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Abstract

Classification schemes for nonoscillatory solutions of neutral differential
equations are given, and necessary as well as sufficient or sufficient
conditions are provided.

1. Introduction

In this paper, we are concerned with the nonlinear differential
equations on a measure chain of the form

(x(t) - x(t = 1)* + Ft, x(t =8)) = 0, ¢ > o, @)

where 1 > 0, 6 > 0, F(¢, x) is a real-valued function defined on {¢ : t > ¢}

x R which is nondecreasing and continuous in the second variable x and
satisfies F(¢, x) > 0 for x > 0.

In this paper, we consider classification schemes for all eventually
positive solutions of (1) and our classification schemes are more full and

clear. We need some preliminary definitions.
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Definition 1. Let 7 be a closed subset of the real number R with the
property that

ot)=inf{t >t:1eT}eT
and
p(t) =sup{t<t:teT}eT,

for all t e T with ¢t <supT and ¢t > inf T, respectively. We assume

throughout that 7T has the topology that it inherits from the standard
topology on the real number R. If o(t) > ¢, then we say ¢t is right

scattered, while if p(t) < t, then we say ¢ is left scattered. If o(t) = ¢, then

we say t is right dense, while if p(¢) = ¢, then we say t is left dense.

Throughout this paper, we always assume that a is point in 7 and

supT = . Define the interval in T,
[a, ©) := {t € T such that a < t}.

Other types of intervals are defined similarly.

Definition 2. Assume x : T —» R and fix t € T. Then we define
x2(¢) to be the number (provided it exists) with the property that given
any ¢ > 0, there is a neighborhood U of ¢ such that

| [(o(2)) - x(s)] - x* () [o(¢) - s]| < ¢l o(t) - 5],
for all s e U. We call x*(¢) the delta derivative of x(¢).

It can be shown that if x : T — R 1s continuous at ¢t € T and ¢ 1s

right scattered, then

() - Ko =x(0)

oft) -t
Note that if T = Z, where Z is the set of integers, then
x2(t) = x(t +1) - x(2).

Of course, if T = R, then x2(¢) = x'(2).
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Definition 3. If F2(t) = f(t), then we define an integral by
t
[ 1625 = F - Fla)
a
and we stipulate that I P At = oo,
a

2. Classification of Positive Solutions

In this section, we will show that all positive solutions of (1) can be

divided into four types. First of all, we give their definitions.

Definition 1. A positive solution x(¢) of equation (1) is called to

belong to A-type, if it can be expressed in the form
x(t) = at + B(2), (&)
where a > 0 is a constant, B(¢) is bounded.

Definition 2. A positive solution x(¢) of equation (1) is called to
belong to B-type, if it can be expressed in the form
x(t) = at + 0(2), 3)

where o > 0 is a constant, 6(¢) is unbounded and lim,_,,, 0(¢t)/¢ = 0.

Definition 3. A positive solution x(t) of equation (1) is called to
belong to C-type, if it can be expressed in the form x(t) = B(¢), and D-type
if x(t) = 0(¢).

Theorem 1. If x(t) is an eventually positive solution of (1), then it
belongs to one of A-type, B-type, C-type or D-type.
Proof. Define
2(t) = x(t) — x(¢ — 7). 4)
In view of (1), we have z*(t)< 0. Thus, z(t)>0 or z(t) < 0. The later case

is impossible. Otherwise, there is a ¢ >, such that z*(t) < 0, z(t) <0
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and x(t — t) > 0 for ¢ > ¢;, then
.'X:(tl + JT) = 2 Z(tl + lT) + x(tl)
i=1
< jz(ty) + x(t;) > -0 as j — o,

which contradicts the assumed positivity of x(¢). It follows that z(¢) > 0
and let lim;_,, z(¢) = I. Then either [ > 0 or [ = 0. It is obvious that
z(t) > I Let

M =max{x(t):t; —1<t<t}and m = min{x(t) : t; — 1 <t < t;}.
If 4 <t <t + 1, then we have
x(®)=z@t)+x(t-1)<M+1+(2(t)-1)
and
x@t)=m+1+ (2t +1)-1).

