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Abstract 

In this paper, by relaxing the triangular condition in a non-
Archimedean fuzzy metric space further, a notion of an α-non-
Archimedean fuzzy metric space is introduced and some of its 
properties are investigated. Existence of fixed point results of αΨ - 

contraction self map in a complete α-non-Archimedean fuzzy space is 
proved. 

1. Introduction 

In 1975, Kramosil and Michalek [7] introduced the celebrated notion            
of a fuzzy metric space, which can be considered as a generalization of         
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the statistical (probabilistic) metric space (see [17]). Obviously, their work 
provides a fundamental basis for the construction of fixed point theory in 
fuzzy metric spaces. 

In 1988, Grabiec [3] defined the completeness of the fuzzy metric          
space introduced by Kramosil and Michalek known as G-complete fuzzy 
metric space in order to extend the Banach’s contraction theorem to G-
complete fuzzy metric spaces. Following Grabiec’s work, Fang [1] further 
established some new fixed point theorems for contractive type mappings in 
G-complete fuzzy metric spaces. Soon after, Mishra et al. [14] also obtained 
several common fixed point theorems for asymptotically commuting maps in 
the same space, which generalize several fixed point theorems in metric, 
Menger, fuzzy and uniform spaces. 

Besides these works based on the G-complete fuzzy metric space, 
George and Veeramani [2] modified the definition of fuzzy metric space 
introduced by Kramosil and Michalek and defined a Hausdorff and first 
countable topology. Meanwhile, they introduced an alternative notion of the 
Cauchy sequence introduced by Grabiec [3]. Since then, the notion of a 
complete fuzzy metric space presented by George and Veeramani has 
emerged as another characterization of completeness and fixed point 
theorems have also been constructed on the basis of this metric space. 

In 2013, Rano and Bag in [16] proved some fixed point results in 
dislocated quasi-fuzzy metric space in a sense of Kramosil and Michalek in 
[7]. Following Radu’s remark in [15], Mihet in [11] introduced the collection 
of fuzzy sets in unit interval, [ ]1,0=I  to prove some fixed point theorems 

in a non-Archimedean fuzzy metric space answering partially the questions 
forwarded by Grogeri and Sapena in [4]. 

From the above analysis, we can see that there are many studies related 
to fixed point theory based on the above two kinds of complete fuzzy metric 
spaces (see [4, 6, 8, 10, 12, 18-24]). 

The purpose of this work is to introduce a notation of an α-non-
Archimedean fuzzy space and to investigate fixed point results of αΨ -
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contraction (where Ψ = set of operators) self maps in it. More importantly, 
we prove the existence of fixed point results of αΨ -contraction self maps 

with respect to a one-parameter in a complete α-non-Archimedean fuzzy 
metric space. 

2. Preliminaries 

In this section, we review briefly the existing results. 

Throughout this paper, we use the following notations: =N  the set of 
positive integers; =R  the set of real numbers; { };00 ∪NN =  given a non-

empty set X and a :: XXT →  ( ) ,TxxT =  [ ] ,1 TxxT =  [ ]
XIT =0  and 

[ ]
( )P

;
times1

TxTxT
n

n
−

= "  [ ],1,0=I  { }.:: IIfI I →=  

Definition 2.1 [17]. A binary operation [ ] [ ] [ ]1,01,01,0: →×∗  is a           

t-norm if ∗ satisfies the following conditions: 

( )1T  ( ) ( ) cbacba ∗∗=∗∗  for all [ ];1,0,, ∈cba  

( )2T  abba ∗=∗  for all [ ];1,0, ∈ba  

( )3T  aa =∗1  for all [ ];1,0∈a  

( )4T  ,dcba ∗≤∗  whenever ca ≤  and [ ].1,0,,,, ∈≤ dcbadb  

A t-norm is continuous if it is continuous with respect to both variables. 

Definition 2.2 [7]. A 3-tuple ( )∗,, DX  is said to be a fuzzy metric space 

if X is an arbitrary non-empty set, ∗  is a continuous t-norm and D is a fuzzy 
set on [ )∞×× ,0XX  satisfying the following conditions: 

( )1D  ( ) 00,, =yxD  for all ;, Xyx ∈  

( )2D  ( ) 1,, =tyxD  for all 0>t  if and only if ;yx =  

( )3D  ( ) ( )txyDtyxD ,,,, =  for all Xyx ∈,  and ;0>t  
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( )4D  ( ) ( ) ( )stzxDszyDtyxD +≤∗ ,,,,,,  for all Xzyx ∈,,  and 

for all ( );,0, ∞∈ts  

( )5D  ( ) ( ) ( ]1,0,0:,, - →∞yxD  is left continuous for every fixed 

., Xyx ∈  

In 1994, George and Veeramani [2] slightly modified the notion of fuzzy 
metric introduced by Kramosil and Michalek as following definition: 

