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Abstract

In this note, under suitable conditions, it can be seen that the
homotopy group m (lim X, *) is isomorphic to the integral homology

group H(limX; Z) of the inverse limit of a k-connected inverse
system (X, *) = ((X;,, *), pyo, A) of pointed topological spaces X;
and pointed preserving continuous maps pjy : X3 = X3, A <A

over a directed set A.
1. Introduction

In algebraic topology, it appears very often that a certain cohomology

expression can be described as a derived functor lim" (=), n > 0 defined by
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Roos [13] and Noveling [12] independently and simultaneously. The first
derived limit is an important algebraic tool in the computation of phantom
maps in rational homotopy theory. McGibbon [10] wrote a nice paper on
the derived limits and phantom maps. McGibbon and Steiner [11] introduced
some questions about the first derived limits of the inverse limits and
phantom maps. Using the Noveling-Roos cohomology (derived limit in
this paper), Watanabe [14] gave an elementary and concrete proof of the
properties of derived functors on two categories. We can also find some
results on the set of phantom maps in the sense of the extension product of
inverse systems [2] and the same n-type structures of CW-spaces (see [3] and

[4])

In 1985, Lisica and Mardesi¢ [5] defined the strong homology groups
which are the generalizations of the Steenrod homology groups. Mardesi¢
proved that the strong homology group does not have compact supports
and that there exists a paracompact space whose nth derived limit is not
trivial (see [6] and [7]). Mardesi¢ and Prasolov [8] constructed a structure
theorem which shows a lot of information about the derived limits and
strong homology groups of some inverse systems. Actually, strong homology
theory deeply involved in the derived limits of various inverse systems.

Let X =(Xy, pyys» A) be an inverse system of pointed topological
spaces X, and pointed preserving continuous maps pyy : Xor = X,
A < A" over a directed set A and let Z be the set of all integers. In this
paper, we show that if (X, *) = (X, *), pyos» A) is a k-connected inverse
system of pointed topological spaces and pointed preserving weak fibrations,

inducing epimorphic chain maps, over the directed set, then the homotopy
group 7 (lim X, *) of the inverse limit is isomorphic to the integral homology

group H;(limX; Z).
2. Preliminaries

Let (X, *) be a pointed n-connected space, i.e., m;(X,*)=0 for
0 <k <n. We note that if n>1, then Hy(X;Z)=0, for 1<k <n,
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by 1y (X, %) > H,1(X; Z) is an isomorphism and £,,, is an

epimorphism.
Let HTop, be the homotopy category of pointed topological spaces and
let pro-HTop, be the pro-homotopy category of pointed inverse systems.

Definition 2.1. An object (X, *) € pro-HTop, is n-connected if
(X, *) =0 for 0 < k < n.

Let 2l = (A4, a3/, A) be an inverse system of abelian groups 4; and

group homomorphisms a;' : 4y = 4, A <A over the directed set A.

Let A", n >0 be the set of all increasing sequences A = (Ag, A, ...r Ay ),
Ao <Ay << Ay, A€ A The sequence Aj = (Moo Mgy ooon A jgs A

wo Ay) € A""! is obtained from A by deleting the jth factor A ;, 0 < j < n.
We define n-cochain groups C"(2() of A by

c'@) =[] 45 n=o,
reA”

where Ay = 4.

Let pry : C"(A) — A5 be a projection. If x is an element of C" (),
then we denote the element xy of 4; by
x5 = pri(x).

The coboundary operators 8" : C"1(A) > C"(2), n =1 are defined
by

n
(@"x)7 = arg, (x3,) + Z(—l)j X7
=

where x € C"7'(2). For n = 0, weput 8° = 0: 0 — C°(2). Then we have

a cochain complex
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* 80 0 8! 1
(C*@), 8): 0 —> 5 cO(21) —& 5 L)
o O 6—n>C"(2l) — e
The nth derived limit [12] lim" A of 2 is defined by

lim" 2 = ker(8"*!)/im(3").
There is another notion about the first derived limit of inverse systems.
Let {G,} = (G,, g,’{“, N) be an inverse tower of (possibly non-abelian)
groups G, and homomorphisms gZ” : G,41 — G, indexed by the set of

all nonnegative integers N. We consider a left action of H G, on H G,
by the formula

1, 1
(“': Sns Sn+ls ) ° (’ Les tngls ) = (’ Sntngi};H— (Sn+l): )

We define the first derived functor, lim' {G,}, of an inverse tower as
the set of orbits of H G,, under this action in the sense of Bousfield-Kan
[1, p. 251]. We can also define the inverse limit, 1lim{G, }, of the inverse

tower {G,} by using this action:

(G} = {g e [T Gy lg ox = +f.

Moreover, the set liml{Gn} = H G, /~ can be viewed as the quotient set of
the direct products H G,, by an equivalence relation ~ defined as follows:
For x = (-, X, ), ¥ = (-, ¥, =) € [ | G,» one has x ~ y if and only

if there exists an element s = (-+-, s,,, **) € HGn such that y = s o x.
Let © = (D5, djys» A) and € = (E.,, e,;/, I') be inverse systems in any
category €. We say that s = {0, Sy iV € [}:D — € is a rigid system map

from ® to € if ¢:I' > A is an increasing function, s, : Dy(y) = Ey,
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y €' is a morphism in the category & and for any y <y' in I, the

following diagram:

de(v)p(v")
Dcp('y) = Dso(v’)

S~ ¥
e

Yy

is commutative. We can make a category inv-¢& of inverse systems in € and
rigid system maps. The rigid system map is called a level system map

provided I' = A and ¢ is an identity map on A. It is easy to see that the

category ¢™ of the inverse systems and the level system maps is not full

subcategory but subcategory of inv- €.
3. Hurewicz Homomorphisms

For a given pointed inverse system (X, *)=((X,, *), pjos» A) of
pointed topological spaces X; and pointed preserving continuous maps
D Xy > X5, A< A over a directed set A, we obtain the following

inverse systems:
(1) m (X, #) = (mg (X5, *), pay, A) and
(2) Hi(X, Z) = (Hi(Xy; Z), pps N)

in homotopy and homology, respectively, induced by the inverse system
(X, #).

