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Abstract

It is known that if all proper ideals in a non-reduced ring have no zero-
divisors, then the ring is simple. In this paper, we use the concept of
x-reversible elements and then prove that if a ring with involution is
not reduced and all =-proper ideals do not have any =*-reversible
elements, then R is *-simple. But if R is reduced and all *-proper
ideals do not have any *-reversible element, then R is a direct sum of
*-simple rings.

Throughout this note, we assume that all rings are associative. These
rings may be without identity, but if identity is there, we will specifically
mention it. Let us recall that an involution on a ring R is an additional unary
operation *, such that

(@" +b*)=a" +b", (ab)" =b*a*, (a*)" = a,

forall a, b e R.

Received: June 28, 2015; Accepted: August 17, 2015

2010 Mathematics Subject Classification: 16W10, 16U80.

Keywords and phrases: *-reversible rings, *-reversible elements, *-simple rings.
Communicated by K. K. Azad



282 Wafaa Mohammed Fakieh

So, let R be a ring with an involution *. For any subset S of R, we assume
that

S*={x"eR:xeS.

An ideal | of R is called a *-ideal if 1* < 1. If S is a subring of R such that

SRS < S, then S is called a biideal of R. If moreover, S* = S, then S is

called a *-biideal of R. A subset S of R is called a principal *-biideal [6], if
for some a € R,

S =(a)" =Za+7Za" +aRa+a"Ra+aRa" +a"Ra".

An involution ring R is said to be =*-simple if R? =0, and R has no
non-trivial *-ideals. A *-simple ring need not to be simple, although the
converse is trivially true. Birkenmeier and Groenewald gave a
characterization of *-simple rings that shows that they are simple rings or
direct sum of =-simple rings (see [1, Proposition 2.1]). It will be proved in
Corollary 5 below, that a *-simple ring with identity is a simple ring. An
additive subgroup Q of R is called a quasi-ideal if QR 1 RQ < Q [7].

In [5] Feigelstock proved that if all proper ideals in a non-reduced ring
have no zero-divisors, then the ring is simple. The purpose of this note is to
study the effect of the absence of the left (right) =-reversible elements in all
proper *-ideals (or proper *-biideals) in the reduced and non-reduced *-rings,
and in *-rings with unity, and to prove that if all proper *-ideals have no
x-reversible elements in a non-reduced or a reduced ring, then the ring is
*-simple, or a direct sum of =-simple rings, respectively. Thus, establishing
involutive version of [5, Lemmas 4.1.8; 4.1.10; 4.1.11].

The concept of *-reversible elements has been introduced in [3]: an
element x € R is right (left) *-reversible if there is a non-zero element

y € R, such that xy =0 implies that yx" =0 (y*x=0). It is a
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x-reversible element if it is a left and right =-reversible element. If all
elements of the ring R are right (left, two-sided) *-reversible, then we use the
same term for the ring R (see details in [3]).

A non-zero element x € R is called no left (right) =-reversible if there is
a yeR, suchthat xy =0 and y*x =0 (yx* =0), then y = 0. It is clear
that if x is a right (left) =-reversible, then xy = 0 = y*x* =0 and yx" =

0= xy" =0, so y*isa left (right) reversible element.

Below are some examples that investigate the relationship between
*-simple rings and the presence of =*-reversible elements in its proper
x-ideals.

Example 1. Consider the upper triangular matrix ring

(5 Yeness]

It is clear that R is not reduced. Consider the involution * on R defined by
a by (¢ -b
0 ¢/ 0 a)
0 b
A= lbeZ
0 O

of R is a *-ideal of R. Clearly, on the other hand for any a, b e Z,

o o)lo o)-ome
o o5 ol a5 oo

Thus, A has non-zero *-reversible elements.

The subset
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Example 2. Let R = Zs @ Zs be ring with the involution (a, b)* =
(b, ). R is reduced, and its proper ideals have no *-reversible elements, and

it is clear that R is *-simple.