Definition 2.3. A 3-tuple ( )∗,, DX  is said to be a fuzzy metric space if 

X is an arbitrary non-empty set, ∗ is a continuous t-norm and D is a fuzzy set 
on ( )∞×× ,0XX  satisfying the following conditions: 

( )1D  ( ) 0,, >tyxD  for all Xyx ∈,  and for all ;0>t  

( )2D  ( ) 1,, =tyxD  for all 0>t  if and only if ;yx =  

( )3D  ( ) ( )txyDtyxD ,,,, =  for all Xyx ∈,  and ;0>t  

( )4D  ( ) ( ) ( )stzxDszyDtyxD +≤∗ ,,,,,,  for all Xzyx ∈,,  and 

( );,0, ∞∈ts  

( )5D  ( ) ( ) ( ]1,0,0:,, - →∞yxD  is continuous for every fixed 

., Xyx ∈  

The following notion of Cauchy sequence, convergent sequence, and          
a complete fuzzy metric space are recorded from the work of George and 
Veeramani [2]. 

Definition 2.4. A sequence { }nx  in a fuzzy metric space ( )∗,, DX  is 

said to be 

 (i) Cauchy iff ( ) 1,,lim , =txxD mnmn  for each ;0>t  

(ii) convergent to Xx ∈  iff ( ) 1,,lim =txxD nn  for each .0>t  

Definition 2.5. A fuzzy metric space ( )∗,, DX  is said to be complete iff 

every Cauchy sequence is convergent in X. 
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In 2008, Mihet [11] extended the notion of non-Archimedean 
probabilistic metric space (see Hadzic and Pap [13]) into non-Archimedean 
fuzzy metric space as following definition and proved some fixed point 
results. 

Definition 2.6. A 3-tuple ( )∗,, DX  is said to be a non-Archimedean 

fuzzy metric space if X is an arbitrary non-empty set, ∗ is a continuous              
t-norm and D is a fuzzy set on [ )∞×× ,0XX  satisfying the following 

conditions: 

( )1D  ( ) 00,, =yxD  for all ;, Xyx ∈  

( )2D  ( ) 1,, =tyxD  for all 0>t  iff ;yx =  

( )3D  ( ) ( )txyMtyxD ,,,, =  for all Xyx ∈,  and ;0>t  

( )4D  ( ) ( ) ( )( )stzxDszyMtyxD +≤∗ max,,,,,,  for all Xzyx ∈,,  

and for ( );,0, ∞∈st  

( )5D  ( ) ( ) [ ]1,0,0:,, - →∞yxD  is left continuous for every fixed 

., Xyx ∈  

3. An α-non-Archimedean Fuzzy Metric Space and 
its Induced Topology 

Now, we introduce a notion of α-non-Archimedean fuzzy metric space,  
a weaken version of a non-Archimedean fuzzy metric space and discuss its 
induced topology. 

Definition 3.1. A 3-tuple ( )∗,, DX  is said to be an α-non-Archimedean 

fuzzy metric space if ,∅≠X  ∗ is a continuous t-norm and D is a fuzzy set 

on [ )∞×× ,0XX  satisfying the following conditions: 

( )1D  ( ) 1,, =tyxD  for all 0>t  iff ;yx =  

( )2D  ( ) ( )txyDtyxD ,,,, =  for all Xyx ∈,  and ;0>t  
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( )3D  there exists 0≥α  such that 

    (i) ( ) 0,,1 >α> yxD  for all ;,, yxXyx ≠∈  

   (ii) ( ) ( ) ( )α≤α∗α ,,,,,, zxDzyDyxD  for all ;,, Xzyx ∈  

( )4D  ( ) ( ) [ ]1,0,0:,, - →∞yxD  is left continuous for every fixed 

., Xyx ∈  

In Definition 3.1, if D satisfies one more condition, 

( )5D  ( ) 00,, >yxD  for all ,, Xyx ∈  

then we call ( )∗,, XD  a relaxed α-non-Archimedean fuzzy metric space. 

Example 3.2. Every stationary fuzzy metric space ( )∗,, DX  (for a 

stationary fuzzy metric space, refer [5]) with ( ) 0,, ≠tyxD  for all Xyx ∈,  

is an α-non-Archimedean fuzzy metric space. 

Example 3.3. ( )∗,, DX  is an α-non-Archimedean fuzzy metric space, 

where XDabba ,,=∗  and α are as in Table 3.1. 