By induction, we have

k
x(t) < M+ (k+1)1+ Z (2(t; +it) - 1) (5)
=0
and
k
x(t) = m+ (k4 1)1+ Y (2l +it+7)-1) 6)
i=0

forty +kt <t <t +(k+1)t and k=1, 2, .... Hence

k .
&<ﬂ+k+1l+zi:0(z(tl+n)—1)
t Tt t t + kt

and

k .
&>ﬂ+k+1l+zi:0(z(t1+n+t)—l)
it ¢ b +kt+t '



CLASSIFICATION SCHEMES FOR POSITIVE SOLUTIONS ... 223

Note that

PIRCORY)
t

lim = lim(z(t)-1) = 0.
t—>o t—00
Thus, we have
lim 2+ L and gim 2O _ L )
t>o L T t>o I T

If [ =0, then either x € C or x € D. When [ >0, we have x € A or

x € B. The proof is complete.
3. Existence

First, we will give some lemmas which are important in proving our
results on existence. In view of (7), we prove the following lemma easily.

Lemma 1. If x(t) is an eventually positive solution of (1) such that

lim;_,,, x(¢)/t = p, then lim,_,, 2(t) = pt.

On the other hand, let
k k
a(t) = Y (a(t + 1)~ 1) and b(t) = Y (2l + it +7) - 0).
i=0 i=0

Clearly, a(t) and b(¢) are nondecreasing positive sequence. It is easy to

see that a(t) is bounded if and only if b(¢) is bounded. Thus, we have

0(t) = x(t)—%t < a(t)+[M+l(k+1—%tﬂ
and
o) > b(t)+[m+l(k+1—%tﬂ.

If 0(¢) is unbounded, then a(t) is unbounded. This implies that b(¢) is

unbounded.

Lemma 2. If x(t) is B-type solution of (1), then 0(t) is eventually

positive.
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The following lemma can be seen in [1] and its proof will be omitted.

Lemma 3. If f(t) > 0, ¢ € [t;, s}, s > 0, then

ZU. f(¢) At)r < oo if and only sz. tf (£)At < oo
= 4 +is
Lemma 4. Suppose that
J. F(¢, ot — 6))At < o for some ® > 0, )
to

then for every positive number o < o, the equation

(x(t)-x(t-1)+ Ft, ot —c)+x(t - 8))) =0 9)
has an eventually positive solution y(t) such that lim,_,, y(t)/t = 0.

Proof. Let o < ® be a positive number. In view of (8), there exists a
t; 2ty such that

J.OOF(t, olt - o)At <+ (0 a)

i
Set
I F(t, ot - 0))At, t>1t,
t

H() = H%”H(tl), Hh-t<t<t,

0; t<t1—'C.

Clearly, H(t) > 0. Define
u(t) = I H(t — st)As, t >t.
0

It is obvious that w(t)-uw(t-1)=H(E), O0<ult)<(w-a)t and
lim;_,, u(t)/t = 0.

Let X denote the Banach space 2 of all real sequences x = {x(t)}fzt1

with the norm || x || = sup;s | 2(¢) |- Define a set Q by
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Q={x(t)e X:0<x(t) <ult)t=t}

and an operator 7 on Q by

wt- 0+ [ G als o)k xls-8)as, 121 +u
t

tu(t) (Tx) (@ + ) t

(t + u)u(tl1 w7 u(t)(l B m) hst<th+ty

(Tx) () =

where p = max{r, c}. For x € Q, we have

o
IA

(Tx) (¢) < ult - 7) + Lw F(s, a(s — o) + (o — 0)s)As

=u(t — 1)+ H(t) = ul?).
That is, TQ < Q.
Define a series of sequences {y(k)(t)}, k=0,1, 2, ... as follows:
Y O0) = ule), L2,
yB@) = (my*F V)@, t2t, k=12, ...
By induction, we can prove that
0<y®E)< yE D) <ult) t2t, k=12, ...

Then there exists y(¢) € Q such that lim,,_, yB)(t) = y(t), ¢t > t,. Clearly,
y(t) > 0 for t > ¢ and y(t) = (Ty)(¢). It is a positive solution of (12). The

proof is complete.

Theorem 2. Equation (1) has A-type positive solution if and only if

I sF(s, o(s — 6))As < o for some o > 0. (10)
to

Proof. If (10) holds, then it follows from Lemma 3 that

0

ZU :m F(s, fs - G))Asj <

1=0

Then u(t) defined in the proof of Lemma 4 is bounded. Since y(¢) < u(t)
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for ¢ > t;, the solution y(¢) of (9) is bounded. It is clear that ot + y(¢) is

an A-type solution of equation (1).

