
2=p  in Corollary 3.7. Suppose on the contrary, there exist a quadratic 

mapping RR →:C  and a constant 0>β  satisfying (3.23). Since f is 

bounded and continuous for all ,R∈x  C is bounded on any open interval 
containing the origin and continuous at the origin. In view of Corollary 3.7, 

( )xC  must have the form ( ) 2kxxC =  for any x in .R  Thus, we obtain that 

 ( ) ( ) .2xkxf +β≤  (3.25) 

But we can choose a positive integer m with .kma +β>  

If ,
3

1,0 1 ⎟
⎠
⎞

⎜
⎝
⎛∈ −mx  then ( )1,03 ∈xn  for all .1...,,1,0 −= mn  For this 

x, we get 

( ) ( ) ( ) ( )∑ ∑
∞

=

−

=

+β>=≥φ=
0

1

0

22
2

max
9
3

9
3

n

m

n
n

n

n

n
xkxaxxf  

which contradicts (3.25). Therefore, the quadratic functional equation (1.13) 
is not stable in sense of Ulam, Hyers and Rassias if ,2=p  assumed in the 

inequality (3.20).  

We obtain the following corollary for Theorems 3.1 and 3.4 for the 
functional equation (1.13). 

Corollary 3.9. Let ε be a non-negative fuzzy real number and p, q         
be non-negative real numbers such that 1, >qp  or .1,0 << qp  Let X      

be a fuzzy normed linear space and ( )RLY ,,, ⋅  be a fuzzy Banach          

space satisfying (R-2). Suppose that the mapping YXf →:  satisfies the 

inequality 

( ) ( [ ])p
X

p
X

p
X

p
Xf yxyxyxD 22, ⊕⊕⊗⊗ε  (3.26) 

for all ., Xyx ∈  Then there exists a unique quadratic mapping YXT →:  

such that ( ],1,0∈α∀  ( ]α∈β∃ ,0  s.t. 
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 ( ) ( )
( )

22

2

339 −

ε
≤−

+
β

+
β+

α p

px
xTxf  (3.27) 

for all .Xx ∈  

Proof. The result follows from Theorems 3.1 and 3.4 by taking 

( ) ( [ ])p
X

p
X

p
X

p
X yxyxyx 22:, ⊕⊕⊗⊗ε=ϕ  

for all ., Xyx ∈   

4. Conclusion 

In this paper, we introduced and achieved the general solution of           
new quadratic functional equation. Also, the fuzzy version of Hyers-Ulam 
stability, Hyers-Ulam-Rassias stability, generalized Hyers-Ulam-Rassias 
stability and Hyers-Ulam-J. M. Rassias stability problems are studied. 

References 

 [1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. 
Soc. Japan 2 (1950), 64-66. 

 [2] I. S. Chang and H. M. Kim, On the Hyers-Ulam stability of quadratic functional 
equations, J. Inequal. Pure Appl. Math. 3 (2002), Art. 33, pp. 12 (electronic). 

 [3] P. W. Cholewa, Remarks on the stability of functional equations, Aequationes 
Math. 27 (1984), 76-86. 

 [4] S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. 
Math. Sem. Univ. Hamburg 62 (1992), 59-64. 

 [5] C. Felbin, Finite dimensional fuzzy normed linear space, Fuzzy Sets and Systems 
48 (1992), 239-248. 

 [6] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately 
additive mappings, J. Math. Anal. Appl. 184 (1994), 431-436. 

 [7] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. 
Sci. USA 27 (1941), 222-224. 

 [8] Pl. Kannappan, Quadratic functional equation and inner product spaces, Results 
Math. 27 (1995), 368-372. 



K. Ravi and S. Sabarinathan 998 

 [9] J. M. Rassias, On approximation of approximately linear mappings by linear 
mapping, J. Funct. Anal. 46(1) (1982), 126-130. 

 [10] Matina J. Rassias, Generalised Hyers-Ulam product-sum stability of a Cauchy 
type additive functional equation, European J. Pure Appl. Math. 4(1) (2011),         
50-58. 

 [11] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. 
Amer. Math. Soc. 72 (1978), 297-300. 

 [12] F. Skof, Local properties and approximations of operators, Rend. Sem. Mat. Fis. 
Milano 53 (1983), 113-129. 

 [13] S. M. Ulam, A Collection of the Mathematical Problems, Interscience Publ., New 
York, 1960. 

 [14] J. Xiao and X. Zhu, On linearly topological structure and property of fuzzy 
normed linear space, Fuzzy Sets and Systems 125 (2002), 153-161. 

 [15] J. Xiao and X. Zhu, Topological degree theory and fixed point theorems in fuzzy 
normed space, Fuzzy Sets and Systems 147 (2004), 437-452. 

 [16] A. Zivari-Kazempour and M. Eshaghi Gordji, Generalized Hyers-Ulam stabilities 
of an Euler-Lagrange-Rassias quadratic functional equation, Asian-European 
Journal of Mathematics 5 (2012), Doi: 1250014. 