Table 3.1. α-non-Archimedean fuzzy metric spaces 

 X ( )tyxD ,,  α 

1 ( )dX ,  is any metric space
( )





+

=

otherwise,

0if0

yxdt
t

t
 1 

2 ( )∞= ,0X  ( )
( ) tyx

tyx
+
+

,max
,min  0, 1 

3 ( )∞= ,0X  ( )
( )



 =

otherwise,max
,min

0if0

yx
yx

t
 ( )∞∈α ,0  

4 ∅≠X  






>
≤<

=>

1if1
10if

and0if1

t
tt

yxt
 ( )1,0∈α  
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Definition 3.4. Let ( )∗,, DX  be an α-non-Archimedean fuzzy metric 

space. An open ball centered at Xx ∈  and radius ( )1,0∈r  is defined as 

( ) ( ){ }.1,,:,, ryxDXyrx −>α∈=αB  

Definition 3.5. Let ( )∗,, DX  be an α-non-Archimedean fuzzy metric 

space. A subset W of X is said to be open set in ( )∗,, DX  if for each ,Wx ∈  

there exists an ( [1,0∈r  such that ( ) .,, Wrx ⊂αB  

Proposition 3.6. Let ( )∗,, DX  be an α-non-Archimedean fuzzy metric 

space. Every open ball is an open set. 

Proof. Consider an open ball ( )trx ,,B  with center ,Xx ∈  radius 

( ).1,0∈r  Now, ( )α∈ ,, rxy B  implies ( ) .1,, ryxDs −>α=  Let 

( )1,0∈u  be such that .11 rus −>−>  Hence, there exists ( )1,0∈v  such 

that .1 uvs −≥∗  We claim that ( ) ( ).,,,1, α⊂α− rxvy BB  If ∈z  

( ),,1, α− vyB  then ( ) .,, vzyD >α  Therefore, 

( ) ( ) ( ) ruvszyDyxDzxD −>−≥∗≥α∗α≥α 11,,,,,,  

and so ( )α∈ ,, rxz B  and ( ) ( ).,,,1, α⊂α− rxBvyB   

The family of subsets of X given by 

{ AxXA ∈⊂=τ :  iff there exists ( )1,0∈r  such that ( ) }ArxB ⊂α,,  

is a topology on X induced by an α-non-Archimedean fuzzy metric space. 

Proposition 3.7. Every α-non-Archimedean fuzzy metric space ( )∗,, DX  

is Hausdorff. 

Proof. If Xyx ∈,  with ,yx ≠  then ( ) ( ).1,0,, ∈=α ryxD  

Let 1<< sr  and ( )1,0∈u  be such that .suu ≥∗  Consider the open 

balls ( )α− ,1, uxB  and ( ).,1, α− uyB  

We claim that ( ) ( ) .,1,,1, ∅=α−α− uyux BB ∩  
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For if we assume that ( ) ( ),,1,,1, α−α−∈ uyBuxBz ∩  then we get a 

contradiction 

( ) ( ) .,,,, rsuuzyDzxDr >≥∗≥α∗α≥  

Therefore, ( ) ( ) .,1,,1, ∅=α−α− uyux BB ∩   

Definition 3.8. A sequence { }nx  in an α-non-Archimedean fuzzy metric 

space ( )∗,, DX  is convergent to Xx ∈  if given ( ),1,0∈r  there exists 

Nn ∈0  such that ( )α∈ ,, rxBxn  for all .0nn ≥  

Proposition 3.9. A sequence { }nx  in an α-non-Archimedean fuzzy metric 

space ( )∗,, DX  is convergent to Xx ∈  if and only if ( ) .1,,lim =αxxD nn  

Proof. If ,lim xxnn =  then for ( ),1,0∈r  there exists Nn ∈0  such that 

( )α∈ ,, rxxn B  for all .0nn ≥  It follows that ( ) rxxD n −>α 1,,  and 

hence ( ) .1,,lim =αxxD nn  Conversely, if ( ) ,1,,lim =αxxD nn  then for 

( ),1,0∈r  there exists Nn ∈0  such that ( ) rtxxD n −> 1,,  for all .0nn ≥  

Thus, ( )trxxn ,,B∈  for all 0nn ≥  and hence .lim xxnn =   

Proposition 3.10. Let { }nx  be a sequence in an α-non-Archimedean 

fuzzy metric space ( ).,, ∗DX  If { }nx  is convergent in X, then its limit is 

unique. 

Proof. Suppose Xyx ∈,  with yx ≠  and .lim xxnn =  Since ( )∗,, DX  

is a Hausdorff space, there exist ( )1,0, 00 ∈sr  such that ( ) ∩α,, 0rxB  

( ) .,, 0 ∅=αsyB  Since ,lim xxnn =  there exists ( ) N∈0rn  such that ∈nx  

( )α,, 0rxB  for all ( ).0rnn ≥  Consequently, ( )α∉ ,, 0syBxn  for all ≥n  

( ).0rn  Thus, .lim yxnn ≠  Therefore, the limit of sequence ( )nx  (if exists) 

is unique.  