Conversely, let x(¢) be an A-type positive solution of equation (1).
Then x(t) can be expressed in the form (2). Thus, there exist two
numbers ¢; >ty and 0 < ® < o such that |B(¢)| < L and x(¢) > ot for

¢t > t;. In view of Lemma 1, we have lim,_,, z(f) = at and obtain
z(t) = at + J.:O F(s, x(s —8))As > at + J.:O F(s, o(s — 0))As.
That is,
x(t) > x(t — 1)+ at + LOO F(s, o(s — 6))As.
By induction, we can prove that
a(t; + k) + L > x(t; + kr)

[>e}

k
> x(ty) + kat + ZI CF(t, oft - o))At, t=0.
=1

t+iT

Thus, we have

k o0
zﬂ' Ft, ot —6)At < at + L — x(t;).
=1

t+it

Letting & — oo,

t+it

k o0
ZJ.FQW—®M<w
i=1

In view of Lemma 3, we see that (10) holds. The proof is complete.
Theorem 3. Equation (1) has a B-type positive solution if

JwF(t, Mt — 6))At < © and thF(t, o(t — o)At = © (11)
to to

for some 0 < o < L. Conversely, if equation (1) has a B-type positive
solution, then (11) holds for some 0 < A < .
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Proof. Let o € (o, A) be a constant. In view of Lemma 4, equation
(2) has a positive solution y(t) such that lim,_,. y )/t = 0. It is clear
that at + y(t) is a solution of equation (1). Suppose that y(¢) is bounded.

As in the proof of Theorem 2, we see that (10) holds. This is a
contradiction. Thus, at + y(¢) is a B-type solution of (1).

Let x(¢) = A +0(t) be a B-type of equation (1), where A >0 is a
constant and 6(¢) is an unbounded real sequence satisfying lim;_,, 6(¢)/t
= 0. Then lim;_,, x(t)/t = 2 and lim;_,, 2(¢) = At > 0 by Lemma 1. In
view of Lemma 2, we know that 0(¢) is eventually positive. Thus, there is

a number #; >ty such that 0(t - 3) > 0 for ¢ > #;. We have

2t)-rr = [ F, x(t - 8)At

— [T F@ 2= o)+ 0 - 8)ar

Ji

> [T F@, e - o)At
Ji

On the other hand, 6(¢) satisfies the equation

(0(t) - 0(t — 8))* + F(t, Mt — ) + 6(t — 8)) = 0.

Note that lim,_,, z(¢) = A1, and we have lim,_,(0(t)-0(t —§)) = 0.

Summing the above equation from ¢ to o, we obtain
%ﬁ%h&+jF@M%d+%—wm
t

Let ® > A be a constant. Since lim;_,, 6(t)/t = 0, there is a number

t; >ty such that 6(t - 8) < (o — 1) (¢ — o) for ¢t > ¢;. Thus, we have

0(t) < 0(¢ — 5) + J ;’ F(s, ofs — o)) As

0

k-1
< 0t - k) + Zj F(s, ofs - 0))As
=1

t—1it
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k e8]
< M+Zj F(s, o(s — 6))As,
=1

tl +iT

where ¢t; <t -kt <t; +7 and M = max{0(¢) : {; <¢ <t + 1}. Since 0(¢)

1s unbounded, we have
Z( j Fs, s - G))ASJ - .
— t+it
1=1
By Lemma 3, we know that (11) holds. The proof is complete.

Theorem 4. Equation (1) has a C-type positive solution if and only if

0
I tF(t, c)At < o for some ¢ > 0. (12)
to

Proof. Let (12) hold. It follows by Lemma 3 that

oo}

5[, o) <

1=0

Then there exists a number ¢ > £; such that

Z[. F(h, c)AhJScfortZtl.

4 Jittit

1=0

Set

J. F(s, c)As, t >4,
t

H(t) = MH@I)’ h—T<t<t,
T

0, t<t1—‘l?.

Clearly, H(t) > 0. Define
u(t) = I H(t —it)At, t>t.
0

It is obvious that w(t) — u(t — t) = H(t), M < u(t) < ¢ for ¢ > ¢; + 1, where

M = _[tw F(¢, ¢)At. Let y(¢) = u(t) — M. Then we have
1t7T
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() = y(t —7)+ H(t) = y(t)+ Lw F(t, ¢)AL, for t > 4 + .

