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Abstract

Classification schemes for nonoscillatory solutions of neutral differential
equations are given, and necessary as well as sufficient or sufficient
conditions are provided.

1. Introduction

In this paper, we are concerned with the nonlinear differential
equations on a measure chain of the form

( ) ( )( ) ( )( ) ,,0, 0tttxtFtxtx ≥=δ−+τ−− ∆ (1)

where ( )xtF ,,0,0 ≥σ>τ  is a real-valued function defined on { }0: ttt ≥

R×  which is nondecreasing and continuous in the second variable x and

satisfies ( ) 0, >xtF  for .0>x

In this paper, we consider classification schemes for all eventually
positive solutions of (1) and our classification schemes are more full and
clear. We need some preliminary definitions.
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Definition 1. Let T be a closed subset of the real number R with the

property that

( ) { } TTtt ∈∈τ>τ=σ :inf:

and

( ) { } ,:sup: TTttt ∈∈<τ=ρ

for all Tt ∈  with Tt sup<  and ,inf Tt >  respectively. We assume

throughout that T has the topology that it inherits from the standard

topology on the real number R. If ( ) ,tt >σ  then we say t is right

scattered, while if ( ) ,tt <ρ  then we say t is left scattered. If ( ) ,tt =σ  then

we say t is right dense, while if ( ) ,tt =ρ  then we say t is left dense.

Throughout this paper, we always assume that a is point in T and

.sup ∞=T  Define the interval in T,

[ ) { }.thatsuch:, taTta ≤∈=∞

Other types of intervals are defined similarly.

Definition 2. Assume RTx →:  and fix .Tt ∈  Then we define

( )tx∆  to be the number (provided it exists) with the property that given

any ,0>ε  there is a neighborhood U of t such that

( )( ) ( )[ ] ( ) ( )[ ] ( ) ,ststtxsxtx −σε≤−σ−−σ ∆

for all .Us ∈  We call ( )tx∆  the delta derivative of ( ).tx

It can be shown that if RTx →:  is continuous at Tt ∈  and t is

right scattered, then

( ) ( )( ) ( )
( ) .

tt
txtx

tx
−σ
−σ=∆

Note that if ,ZT =  where Z is the set of integers, then

( ) ( ) ( ).1 txtxtx −+=∆

Of course, if ,RT =  then ( ) ( ).txtx ′=∆
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Definition 3. If ( ) ( ),tftF =∆  then we define an integral by

( ) ( ) ( )∫ −=∆
t

a
aFtFssf

and we stipulate that ∫
∞

∞=∆
a

t .

2. Classification of Positive Solutions

In this section, we will show that all positive solutions of (1) can be

divided into four types. First of all, we give their definitions.

Definition 1. A positive solution ( )tx  of equation (1) is called to

belong to A-type, if it can be expressed in the form

( ) ( ),tttx β+α= (2)

where 0>α  is a constant, ( )tβ  is bounded.

Definition 2. A positive solution ( )tx  of equation (1) is called to

belong to B-type, if it can be expressed in the form

( ) ( ),tttx θ+α= (3)

where 0>α  is a constant, ( )tθ  is unbounded and ( ) .0lim =θ∞→ ttt

Definition 3. A positive solution ( )tx  of equation (1) is called to

belong to C-type, if it can be expressed in the form ( ) ( ),ttx β=  and D-type

if ( ) ( ).ttx θ=

Theorem 1. If ( )tx  is an eventually positive solution of (1), then it

belongs to one of A-type, B-type, C-type or D-type.

Proof. Define

( ) ( ) ( ).τ−−= txtxtz (4)

In view of (1), we have ( ) .0<∆ tz  Thus, ( ) 0>tz  or ( ) .0<tz  The later case

is impossible. Otherwise, there is a 01 tt ≥  such that ( ) ,0<∆ tz  ( ) 0<tz
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and ( ) 0>τ−tx  for ,1tt ≥  then