Definition 3.11. A sequence { }nx  in α-non-Archimedean fuzzy metric 

space ( )∗,, DX  is a Cauchy sequence, if for each ( ),1,0∈r  there exists 

( ) N∈rn0  such that ( )α∈ ,, rxx nm B  for all ( )., 0 rnmn ≥  
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An α-non-Archimedean fuzzy metric space ( )∗,, DX  is said to be 

complete if every Cauchy sequence is convergent. 

Definition 3.12. Let ( )∗,, DX  be an α-non-Archimedean fuzzy metric 

space. A mapping XXT →:  is a continuous mapping if for every sequence 
{ }nx  such that xxnn =lim  implies .lim TxTxnn =  

Proposition 3.13. Let ( ),,0 ∞=X  abba =∗  for all [ ].1,0, ∈ba  If 

[ ) [ ]1,0,0: →∞×× XXD  be defined by ( ) ( )
( ) ,,max

,min,, tyx
tyxtyxD

+
+=  then 

( )∗,, DX  is a complete α-non-Archimedean fuzzy metric space. 

Proof. Clearly, Definition 3.1 ( )421 and, DDD  holds. It is 

straightforward to verify that ( ) ,00,,1 >> yxD  ,, Xyx ∈  yx ≠  and 

( ) ( ) ( )0,,0,,0,, yzDzxDyxD ∗≥  for all ., Xyx ∈  So, ( )∗,, DX  is a  

0-non-Archimedean fuzzy metric space. Now, we need to show that 
( )∗,, DX  is a complete 0-non-Archimedean fuzzy metric space. If { }nx  is a 

Cauchy sequence in ( ),,, ∗DX  then given ( ),1,0∈r  there exists N∈0n  

such that 

 ( ) rxxD mn −> 10,,  for all ., 0nmn ≥  (3.1) 

But ( ) rxxD mn −> 10,,  for all ( )
( ) ,1,max

,min, 0 rxx
xxnmn

mn
mn −>⇒≥  mn,∀  

( ) ,,max0 rxx
xxn

mn
mn <

−
⇒≥  .0lim, ,0 =−⇒≥∀ mnmn xxnmn  Thus, { }nx  

is a Cauchy sequence in [ )( ),,,0 ⋅∞=Y  where ⋅  is a usual metric on R  

restricted to [ ).,0 ∞=Y  Since ( )⋅,Y  is complete, .lim Yxxnn ∈=  

Claim. .0≠x  For if ,0=x  then { } ( )( )∞⊂ ,0since nx  there             

exists a decreasing sub-sequence { }jnx  of { }nx  such 0lim =jj nn x  and 

( ) ,10,, rxxD ij nn −>  ,, 00 nnnn iij ≥≥∀  where 0n  is as in (3.1). In 

particular ( ),fixing 0in  ( ) ,10,,
0

rxxD ij nn −>  ., 00 nnnn iij ≥≥∀  Since 
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{ }jnx  is decreasing, 0lim =jj nn x  and ( ) ,10,,
0

rxxD ij nn −>  ≥∀ ij nn ,  

,00 nni ≥  we get a contradiction .1lim0
0

rx
x

n
i

j

n

n
j −≥










=  Hence, the claim. 

Thus, every Cauchy sequence { }nx  in ( )∗,, Dx  is convergent in X. 

Therefore, ( )∗,, DX  is a complete 0-non-Archimedean fuzzy metric space.  

Remark 3.14. ( )∗,, DX  in Proposition 3.13 is 1-non-Archimedean fuzzy 

metric space but not complete 1-Archimedean fuzzy space. 

4. Fixed Point Results of αΨ -contraction Self Maps in 

α-non-Archimedean Fuzzy Metric Spaces 

In this section, we present some fixed point results of αΨ -contraction 

self mapping in α-non-Archimedean fuzzy metric spaces. 

First we define a collection of fuzzy sets in [ ]1.0=I  comparison 

mappings, similar to that of Mihet’s in [11]. 

Definition 4.1. Let [ ] [ ]1,01,0: →ψ  be a mapping satisfying the 

following conditions: 

(1) ψ is a non-decreasing and left continuous function; 

(2) ( ) 0>ψ r  for all ;0>r  

(3) [ ]( ) 1lim =ψ rn
n  for all .0≠r  

Define { }.(3)to(1)satisfies: ψ∈ψ=Ψ II  We call every Ψ∈ψ  a          

Ψ-mapping. 

Example 4.2. Let ( )1,0∈k  be arbitrarily fixed. A mapping 

[ ] [ ]1,01,0: →ψ  defined by ( ) ( )rkk
rr
−+

=ψ 1  is a Ψ-mapping. 

