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Abstract 

The aim of this paper is to introduce and study the concept of          
multi-fuzzy soft topological space and in the meantime, some of its 
structural properties such as neighbourhood of a multi-fuzzy soft set, 
interior multi-fuzzy soft set, multi-fuzzy soft basis, multi-fuzzy soft 
subspace topology are studied. Also, we introduced multi-fuzzy soft 
cover, multi-fuzzy soft open cover, multi-fuzzy soft compactness 
which are defined and presented several results on it. 

1. Introduction 

Algebraic structures play a prominent role in the mathematics with              
wide range of applications in many disciplines such as theoretical physics, 
computer science, coding theory, topological spaces, etc. This provides 



Asit Dey and Madhumangal Pal 376 

sufficient motivation to the researchers to review various concepts and results 
from the area of abstract algebra in the broader framework of fuzzy setting. 
One of the structures which is most extensively discussed in the mathematics 
and its applications is lattice theory. 

In real life situation, the problems in economics, engineering, social 
sciences, medical science etc. do not always involve crisp data. So, we 
cannot successfully use the traditional classical methods because of various 
types of uncertainties presented in these problems. To exceed these 
uncertainties, some kinds of theories were given like theory of fuzzy set, 
intuitionistic fuzzy set, rough set, bipolar fuzzy set, i.e., which we can use as 
mathematical tools for dealings with uncertainties. But all these theories have 
their inherent difficulties. The reason for these difficulties Molodtsov 
initiated the concept of soft set theory as a new mathematical tool for dealing 
with uncertainties which is free from the above difficulties. 

Maji et al. [13] gave first practical application of soft sets in decision 
making problems. They have also introduced the concept of fuzzy soft set, a 
more generalized concept, which is a combination of fuzzy set and soft set 
and also studied some of its properties. 

A new type of fuzzy set (multi-fuzzy set) was introduced in a paper         
of Sebastian and Ramakrishnan [17] by using the ordered sequences of 
membership function. The notion of multi-fuzzy sets provides a new method 
to represent some problems which are difficult to explain in other extensions 
of fuzzy set theory, such as color of pixels. 

The notion of multi-fuzzy complex numbers and multi-fuzzy complex 
sets are introduced first time in the work of Dey and Pal [6]. Using these 
concepts Dey and Pal [7] introduced multi-fuzzy complex nilpotent matrices 
over a distributive lattice. Recently, Yong et al. [20] proposed the concept of 
the multi-fuzzy soft set which is a more general fuzzy soft set and gave its 
application in decision making. 

The purpose of our paper is to introduce the multi-fuzzy soft topology, 
from which we can obtain a new notion for modern analysis. To facilitate our 
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discussion, we first review some background on soft set, fuzzy soft set, 
multi-fuzzy set and multi-fuzzy soft set in Section 2. 

In Section 3, the concept of multi-fuzzy soft topological space is 
introduced and some of its structural properties such as neighbourhood of a 
multi-fuzzy soft set, interior multi-fuzzy soft set, multi-fuzzy soft basis, 
multi-fuzzy soft subspace topology are studied. In Section 4, we introduced 
multi-fuzzy soft cover, multi-fuzzy soft open cover, multi-fuzzy soft 
compactness. Finally, some conclusions are pointed out in Section 5. 

2. Preliminaries 

Throughout this paper, U refers to an initial universal set, E is a set of 
parameters, ( )UP  is the power set of U and .EA ⊆  

Definition 1 [15] (Soft sets). A pair ( )AF ,  is called a soft set over U, 

where F is a mapping given by ( ).: UPAF →  

In other words, a soft set over U is a mapping from parameters to ( ),UP  

and it is not a set, but a parameterized family of subsets of U. 

Example 1. Let { }54321 ,,,, bbbbbU =  be a set of bikes under 

consideration. Let { }321 ,, eeeA =  be a set of parameters, where =1e  

expensive, =2e  beautiful and =3e  good milage. Suppose that ( ) =1eF  

{ },, 42 bb  ( ) { },,, 5412 bbbeF =  ( ) { }., 313 bbeF =  The soft set ( )AF ,  

describes the “attractiveness of the bikes”. ( )1eF  means “bikes (expensive)” 

whose function value is the set { } ( )242 ,, eFbb  means “bikes (beautiful)” 

whose function value is the set { }541 ,, bbb  and ( )3eF  means “bikes (good 

milage)” whose function value is the set { }., 31 bb  

Definition 2 [12] (Fuzzy soft sets). Let ( )UP~  be all fuzzy subsets of U. 

A pair ( )AF ,~  is called fuzzy soft set over U, where F~  is a mapping given by 

( ).~:~ UPAF →  
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Example 2. Consider Example 1. 

The fuzzy soft set ( )AF ,~  can describe the “attractiveness of the bikes” 

under the fuzzy circumstances. 