( ) ( ) ( )∑
=

+τ+=τ+
j

i

txitzjtx
1

111

( ) ( ) ,as11 ∞→∞−→+≤ jtxtjz

which contradicts the assumed positivity of ( ).tx  It follows that ( ) 0>tz

and let ( ) .lim ltzt =∞→  Then either 0>l  or .0=l  It is obvious that

( ) .ltz ≥  Let

( ){ } ( ){ }.:minand:max 1111 ttttxmttttxM ≤≤τ−=≤≤τ−=

If ,11 τ+≤≤ ttt  then we have

( ) ( ) ( ) ( )( )ltzlMtxtztx −++≤τ−+= 1

and

( ) ( )( ).1 ltzlmtx −τ+++≥

By induction, we have

( ) ( ) ( )( )∑
=

−τ++++≤
k

i

litzlkMtx
0

11 (5)

and

( ) ( ) ( )( )∑
=

−τ+τ++++≥
k

i

litzlkmtx
0

11 (6)

for ( )τ++≤≤τ+ 111 kttkt  and ....,2,1=k  Hence

( ) ( )( )
τ+

−τ+
+++≤
∑ =

kt

litz
l

t
k

t
M

t
tx

k

i

1

0 11

and

( ) ( )( )
.1

1

0 1

τ+τ+

−τ+τ+
+++≥
∑ =

kt

litz
l

t
k

t
m

t
tx

k

i
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Note that

( )( )
( )( ) .0limlim 1 =−=

−

∞→

=

∞→

∑
ltz

t

liz

t

t

ti

t

Thus, we have

τ
=+

∞→

11lim
t

k
t

 and 
( )

.lim
τ

=
∞→

l
t
tx

t
(7)

If ,0=l  then either Cx ∈  or .Dx ∈  When ,0>l  we have Ax ∈  or

.Bx ∈  The proof is complete.

3. Existence

First, we will give some lemmas which are important in proving our
results on existence. In view of (7), we prove the following lemma easily.

Lemma 1. If ( )tx  is an eventually positive solution of (1) such that

( ) ,lim pttxt =∞→  then ( ) .lim τ=∞→ ptzt

On the other hand, let

( ) ( )( ) ( ) ( )( )∑ ∑
= =

−τ+τ+=−τ+=
k

i

k

i

litztblitzta
0 0

11 .and

Clearly, ( )ta  and ( )tb  are nondecreasing positive sequence. It is easy to

see that ( )ta  is bounded if and only if ( )tb  is bounded. Thus, we have

( ) ( ) ( ) 



 







τ
−+++≤

τ
−=θ tklMtatltxt 11

and

( ) ( ) .11 



 







τ
−+++≥θ tklmtbt

If ( )tθ  is unbounded, then ( )ta  is unbounded. This implies that ( )tb  is

unbounded.

Lemma 2. If ( )tx  is B-type solution of (1), then ( )tθ  is eventually

positive.
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The following lemma can be seen in [1] and its proof will be omitted.

Lemma 3. If ( ) [ ] ,0,,,0 1 >∈≥ sstttf  then

( )∑ ∫
∞

=

∞

+
∞<τ








∆

0 1i ist
ttf  if and only if ( )∫

∞
∞<∆

1
.

t
tttf

Lemma 4. Suppose that

( )( )∫
∞

∞<∆σ−ω
0

,
t

tttF  for some ,0>ω (8)

then for every positive number ,ω<α  the equation

( ) ( ) ( ) ( )( )( ) 0, =δ−+σ−α+τ−− txttFtxtx (9)

has an eventually positive solution ( )ty  such that ( ) .0lim =∞→ ttyt

Proof. Let ω<α  be a positive number. In view of (8), there exists a

01 tt ≥  such that

( )( ) ( )∫
∞

α−ωτ<∆σ−ω
1

.
2

,
t

tttF

Set

( )

( )( )

( )















τ−<

<≤τ−
τ

τ+−

≥∆σ−ω

=

∫
∞

.,0

,,

,,,

1

111
1

1

tt

ttttH
tt

tttttF

tH

t

Clearly, ( ) .0≥tH  Define

( ) ( )∫
∞

≥∆τ−=
0

1., ttsstHtu

It is obvious that ( ) ( ) ( ),tHtutu =τ−−  ( ) ( )ttu α−ω≤<0  and

( ) .0lim =∞→ ttut

Let X denote the Banach space 1tl∞  of all real sequences ( ){ }∞==
1tttxx

with the norm ( ) .sup
1

txx tt≥=  Define a set Ω by
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( ) ( ) ( ){ }1,0: tttutxXtx ≥≤≤∈=Ω

and an operator T on Ω by

( ) ( )
( ) ( ) ( )( )

( ) ( ) ( )
( ) ( ) ( )