Lemma 4.3. If ,Ψ∈F  then ( ) 11 =F  and ( ) rrF >  for all ( ).1,0∈r  
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Proof. If ψ∈F  and ( ]1,0∈r  are arbitrary, then ( ) 1≤rF  (since  

[ ]( ) [ ] )1,01,0 ⊂F  and ( ) ( )1FrF ≤  (since F is non-decreasing). Therefore, 

( ) ( ) [ ]( ) [ ]( ) ( ) .11111 22 ≤≤≤⇒≤≤ FFrFFrF  Repeating the same procedure, 

we obtain that [ ]( ) ( ) 11 ≤≤ FrF n  for all .N∈n  Thus, [ ]( ) ≤= rF n
nlim1  

( ) .11 ≤F  That is, ( ) .11 =F  Similarly, if ( ) rr ≤ψ  for some ( ),1,0∈r   

then we get a contradiction [ ]( ) .lim1 rrn
n ≤ψ=  Thus, ( ) rrF >  for all 

( ).1,0∈r   

Definition 4.4. Let ( )∗,, DX  be a fuzzy metric space. A self mapping 

XXT →:  is said to be 

(1) a αΨ -contraction if there exists an ( )∞∈α ,0  and a Ψ∈ψ  such 

that 

 ( ) ( )( ) ;,,,,,, XyxyxDTyTxD ∈∀αψ≥α  (4.1) 

(2) a weak αΨ -contraction if there exists an ( )∞∈α ,0  and a Ψ∈ψ  

such that 

 ( [ ] ) ( )( ) ;,,,,,2 XxxTxDTxxTD ∈∀αψ≥α  (4.2) 

(3) a Ψ-contraction if there exists Ψ∈ψ  such that 

( ) ( )( ),,,,, tyxDtTyTxD ψ≥  Xyx ∈∀ ,  and for each ;0>t  (4.3) 

(4) a weak Ψ-contraction if there exists Ψ∈ψ  such that 

 ( [ ] ) ( )( ),,,,,2 txTxDtTxxTD ψ≥  Xx ∈∀  for each .0>t  (4.4) 

Definition 4.5. A sequence { }nx  in fuzzy metric space ( )∗,, DX  is said 

to be 

(1) a Ψ-contraction sequence in X if there exists Ψ∈ψ  such that 

 ( ) ( )( )txxDtxxD nnnn ,,,, 121 +++ ψ≥  for all ,0N∈n  ;0>t  (4.5) 
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(2) a αΨ -contraction sequence in X if there exist an ( )∞∈α ,0  and a 

Ψ∈ψ  such that 

( ) ( )( )αψ≥α +++ ,,,, 121 nnnn xxDxxD  for all ,0N∈n  .0>t  (4.6) 

Lemma 4.6. Let ( )∗,, DX  be an α-non-Archimedean fuzzy metric space. 

If { } Xxn ⊂  is a αΨ -contraction sequence in X with respect to ,Ψ∈ψ  then 

{ }nx  is a Cauchy sequence. 

Proof. If { }nx  is a αΨ -contraction sequence with respect to ,Ψ∈ψ  

then (4.6) holds and 

( ) ( )( )αψ≥α ,,,, 1021 xxDxxD  

( ) ( )( ) [ ] ( )( )αψ≥αψ≥α ,,,,,, 10
2

2132 xxDxxDxxD  

 #  

( ) [ ] ( )( ).,,,, 10
1

21 αψ≥α +
++ xxDxxD n

nn  (4.7) 

From (4.7) and the property of ,Ψ∈ψ  we have 

( ) [ ] ( )( ) .1,,lim,,lim 1021 =αψ≥α++ xxDxxD n
nnnn  

Similarly, ( ) .1,,lim 32 =++ pxxD nnn  That is, 

 ( ) .1,,lim 1 =α+nn
n

xxD  (4.8) 

We claim { }nx  is a Cauchy sequence. 

If { }nx  is not a Cauchy sequence, then given N∈k  and for each N∈l  

with ,kl ≥  there exist ( ) ( ) N∈lnlm ,  such that 

( ) ( ) llnlm ≥≥   and  ( ( ) ( ) ) rxxD lnlm −≤α 1,,  for some ( ).1,0∈r  

By (4.8), ( ( ) ( ) ) .1,,lim 1 =α+lnlnl xxD  From 

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,,,,,,1 11 α∗α≥α≥− ++ lnlnlnlmlnlm xxDxxDxxDr  
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we get 

{ ( ( ) ( ) ) ( ( ) ( ) )}α∗α≥− ++ ,,,,suplim1 11 lnlnlnlml xxDxxDr  

( ( ) ( ) ).,,suplim 1 α≥ +lnlml xxD  

Similarly, 

( ( ) ( ) )α≥− + ,,suplim1 1 lnlml xxDr  

and 

( ( ) ( ) ).,,suplim1 11 α≥− ++ lnlml xxDr  

Without loss of generality, assume that ( )lm  is odd and ( )ln  is even for all l 

and ( ( ) ( ) )pxxDr lnlm ,,1 ≥−  for all l. 