Example 3. Let R = Z, ® Z, be ring with involution (a, b)* = (b, a),
R is non-reduced and the proper *-ideal A = {0, 2} x {0, 2} has a *-reversible

element, it is clear that R is not #-simple.

Theorem 1. Let R be a ring with the involution * such that all proper
x-jdeals have no left =-reversible element. If R is not reduced, then R is
*-simple.

Proof. Because R is not reduced, it must have a non-zero nilpotent
element. Let 0 # x € R be a nilpotent element. Then x* is also nilpotent.

Without loss of generality, we assume that x2 =0 and so (x*)2 =0. Let |
be a proper *-ideal in R. For all y € I, the product, (x*yx)(xy)=0 and
simultaneously, (xy)*(x*yx) = 0. This means that either (i) xy = 0 or (ii)

x“yx = 0.

If (i) holds, then (xy*)x" = 0 and x(xy*) = 0 = xy* = 0 (since x = 0).
Butthen yx* =0 and xy =0 = y = 0. Hence | = 0.

If (i) holds, then x*(yx)= (yx)x =0 = yx =0 (sincex # 0). Now
x"(x"y) =0 and (x*y)x =0 = x"y = 0= y = 0. Hence | = 0. Hence, R
is *-simple. O

Corollary 2. Let R be not *-reversible and not reduced. If the involution
is anisotropic, then R is a simple ring.

Proof. By Theorem 1 and [3, Proposition 6].

Theorem 3. Let R be a ring with the involution * such that all proper

x-piideals have no left =-reversible element. If R is not reduced, then R has
no proper *-biideals.
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Proof. Since R is not reduced, we assume that 0 # X € R, x2 =0 and

(x*)2 = 0. Let B be a proper *-biideal in R and let y e B. Then (y)" is a

proper *-ideal, so it has no left =-reversible element. On the other hand, the
products,

(X7yx) (xyx) = (xyx)" (x"yx) = (xyx7) (x"yx) = (x"yx)" (xyx")
= (Xyx) (xyx*) = (xyx")*(x"yx) = 0,

Oxyx™) (Xyx") = (X"yx") (xyx) = 0,
since (y)" has no *-reversible element,

xyx = X“yx = X'y x = xyx* = xy"x" = x"yx" = xy*'x = 0.
Similarly,

Xryrx = X“ryrx = X“ry*rx = xryrx™ = xry*rx* = x*ryrx* = xry*rx = 0.
This yields that
(x)"y(x)" =0.

Hence, the ideal <x>* possesses a non-trivial left *-reversible element, so

(x)" =R, and therefore RBR = 0. Hence, BBB* = BB*B =0, so y is a
left *-reversible element, which yields that B =0, i.e., R has no proper
*-piideals. O

Theorem 4. Let R be a ring with involution *. Then the following are
equivalent:

(1) R has no non-trivial proper *-biideals.
(2) R has no non-trivial left and right ideals.
(3) Either R is a division ring or R is the zero-ring on Zy, where p is

some prime.
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Proof. (1) < (2) Suppose that R is an involution ring and has no non-
trivial proper =-biideals but R has a non-trivial left (right) ideal 1. Then 1*
is a right (left) ideal in R. If 1 1" =0, then it is a quasi-ideal of R
[7, Proposition 2.3]. Thus, 1 N 1* is a biideal of R. But 1 N 1™ is closed
under involution, hence it is a *-biideal, which is a contradiction to our

assumption. Now assume that | (1 1* = 0, then 1™l = 0. But then
(IR +RI*)? < IR+ RI",
(IR + RI")R(IR + RI*) = IR + RI".
Hence, we conclude that IR+ RI® =0 and it is a =-biideal, again a

contradiction.

Conversely, suppose that R has no non-trivial left (right) ideals. As stated
above, R is a division ring or R is a zero-ring on Z,, where p is a prime (see
[5, Lemma 4.1.1]). If R is a division ring, then there is no biideal in R. If R is

a zero-ring on Zy, itis clear that R has no biideal.