µ+<≤






µ+
−+

µ+µ+
µ+

µ+≥∆δ−+σ−α+τ−
= ∫

∞

,,1

,,,

11
111

1

1

ttt
t

ttu
tut
tTxttu

ttssxssFtx
tTx t

where { }.,max στ=µ  For ,Ω∈x  we have

( ) ( ) ( ) ( ) ( )( )∫
∞

∆α−ω+σ−α+τ−≤≤
t

ssssFtutTx ,0

( ) ( ) ( ).tutHtu =+τ−=

That is, .Ω⊂ΩT

Define a series of sequences { ( )( )} ...,2,1,0, =kty k  as follows:

( )( ) ( ),0 tuty = ,1tt ≥

( )( ) ( ( ) ) ( ),1 tTyty kk −= ....,2,1,1 =≥ ktt

By induction, we can prove that

( )( ) ( )( ) ( ) ....,2,1,,0 1
1 =≥≤≤< − ktttutyty kk

Then there exists ( ) Ω∈ty  such that ( )( ) ( ) .,lim 1tttyty k
k ≥=∞→  Clearly,

( ) 0>ty  for 1tt ≥  and ( ) ( ) ( ).tTyty =  It is a positive solution of (12). The

proof is complete.

Theorem 2. Equation (1) has A-type positive solution if and only if

( )( )∫
∞

>ω∞<∆σ−ω
0

.0,
t

someforssssF (10)

Proof. If (10) holds, then it follows from Lemma 3 that

( )( )∑ ∫
∞

=

∞

τ+
∞<








∆σ−ω

0

.,
1i it

sssF

Then ( )tu  defined in the proof of Lemma 4 is bounded. Since ( ) ( )tuty ≤
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for ,1tt ≥  the solution ( )ty  of (9) is bounded. It is clear that ( )tyt +α  is

an A-type solution of equation (1).

Conversely, let ( )tx  be an A-type positive solution of equation (1).

Then ( )tx  can be expressed in the form (2). Thus, there exist two

numbers 01 tt ≥  and α<ω<0  such that ( ) Lt ≤β  and ( ) ttx ω≥  for

.1tt ≥  In view of Lemma 1, we have ( ) ατ=∞→ tztlim  and obtain

( ) ( )( ) ( )( )∫ ∫
∞ ∞

∆σ−ω+ατ≥∆δ−+ατ=
t t

sssFssxsFtz .,,

That is,

( ) ( ) ( )( )∫
∞

∆σ−ω+ατ+τ−≥
t

sssFtxtx .,

By induction, we can prove that

( ) ( )τ+≥+τ+α ktxLkt 11

 ( ) ( )( )∑ ∫
=

∞

τ+
≥∆σ−ω+ατ+≥

k

i it
ttttFktx

1
1

1
.0,,

Thus, we have

( )( ) ( )∑ ∫
=

∞

τ+
−+ατ≤∆σ−ω

k

i it
txLtttF

1
1

1
.,

Letting ,∞→k

( )( )∑ ∫
=

∞

τ+
∞<∆σ−ω

k

i it
tttF

1 1
.,

In view of Lemma 3, we see that (10) holds. The proof is complete.

Theorem 3. Equation (1) has a B-type positive solution if

( )( )∫
∞

∞<∆σ−λ
0

,
t

tttF  and ( )( )∫
∞

∞=∆σ−ω
0

,
t

ttttF (11)

for some .0 λ<ω<  Conversely, if equation (1) has a B-type positive

solution, then (11) holds for some .0 ω<λ<
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Proof. Let ( )λω∈α ,  be a constant. In view of Lemma 4, equation

(2) has a positive solution ( )ty  such that ( ) .0lim =∞→ ttyt  It is clear

that ( )tyt +α  is a solution of equation (1). Suppose that ( )ty  is bounded.

As in the proof of Theorem 2, we see that (10) holds. This is a

contradiction. Thus, ( )tyt +α  is a B-type solution of (1).