Put 

( ) { ( ) ( ( ) ( ) ) ( ) }.numberoddanis,,,1:min lmpxxDrlml lnlm≥−=ε  

Now, for ( ),lε  we have 

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )α∗≥α=− ε−ε−εε ,,,,,,1 22 lllnllnl xxDpxxDxxDr  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )α∗∗α≥ ε−ε−ε−ε−ε ,,,,,, 1122 lllllnl xxDpxxDxxD  

( ) ( ( ) ( ) ) ( ( ) ( ) )α∗α∗−≥ ε−ε−ε−ε ,,,,1 112 llll xxDxxDr  

r−→ 1  as .∞→l  

Thus, 

 ( ( ) ( ) ) .1,,lim rtxxD lnl
l

−=ε  (4.9) 

Using Definition 3.1, we have 

( ( ) ( ) )αε ,, lnl xxD  

( ( ) ( ) ) ( ( ) ( ) )α∗α≥ ε+ε+ε ,,,, 11 lllnl xxDxxD  
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( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )α∗α∗α≥ ε+ε+++ε ,,,,,, 1111 lllnlnlnl xxDxyDxxD  

( ( ( ) ( ) )) ( ( ) ( ) ) ( ( ) ( ) ).,,,,,, 11 α∗α∗αψ≥ ε+ε+ε lllnlnlnl xxDxxDxxD  

By letting ∞→l  in (4.10) and using (4.8), (4.9), continuity of ∗ and the 
properties of ,Ψ∈ψ  we get a contradiction ( ) .111 rrr −>−ψ≥−  Hence, 

{ }nx  is a Cauchy sequence.  

Lemma 4.7. Let ( )∗,, DX  be an α-non-Archimedean fuzzy metric space 

and let T be a (weak) αΨ -contraction mapping with respect to .Ψ∈ψ          

For each ,0 Xx ∈  a sequence { [ ] }0: xTxx n
nn =  is a Cauchy sequence in 

( ).,, ∗DX  

Proof. (I) Assume that T is a αΨ -contraction mapping with respect to a 

.Ψ∈ψ  Let Xx ∈0  be arbitrary and let { }0: N∈nxn  be as stated in the 

lemma. By (4.1), ( ) ( )( )αψ≥α ,,,, yxDTyTxD  for all ., Xyx ∈  Hence, for 

all ,N∈n  we have 

( ) ( [ ] [ ] )α=α ++
++ ,,,, 0

2
0

1
21 xTxTDxxD nn

nn  

( ( [ ] ) ( [ ] ) )α= + ,, 0
1

0 xTTxTTD nn  

( ( [ ] [ ] ))αψ≥ + ,, 0
1

0 xTxTD nn  

( )( ).,, 1 αψ= +nn xxD  

Therefore, { }0: N∈nxn  is a αΨ -contraction sequence in ( ).,, ∗DX  

Hence, by Lemma 4.6, { }0: N∈nxn  is a Cauchy sequence. 

(II) Assume that T is a weak αΨ -contraction mapping with respect to a 

.Ψ∈ψ  Let Xx ∈0  be arbitrary and let { }0: N∈nxn  be as stated in the 

lemma. By (4.2), ( [ ] ) ( )( )αψ≥α ,,,,2 xTxDTxxTD  for all .Xx ∈  Hence, 

for all ,N∈n  we have 
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( ) ( [ ] [ ] )α=α ++
++ ,,,, 0

1
0

2
12 xTxTDxxD nn

nn  

( [ ]( [ ] ) ( [ ] ) )α= ,, 00
2 xTTxTTD nn  

( ( ( [ ] ) [ ] ))αψ≥ ,, 00 xTxTTD nn  

( )( ).,,1 αψ= + nn xxD  

Therefore, { }0: N∈nxn  is a αΨ -contraction sequence in ( ).,, ∗DX  

Hence, by Lemma 4.6, { }0: N∈nxn  is a Cauchy sequence.  

Theorem 4.8. Let ( )∗,, DX  be a complete α-non-Archimedean fuzzy 

metric space. If XXT →:  is a αΨ -contraction mapping with respect to 

,Ψ∈ψ  then T has a unique fixed point. 