Let X denote the Banach space 2 of all real sequences x = {x(t)}iozt2

with the norm || x || = sup;sy, | %(¢)|, where t3 =#; + 1. Define a set Q by
Q={x(t) e X :0 < x(t) <ult),t =t}

and an operator 7 on Q by

x(t —1)+ J.OOF(S, M + x(s - §))As, t >ty + o0,
t
BTN 20t

_— to < .
6 +o)ulty +9) m+@) 2st<h+o

(Tx) () =

It is clear that T7Q c Q.
Define a series of sequences {x(k)(t)}, k=01, 2, .. as follows:
0(t) = ¥(0), L2,
By = (BN @), t2t, k=12 ...
By induction, we can prove that
0<ax®@)<x® V)< ye), t2ty, k=12, ...

Then there exists x(t) € Q such that limy_, x(k)(t) = x(t), t > ty. Clearly,
x(t) > 0 for ¢t >ty and x(¢) = (Tx)(¢). M + x(¢) is a positive solution of
(1). Since M + x(¢) < y(t)+ M = u(t) < c for ¢t > ty, M + x(¢) is a C-type

positive solution of (1).

Conversely, let x(¢) be a C-type positive solution of equation (1). Then
lim; ,,(x(¢)— x( —t)) =0 and there is a number # >t, such that

x(t = 8) > 0 for ¢t > ¢;. Thus we obtain

() = x(t — 1)+ j :O F(s, x(s - 8))As, ©> 1.
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Let m ={x(¢):t;, —t <t <t}. We have x(¢t) > m for t >#. Thus, we

obtain
o0
x(t) = x(¢ — 1) +I F(s, m)As, t>1t +o.
t
By induction, we can prove that

k o0
x(ty +5+kr)2x(t1+6)+kar+ZJ F(s, m)As, t>t,.

im1 t1+l‘t+6

Since x(¢) is a C-type solution, there is a number M > 0 such that

x(t) < M. Hence

k

ij F(s, m)As < M.

1 4 +it+d

Letting £ — oo,

[>e}

ZU:H'HSF(S’ m)Asj P

=0
In view of Lemma 3, we see that (12) holds. The proof is complete.

Unlike A-type, B-type and C-type positive solutions it is not easy to
characterize D-type positive solutions. We only give sufficient conditions

for the existence of such solutions.

Theorem 5. Suppose that (8) holds and

I F(t, M)At = o for some ® > A > 0. (13)
to

Then equation (1) has a D-type positive solution.

Proof. Let 0 <A < ® be a constant. In view of (8), there exists a
number #; > ¢y such that
AT

o0
j F(t, n+ Mt o)At <25, 134,
t+t] 2
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Let

I F(s, 1+ s — o)A, t> 1,
t

Ht)=qtzt+

H(t), -1 <t<t,
T

0, t<t1—T.

Clearly, H(t) > 0. Define

u(t) = I H(t —st)As, t>14.
0

231

It is obvious that w(t) —u(t — 1) = H(t), 0 < u(t) < A and lim,_,. u(¢)/t

= 0.

Let X denote the Banach space [ of all real sequences x = {x(t)};o:t1

with the norm || x || = sup;», | x(¢) |- Define a set Q by
Q={x(t) e X : 0<x(t) <ul),t=t}
and an operator 7 on Q by

x@—ﬂ+JwF@K+x@—&M& £+,
i

ule) (T) &, + ) )
CEIVCEIN ’“‘(”(1

(Tx) () =

t
4+
Clearly, TQ < Q.

Define a series of sequences {y(k)(t)}, k=0,1,2, ... as follows:
YO) = ute), tz 1,
yB@ = @m*FN@), tx2t, k=12 ...
By induction, we can prove that

0<y®@) < yEV@) <ult), t2t, k=12, ...

J, t1St<t1+M-
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Then there exists y(¢) € Q such that lim;,_, y(k)(t) = y(t), t = t;. Clearly,
ut) > y(t) > 0 for t > ¢ and y(¢) = (Ty)(¢). It is a positive solution of

equation
(x(t) - x(t — 1))* + F(t, A + x(t - 5)) = 0.

Clearly, {A + y(¢)} is a solution of (1) and satisfies lim,_,., (A + y(¢))/t = 0.

It 1s similar to the proof of Theorem 4 that contradiction will be obtained.

The proof is complete.
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