The Hurewicz homomorphism /7, : (X, *) > H(X;; Z), L e A
induces a morphism (level system map) 4 : n; (X, *) &> H(X; Z) in the

category Gr of inverse systems of groups and level system maps over A.
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Definition 3.1. A level system map 4 : 7 (X, *) > H,(X; Z) in Gr*

is called the Hurewicz level system map of (X, *).

Proposition 3.2 (Hurewicz isomorphism theorem). Let (X, *) be a
pointed k-connected inverse system. If k > 1, then we have the following

facts:
() H(X,Z)=0, 1<n<k and

(2) h: (X, %) > Hy (X5 Z) is an isomorphism of inverse systems
induced by (X, *).

Proof. See Theorem 2, Section 4.1 of the second chapter in [9]. O

A pointed preserving map [ : (X, *) > (¥, *) is called a pointed
preserving weak fibration provided f has the homotopy lifting property with

respect to the collection of cubes {7,,} ..

Lemma 3.3. Let (X, *) = ((X;,, *), pyo> A) be an inverse system of

pointed topological spaces and pointed preserving weak fibrations. Then the
sequence

0 — lim'm, (X, *) > m; (lim X, *) - lim 7, (X, *) - 0
is exact for any k > 0.

Proof. See Theorem 2, Section 4.1 of the second chapter in [9]. O

Lemma 3.4. Let X = (X, pyy'» A) be an inverse system of topological

spaces and continuous maps inducing epimorphic chain maps py':
Cy(Xys Z) = Cy(Xy; Z), L <\ Then the sequence

0 > lim' H,1(X; Z) > H,(limX; Z) > lim H,(X; Z) > 0
is also exact.

Proof. See Theorem 2 of [9]. O



On the Hurewicz Homomorphisms in Shape Theory 535

Theorem 3.5. Let (X, *) = (Xy,, *), pyyr» A) be a k-connected inverse

system of pointed topological spaces. If the bonding morphisms are
weak fibrations inducing epimorphic chain maps p;;4 : Cy(Xy; Z) —

Cﬁ(X;L; Z), N <)\, then
n (lim X, *) = H, (lim X; 2).

Proof. Considering an exact sequence of derived limits of homotopy
groups and the Hurewicz isomorphism theorem, by Lemma 3.3 and Lemma

3.4, we obtain the following commutative diagram:

0 — lim'mg 1 (X, %) —— mp(lim X, %) —— lim 7 (X, %) —0

| i l

0 — lim" Hy, 1 (%; Z) — Hy(lim X; Z) — lim Hy(X;Z) — 0.

Since the inverse system (X, *) is k-connected, by Proposition 3.2, we

have
M1 (X, *) = Hyyy (X5 Z)
and
H,(%;Z) =0
for 1 < n < k. Therefore, we obtain
m(lim X, *) = lim' g, (X, *)(n, (X, *) is trivial)

= lim' H,.,,(X; Z) (Hurewicz isomorphism theorem)

= Hi(imX; Z)
which shows the proof. O

An inverse system 2 = (4, ay;’, A) has the Mittag-Leffler property if
every A € A admitsa A" € A, X' > A such that
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an () = aypr(4r)
for any A" > A",

Proposition 3.6. If the inverse system 2 = (4, , ay;., A) has the Mittag-
Leffler property, then

lim'2( = 0.
Proof. See Theorem 10, Section 6.2 of the second chapter in [9]. O

Corollary 3.7. Let (X, *) = (X5, *), pyy> A) be a k-connected inverse

system of pointed topological spaces. If the bonding morphisms are
weak fibrations inducing epimorphic chain maps Pin't :Cﬁ(Xkr; 7) —

Cy(Xy; Z), A <)\ and if m (X, *) has the Mittag-Leffler property, then
Hi(limX; Z) = 0.
Proof. By Lemma 3.3, Theorem 3.5 and Proposition 3.6, we have

Hi(imX; Z) = n; (lim X, *)

= lim' e (X, *)
=0
as required. O

Let HPol and HPol, be homotopy category and pointed homotopy
category of polyhedra, respectively. Also, let p: X — X be an HPol-

expansion [9]. The Cech homology group H;(X; A) of X with coefficients
in an abelian group 4 is defined by

Hy(X; 4) = im[H, (%X; A)],

where [ ] means the equivalence class of inverse systems.
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Let p: (X, *) > (X, *) be an HPol, -expansion. The kth shape group
7 (X, *) is defined by

(X, %) = Tim[r (%, )]

Corollary 3.8. Let (X, *) = ((X;,, *), pyy» A) be a k-connected inverse
system of pointed topological spaces and p : (X, *) — (X, *) be an HPol, -
expansion of (X, *). Then

T 1(X, #) = Hk+1(X; Z).
Proof. By the Hurewicz isomorphism theorem, we have

T 1(X, %) = lim[m 1 (X, #)]

0

lim[H} 1(X; Z)]
= Hy (X Z)

as required. O
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