Proof. Let Xx ∈0  be arbitrary and let { [ ] }.,: 0 N∈= nxTxx n
nn  By 

Lemma 4.7, { [ ] }N∈= nxTxx o
n

nn ,:  is a Cauchy sequence in ( ).,, ∗DX  

Since ( )∗,, DX  is a complete α-non-Archimedean fuzzy metric space, 

.lim Xzxnn ∈=  

Now, we claim ( ) { }.: yTyXyTFixz =∈=∈  Indeed, since ( )∗,, DX  

is an α-non-Archimedean fuzzy metric space and T is a αΨ -contraction 

mapping, we have 

( ) ( ) ( )α∗α≥α ,,,,,, TzTxDTxzDTzzD nn  

( ) ( )( )αψ∗α≥ ,,,, zxDTxzD nn  

( ) ( )( ).,,,, 1 αψ∗α= + zxDxzD nn  

By continuity of ∗ and left continuity of ψ, we conclude that 

( ) ( ) ( )( ){ }αψ∗α≥α + ,,,,lim,, 1 zxDxzDTzzD nnn  

( ) .1,,1 =α⇒= TzzD  
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Since ( ) 1,, ≠αyxD  for all yx ≠  by Definition 3.1 ( )( ),i3D  we conclude 

that .zTz =  

Finally, we shall show uniqueness of a fixed point of T. 

Suppose ( )., TFixwz ∈  If ,zw ≠  then by Definition 3.1 ( )( ),i3D  

( ) .0,,1 >α> zwD  Therefore, by Definition 4.1(1) and Lemma 4.3, we get 

a contradiction 

( ) ( ) ( )( ) ( ).,,,,,,,, α>αψ≥α=α zwDwzDTwTzDzwD  

Therefore, T has a unique fixed point.  

Corollary 4.9. Let ( )∗,, DX  be a complete non-Archimedean fuzzy 

metric space such that ( ) 0,,1 >α> yxD  for some ( )∞∈α ,0  and for 

.,, yxXyx ≠∈  If XXT →:  is a Ψ-contraction mapping with respect 

to ,Ψ∈ψ  then T has a unique fixed point. 

Proof. Let ( )∞∈α ,0  be as stated in the theorem. Since ( )tyxD ,,  is 

non-Archimedean, ( ) ( ) ( )tyzDtzxDtyxD ,,,,,, ∗≥  for all Xzyx ∈,,  

and for all .0>t  Consequently, ( ) ( ) ( )α∗α≥α ,,,,,, yxDzxDyxD  for 

all .,, Xzyx ∈  Hence, ( )∗,, DX  is a complete α-non-Archimedean space. 

Therefore, the result follows by Theorem 4.8.  

By relaxing the contractive conditions imposed by Gregori and Sapena 
[4], we obtain the following corollary: 

Corollary 4.10. Let ( )∗,, DX  be a complete fuzzy metric space and let 

XXT →:  be a mapping. If there exist ( )∞∈α ,0  and ( )1,0∈k  such 

that 

( ) 1,,0 <α< yxD  for all ,,, yxXyx ≠∈  (4.11) 

( ) ( ) ( ) ,,,,,,,,,, XzyxyzDzxDyxD ∈∀α∗α≥α  (4.12) 
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( ) ( ) ,,,,1,,
11,,

1 XzyxyxDkTyTxD ∈∀




 −

α
≤−

α
 (4.13) 

then T has a unique fixed point. 

Proof. Since a complete fuzzy metric space satisfying (4.11) and (4.12) 
is an α-non-Archimedean fuzzy metric space, it suffices to prove that T is a 

αΨ -contraction mapping. Observe that (4.13) can be rewritten as 

 ( ) ( )
( ) ( ) .,,1

,,,,,,
α−+

α≥α∈∀ yxDkk
yxDTyTxDXyx  (4.14) 

Now, define [ ] [ ]1,01,0: →ψ  by ( ) ( ) ,1 rkk
rr
−+

=ψ  where ( )1,0∈k  

is as in (4.14). Thus, (4.14) becomes that ,, Xyx ∈∀  

( ) ( )( ).,,,, αψ≥α yxDTyTxD  

Hence, T is a αΨ -contraction mapping with respect to .Ψ∈ψ  Therefore, by 

Theorem 4.8, T has a unique fixed point.  

Corollary 4.11. Let ( )∗,, DX  be a complete fuzzy metric space and let 

XXT →:  be a Ψ-contraction mapping. If there exists ( )∞∈α ,0  such 

that 

( ) yxXyxyxD ≠∈∀>α> ,,,0,,1  

and 

( ) ( ) ( )α∗α≥α ,,,,,, yzDyxDyxD  

for all ,,, Xzyx ∈  then T has a unique fixed point. 

Proof. A complete fuzzy metric space ( )∗,, DX  with 

( ) yxXyxyxD ≠∈∀>α> ,,,0,,1  

and 

( ) ( ) ( )α∗α≥α ,,,,,, yzDyxDyxD  
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for all Xzyx ∈,,  is a complete α-non-Archimedean fuzzy metric space. 

Hence, the result follows by Theorem 4.8.  

Theorem 4.12. If ( )∗,, DX  is a complete α-non-Archimedean fuzzy 

metric space, then every continuous weak αΨ -contraction self mapping has 

a fixed point. 