Let ( ) ( )tttx θ+λ=  be a B-type of equation (1), where 0>λ  is a

constant and ( )tθ  is an unbounded real sequence satisfying ( ) ttt θ∞→lim

.0=  Then ( ) λ=∞→ ttxtlim  and ( ) 0lim >λτ=∞→ tzt  by Lemma 1. In

view of Lemma 2, we know that ( )tθ  is eventually positive. Thus, there is

a number 01 tt ≥  such that ( ) 0>δ−θ t  for .1tt ≥  We have

( ) ( )( )∫
∞

∆δ−=λτ−
1

,1
t

ttxtFtz

( ) ( )( )∫
∞

∆δ−θ+σ−λ=
1

,
t

ttttF

( )( )∫
∞

∆σ−λ≥
1

.,
t

tttF

On the other hand, ( )tθ  satisfies the equation

( ) ( )( ) ( ) ( )( ) .0, =δ−θ+σ−λ+δ−θ−θ ∆ tttFtt

Note that ( ) ,lim λτ=∞→ tzt  and we have ( ) ( )( ) .0lim =δ−θ−θ∞→ ttt

Summing the above equation from t to ∞, we obtain

( ) ( ) ( ) ( )( )∫
∞

∆δ−θ+σ−λ+δ−θ=θ
t

ssssFtt .,

Let λ>ω  be a constant. Since ( ) ,0lim =θ∞→ ttt  there is a number

01 tt ≥  such that ( ) ( ) ( )σ−λ−ω<δ−θ tt  for .1tt ≥  Thus, we have

( ) ( ) ( )( )∫
∞

∆σ−ω+δ−θ≤θ
t

sssFtt ,

( ) ( )( )∑ ∫
−

=

∞

τ−
∆σ−ω+τ−θ≤

1

1

,
k

i it
sssFkt
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( )( )∑ ∫
=

∞

τ+
∆σ−ω+≤

k

i it
sssFM

1 1
,,

where τ+≤τ−≤ 11 tktt  and ( ){ }.:max 11 τ+≤≤θ= ttttM  Since ( )tθ

is unbounded, we have

( )( )∑ ∫
∞

=

∞

τ+
∞=








∆σ−ω

1

.,
1i it

sssF

By Lemma 3, we know that (11) holds. The proof is complete.

Theorem 4. Equation (1) has a C-type positive solution if and only if

( )∫
∞

>∞<∆
0

.0,
t

csomefortcttF (12)

Proof. Let (12) hold. It follows by Lemma 3 that

( )∑ ∫
∞

=

∞

τ+
∞<








∆

0

.,
0i it

tctF

Then there exists a number 0tt ≥  such that

( )∑ ∫
∞

=

∞

τ+
≥≤








∆

0
1.for,

i it
ttchchF

Set

( )

( )

( )















τ−<

<≤τ−
τ

τ+−

≥∆

=

∫
∞

.,0

,,

,,,

1

111
1

1

tt

ttttH
tt

ttscsF

tH

t

Clearly, ( ) .0≥tH  Define

( ) ( )∫
∞

≥∆τ−=
0

1., tttitHtu

It is obvious that ( ) ( ) ( ) ( ) ctuMtHtutu ≤<=τ−− ,  for ,1 τ+≥ tt  where

( )∫
∞

τ+
∆=

1
.,

t
tctFM  Let ( ) ( ) .Mtuty −=  Then we have
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( ) ( ) ( ) ( ) ( )∫
∞

τ+≥∆+=+τ−=
t

tttctFtytHtyty .for,, 1

Let X denote the Banach space 2tl∞  of all real sequences ( ){ }∞==
2tttxx

with the norm ( ) ,sup
2

txx tt≥=  where .12 τ+= tt  Define a set Ω by

( ) ( ) ( ){ }2,0: tttutxXtx ≥≤≤∈=Ω

and an operator T on Ω by

( ) ( )
( ) ( )( )

( ) ( ) ( )
( ) ( ) ( ) ( )









σ+<≤







σ+
−+

δ+σ+
δ+

σ+≥∆δ−++τ−
=

∫
∞

.,1

,,,

22
121

2

2

ttt
t

tty
tut
tTxtty

ttssxMsFtx
tTx t

It is clear that .Ω⊂ΩT

Define a series of sequences { ( )( )} ...,2,1,0, =ktx k  as follows:

( )( ) ( ),0 tytx = ,2tt ≥

( )( ) ( ( ) ) ( ),1 tTxtx kk −= ....,2,1,1 =≥ ktt

By induction, we can prove that

( )( ) ( )( ) ( ) ....,2,1,,0 2
1 =≥≤≤< − ktttytxtx kk

Then there exists ( ) Ω∈tx  such that ( )( ) ( ) .,lim 2tttxtx k
k ≥=∞→  Clearly,

( ) 0>tx  for 2tt ≥  and ( ) ( ) ( ).tTxtx =  ( )txM +  is a positive solution of

(1). Since ( ) ( ) ( ) ctuMtytxM ≤=+≤+  for ,2tt ≥  ( )txM +  is a C-type

positive solution of (1).