(2) < (3) This follows from [5, Lemma 4.1.1]. O

Corollary 5. Let R be a ring with the involution * such that all proper
x-piideals have no left *-reversible element. If R is not reduced, then R is
simple.

Proof. This follows from Theorem 3 and Theorem 4. O

Corollary 6. Let R be a =-simple ring with unity. Then R is simple.

Proof. Let R be *-simple. So R has no proper *-ideal. Let R have a
proper =*-biideal B. Since 1e R, RBR =0 and RBR # R, so RBR is a

proper *-ideal, which is a contradiction. Hence, R has no proper *-biideals,
and so by Theorem 4, R is simple. O

Corollary 7. Let R be an involution ring with unity * such that all proper
x-piideals have no left *-reversible element. If R is not reduced, then there
exists a prime p, R is the zero-ring on Z .
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Proof. Since R has a proper =*-biideal without any left =-reversible
element, R has a proper *-ideal without any left *-reversible element. Then
by Theorem 1, R is *-simple. By the proof of Corollary 6, R has no proper
*-biideal. Hence, R is the zero-ring on Z, by Theorem 4. O

Lemma 8. Let R be a ring with involution *. Then R has a proper (non-
trivial) subring with involution if and only if R has a proper (non-trivial)
subring.

Proof. One way is clear. Conversely, assume that an involution ring R
has a proper subring S = 0. Then S* = 0. If S(1S™ % 0, then SNS™ isa
proper *-subring of R and hence the proof is finished. So let S S* = 0.
Then we have to deal with three cases.

Case l. SS* =0 and S*S =0. Then (S+S*)> = S+S* and S +S*
is a *-subring. If S + S™ is not proper, then S ® S* = R, and so S is a proper
ideal of R. By Theorem 4 we conclude that R has a proper *-biideal, thus, R
has a *-subring.

Case Il. S$* = 0 and S*S = 0. Then 0 = (5*S)?> = S*S and S*S = R.
If not, then for some 0#seScR, s=s%, and s0 s* =5, a

contradiction with S ' S™ = 0. Thus, SS™ is a proper *-subring.

Case I1. Finally if SS* = 0 and S™S = 0, then there exist 0 # s € S

and 0=s" €S™, such that 0 = s*s € RS, so RS #0 and ss* ¢ RS, so
RS # R. Hence, RS is a proper left ideal of R and again by Theorem 4, R has
a proper *-subring. O

Corollary 9. An involution ring has no non-trivial proper *-subrings if

and only if R™ = Z,.

Proof. This follows from [5, Corollary 4.1.2] and Lemma 8 above. O
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Lemma 10. Let R be an involution ring which is also reduced and let
X € R be a right *-reversible element. Then there exists a non-zero element

y € R, such that the following relations are satisfied:
x"Ry" = yRx = X*Ry = y*Rx = 0,

RXNRy = xRN YR = x*RNY'R=Rx*NRy* = xRN y'R

xX'RN YR =RxNRy" = Rx"NRy =0,
and
RXR N RYR = RXFRN Ry*R = RXKRMN RY*R = RX*"RMN RyR = 0.
Proof. Because x € R is right =-reversible, 0 # y € R exists, such that,
xy = 0 = yx* = 0. Then, it follows that xy* = 0.
Now for any r e R, above relations yield that
(yn0? = (Xry? = (y')® = 0.
Since there are no non-zero nilpotent elements in R,
yrx = X'ry = y'rx =0
= X'y = yrix = xry* = 0.
Hence, we conclude that:
yRx = xRy = y*Rx = xX*"Ry”* = 0.
If t € Rx Ry, then
t* & (Ry)(Rx) = R(YRx) = 0,
=t=0= Rx Ry =0.
Similarly, it can be shown that

RXRN RyR = RX*'RN RYy"R = RXKRN Ry*R = RX*'RN RyR = 0.
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Theorem 11. If an involution ring R is reduced and all proper *-ideals
have no *-reversible element, then R satisfies one of the following conditions:

(1) R has no left =-reversible element.