Proof. Let T be a continuous weak αΨ -contraction self mapping of          

X with respect to ψ. If Xx ∈0  is an arbitrary point, then a sequence 

{ [ ] }N∈= nxTxx n
nn ,: 0  is a Cauchy sequence (by Lemma 4.7). Since 

( )∗,, DX  is a complete α-non-Archimedean fuzzy metric space, =nn xlim  

.Xz ∈  

Now, we claim ( ) { }.: yTyXyTFixz =∈=∈  Indeed, since ( )∗,, DX  

is an α-non-Archimedean fuzzy metric space and T is continuous for all 
,0N∈n  we have 

( ) ( ) ( )α∗α≥ ++ ,,,,,, 11 TzxDxzDtTzzD nn  

( ) ( ).,,,, 1 α∗α= + TzTxDxzD nn  

That is, ( ) ( ) ( ){ } .1,,,,lim,, 1 =α∗α≥α + TzTxDxzDTzzD nnn  

Thus, .zTz =   

Now we provide examples that support our results. 

Example 4.13. Let ( ),,0 ∞=X  ,abba =∗  [ ]1,0, ∈∀ ba  and 

[ ) ( ]1,0,0: →∞×× XXD  be defined by ( ) ( )
( ) .,max

,min,, tyx
tyxtyxD

+
+=  A 

mapping XXT →:  defined by xTx =  has a unique fixed point. 

Proof. By Proposition 3.13, ( )∗,, DX  is a complete 0-non-Archimedean 

fuzzy metric space. So, it suffices to show that T is a 0Ψ -contraction mapping 

for some .Ψ∈ψ  Define [ ] [ ]1,01,0: →ψ  by ( ) .tt =ψ  Now, for all 
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,, Xyx ∈  we have 

( ) ( )
( )

==
yx
yxTyTxD

,max
,min0,, ( )

( )
( )
( )yx

yx
yx
yx

,max
,min

,max
,min =  

( )( ).0,, yxDψ=  

Therefore, T is a 0Ψ -contraction self mapping of X. Hence, the result follows 

by Theorem 4.8.  

Example 4.14. Let [ ]1,0=X  and abba =∗  for all [ ].1,0, ∈ba  If 

( ) ( ]1,0,0: →∞×× XXD  is defined by ( ) ,,, yxt
ttyxD
−+

=  then 

( )∗,, DX  is a complete fuzzy metric space and a mapping XXT →:  

defined by 



















∈





∈−





∈

=

1,3
2if0

3
2,2

1if3
2

2
1,0if6

1

x

xx

x

Tx  

has a unique fixed point. 

Proof. Clearly that ( )∗,, DX  is a complete α-non-Archimedean fuzzy 

metric space ( ).1with =α  Let ( ) ,3
4

k
kk
+

=ψ  [ ].1,0∈k  Then ψ is a        

Ψ-mapping. Indeed, [ ]( )
( )

[ ]( ) 1lim
343

4 =ψ⇒
−+

=ψ k
k

kk n
nnnn

n
n  for all 

.0≠k  Clearly, ψ is increasing and ( ) 0>ψ r  for each .0≠r  Therefore, ψ 

is a Ψ-mapping. 

We can easily verify that ( [ ] ) ( )( )1,,1,,2 xTxDTxxTD ψ≥  for each 

.Xx ∈  Therefore, T is a continuous weak αΨ -contraction mapping with 

respect to ψ. So, the result follows by Theorem 4.12.  
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5. Conclusion 

In this work, we introduce the notion of α-non-Archimedean fuzzy 
metric by relaxing the triangular inequality of a non-Archimedean fuzzy 
metric space. 

The well known fuzzy metric spaces such as ( )∗,, dDX  (standard fuzzy 

metric spaces), ( )∗,, DX  with ( ),,0 ∞=X  ( ) ( )
( ) tyx

tyxtyxD
+
+= ,max

,min,,  and 

,abba =∗  every stationary fuzzy metric spaces ( )∗,, DX  with ( ).,, yxD  

0≠  for all Xyx ∈,  and every non-Archimedean fuzzy metric spaces with 

( ) 0,,1 >α> yxD  for some ( )∞∈α ,0  and for all ,, Xyx ∈  yx ≠  belong 

to α-non-Archimedean fuzzy metric spaces. 

Introduction of an α-non-Archimedean fuzzy metric spaces enables us         
to induce a topology on a given non-empty set X, using a “one-parameter”         
in fuzzy settings. In turn, a convergent sequence, a Cauchy sequence and 
continuity of a self map in α-non-Archimedean fuzzy space are precisely 
defined as usual. Consequently, some fixed point results of a αΨ -contraction 

self map in α-non-Archimedean fuzzy metric spaces are obtained. Since  

αψ -contraction self mapping deals with respect to one-parameter, contrary 

to other Ψ-contraction self mapping in fuzzy settings, which deal with all 
parameters, our results are helpful. 
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