Conversely, let ( )tx  be a C-type positive solution of equation (1). Then

( ) ( )( ) 0lim =τ−−∞→ txtxt  and there is a number 01 tt ≥  such that

( ) 0>δ−tx  for .1tt ≥  Thus we obtain

( ) ( ) ( )( )∫
∞

≥∆δ−+τ−=
t

ttssxsFtxtx .,, 1
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Let ( ){ }.: 11 ttttxm ≤≤τ−=  We have ( ) mtx ≥  for .1tt ≥  Thus, we

obtain

( ) ( ) ( )∫
∞

σ+≥∆+τ−≥
t

ttsmsFtxtx .,, 1

By induction, we can prove that

( ) ( ) ( )∑ ∫
=

∞

δ+τ+
≥∆+ατ+δ+≥τ+δ+

k

i it
ttsmsFktxktx

1
011

1
.,,

Since ( )tx  is a C-type solution, there is a number 0>M  such that

( ) .Mtx ≤  Hence

( )∑ ∫
=

∞

δ+τ+
≤∆

k

i it
MsmsF

1 1
.,

Letting ,∞→k

( )∑ ∫
∞

=

∞

δ+τ+
∞<








∆

0

.,
1i it

smsF

In view of Lemma 3, we see that (12) holds. The proof is complete.

Unlike A-type, B-type and C-type positive solutions it is not easy to

characterize D-type positive solutions. We only give sufficient conditions

for the existence of such solutions.

Theorem 5. Suppose that (8) holds and

( )∫
∞

>λ>ω∞=∆λ
0

.0,
t

someforttF (13)

Then equation (1) has a D-type positive solution.

Proof. Let ω<λ<0  be a constant. In view of (8), there exists a

number 01 tt ≥  such that

( )( )∫
∞

+
≥λτ<∆σ−λ+λ

1
.,

2
, 1

tt
tttttF
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Let

( )

( )( )

( )















τ−<

<≤τ−
τ

τ+−

≥∆σ−λ+λ

=

∫
∞

.,0

,,

,,,

1

111
1

1

tt

ttttH
tt

ttsssF

tH

t

Clearly, ( ) .0≥tH  Define

( ) ( )∫
∞

≥∆τ−=
0

1., ttsstHtu

It is obvious that ( ) ( ) ( ),tHtutu =τ−−  ( ) ttu λ≤<0  and ( ) ttut ∞→lim

.0=

Let X denote the Banach space 1tl∞  of all real sequences ( ){ }∞==
1tttxx

with the norm ( ) .sup
1

txx tt≥=  Define a set Ω by

( ) ( ) ( ){ }1,0: tttutxXtx ≥≤≤∈=Ω

and an operator T on Ω by

( ) ( )
( ) ( )( )

( ) ( ) ( )
( ) ( ) ( )









µ+<≤






µ+
−+

µ+µ+
µ+

µ+≥∆δ−+λ+τ−
= ∫

∞

.,1

,,,

11
111

1

1

ttt
t

ttu
tut
tTxttu

ttssxsFtx
tTx t

Clearly, .Ω⊂ΩT

Define a series of sequences { ( )( )} ...,2,1,0, =kty k  as follows:

( )( ) ( ),0 tuty = ,1tt ≥

( )( ) ( ( ) ) ( ),1 tTyty kk −= ....,2,1,1 =≥ ktt

By induction, we can prove that

( )( ) ( )( ) ( ) ....,2,1,,0 1
1 =≥≤≤< − ktttutyty kk
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Then there exists ( ) Ω∈ty  such that ( )( ) ( ) .,lim 1tttyty k
k ≥=∞→  Clearly,

( ) ( ) 0>≥ tytu  for 1tt ≥  and ( ) ( ) ( ).tTyty =  It is a positive solution of

equation

( ) ( )( ) ( )( ) .0, =δ−+λ+τ−− ∆ txtFtxtx

Clearly, ( ){ }ty+λ  is a solution of (1) and satisfies ( )( ) .0lim =+λ∞→ ttyt

It is similar to the proof of Theorem 4 that contradiction will be obtained.
The proof is complete.
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