(2) R=S®T, where S, T are *-simple and have no =*-reversible

element.

Proof. Suppose that R has a left *-reversible element, i.e., there exist
X, yeR, x=#0, y =0 such that

xy =0 and y*x = 0.
It follows from Lemma 10 that
(RXR) N (RyR) = 0 = (RxR)" N (RyR)".
Then
R = (RxR)" @ (RyR)".
Let
0=S <" (RXR)".
Then the equality
SN(RyR)" =0
yields that
R =S ®(RyR)".
Therefore
(RXR)" = (RXR)* N[S @ (RyR)"] = S ® [(RXR)" N (RyR)"] = S,
and so (RxR)" is #-simple. Similarly (RyR)" is *-simple. (RxR)" and

(RYR)™ are proper *-ideals in R, and they are no *-reversible element. O
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Theorem 12. Let R be reduced. If all proper =*-biideal have no
*-reversible element, then R satisfies one of the following conditions:

(1) R has no left =-reversible element.
(2) R=S@®T with S, T division rings.

Proof. Since all proper *-ideal have no *-reversible element, by Theorem
11, R satisfies one of the following conditions:

1. R has no left =-reversible element.

2. R=S®T with S, T *-simple rings. Let B be a *-biideal of R. Since
B has no =-reversible element, RBR = 0. If not, B will be a *-biideal has
=-reversible element, a contradiction.

RBR # R because R has a *-reversible element. Hence, RBR is a proper
*-ideal of R, and RBR S is a *-ideal of S, a contradiction, so R has no

proper *-biideal. By Theorem 4, we choose S, T to be division rings. O

Corollary 13. Let R be a ring with involution. If all *-subrings have no
*-reversible element, then R satisfies one of the following conditions:

(1) R has no left =-reversible element.
(2) R =Zp ® Zg, where p and g are primes.
Proof. Since all =-subrings have no =*-reversible element, all proper

*-piideals have no *-reversible element. So, by Theorem 12, R satisfies one
of the following conditions:

(@) R has no #-reversible element,

(b) R=S @®@T, where S, T are division rings.

By the proof of Theorem 11, we may suppose that S = <RXR>* and
T = (RYR)". Now let H be a *-subring of S. Then H N (RyR)" =0, and
H @ (RyR)" = R. So

S=SN[H®(RyRY]=H ®[SN(RyR)"] = H.
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Hence, S has no non-trivial proper *-subrings. By Corollary 6, S* = Ly,

and by similar arguments T* = Zgq, where p and g are some primes. O

[1]

(2]

(3]

[4]

(5]

(6]

[7]

References

G. F. Birkenmeier, N. J. Groenewald and H. E. Heatherly, Minimal and maximal
ideals in rings with involution, Beitrage Algebra Geom. 38(2) (1997), 217-225.

U. Aburawash and W. Fakieh, Strongly principal ideals of rings with involution,
International Journal of Algebra 2(14) (2008), 685-700.

M. Boulagouaz and L. Oukhtite, c-semisimple rings, Contributions to Algebra and
Geometry 42(2) (2001), 385-393.

W. Fakieh and S. Nauman, Reversible rings with involutions and some
minimalities, The Scientific World Journal 2013, 8 pp.,
http://dx.doi.org/10.1155/2013/650702

S. Feigelstock, Additive Groups of Rings, Vol. Il, Harlow, Essex, UK, Longman
Scientific and Technical, 1988.

N. Loi, On the Structure of Semiprime Involution Rings, Elsevier Science
Publishers B.V. North-Holland, 1990, pp. 153-161.

O. Steinnfeld, Quasi-ideals in Rings and Semi Groups, Budapest, Akademiai
Ki-ado, Hungary, 1978.