( ) { },5.0,7.0,4.0,8.0,3.0~
543211 bbbbbeF =  

( ) { },9.0,8.0,4.0,2.0,7.0~
543212 bbbbbeF =  

( ) { }.1.0,2.0,7.0,4.0,6.0~
543213 bbbbbeF =  

Definition 3 [17] (Multi-fuzzy sets). Let k be a positive integer. A       

multi-fuzzy set A~  in U is a set of ordered sequences { ( ( ),~
1 uuA μ=  

( ) ( )) },:...,,2 Uuuu k ∈μμ  where ( ) ....,,2,1,~ kiUPi =∈μ  

The function ( ) ( ) ( )( )uuu kA μμμ=μ ...,,, 21~  is called the multi-

membership function of multi-fuzzy set ,~A  k is called dimension of .~A  The 

set of all multi-fuzzy sets of dimension k in U is denoted by ( ).UFSM k  

Note 1. A multi-fuzzy set of dimension 1 is a Zadeh’s fuzzy set, and            
a multi-fuzzy set of dimension 2 with ( ) ( ) 121 ≤μ+μ uu  is an Atanassov’s 

intuitionistic fuzzy set. 

Note 2. If ( )∑
=

≤μ
k

i
i u

1
,1  for all ,Uu ∈  then the multi-fuzzy set of 

dimension k is called normalized multi-fuzzy set. If ( )∑
=

>=μ
k

i
i lu

1
1  for some 

,Uu ∈  we redefine the multi-membership degree ( ) ( ) ( )( )uuu kμμμ ...,,, 21  

as ( ) ( ) ( )( ),...,,,1
21 uuul kμμμ  then the non-normalized multi-fuzzy set can 

be changed into a normalized multi-fuzzy set. 

Definition 4 [17]. Let ( ).~ UFSMA k∈  If ( ){ },:0...,,0,0~ UuuA ∈=  

then A~  is called the null multi-fuzzy set of dimension k, denoted by .~
kΦ  If 
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( ){ },:1...,,1,1~ UuuA ∈=  then A~  is called the absolute multi-fuzzy set of 

dimension k, denoted by .1~k  

Example 3. Suppose a color image is approximated by an nm ×  matrix 
of pixels. Let U be the set of all pixels of the color image. For any pixel u in 
U, the membership values ( ) ( ) ( )uuu bgr μμμ ,,  being the normalized red 

value, green value and blue value of the pixel u respectively. So the color 
image can be approximated by the collection of pixels with the multi-
membership function ( ( ) ( ) ( ))uuu bgr μμμ ,,  and it can be represented as a 

multi-fuzzy set { ( ( ) ( ) ( )) }.:,,~ UuuuuuA bgr ∈μμμ=  In a two dimensional 

image, color of pixels cannot be characterized by a membership function of 
an ordinary fuzzy set, but it can be characterized by a three dimensional 
membership function ( ( ) ( ) ( )).,, uuu bgr μμμ  In fact, a multi-fuzzy set can be 

understood to be a more general fuzzy set using ordinary fuzzy sets as its 
building blocks. 

Definition 5 [17]. Let ( ) ( ) ( )( ){ }UuuuuuA k ∈μμμ= :...,,,~
21  and =B~  

( ) ( ) ( )( ){ }Uuuuuu k ∈ννν :...,,, 21  be two multi-fuzzy sets of dimension k 

in U. We define the following relations and operations: 

(1) BA ~~  if and only if ( ) ( ) Uuuu ii ∈∀ν≤μ ,  and .1 ki ≤≤  

(2) BA ~~
=  if and only if ( ) ( ) Uuuu ii ∈∀ν=μ ,  and .1 ki ≤≤  

(3) ( ) ( ) ( ) ( ) ( ) ( )( ){ }.:...,,,~~
2211 UuuuuuuuuBA kk ∈ν∨μν∨μν∨μ=  

(4) ( ) ( ) ( ) ( ) ( ) ( )( ){ }.:...,,,~~
2211 UuuuuuuuuBA kk ∈ν∧μν∧μν∧μ=  

(5) { ( ( ) ( ) ( )) }.:...,,,~
21 UuuuuuA c

k
ccc ∈μμμ=  

Definition 6 [20] (Multi-fuzzy soft sets). A pair ( )AF ,~  is called a  

multi-fuzzy soft set of dimension k over U, where F~  is a mapping given by 

( ).:~ UFSMAF k→  
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A multi-fuzzy soft set is a mapping from parameters to ( ).UFSM k  It is a 

parameterized family of multi-fuzzy subsets of U. For ( )eFAe ~,∈  may be 

considered as the set of e-approximate elements of the multi-fuzzy soft set 

( ).,~ AF  

Example 4. Suppose that { }54321 ,,,, cccccU =  is the set of cell phones 

under consideration, { }321 ,, eeeA =  is the set of parameters, where 1e  

stands for the parameter color which consists of red, green and blue, 2e  

stands for the parameter ingredient which is made from plastic, liquid crystal 
and metal, and 3e  stands for the parameter price which can be various: high, 

medium and low. We define a multi-fuzzy soft set of dimension 3 as follows: 

( ) { ( ) ( ) ,6.0,1.0,2.0,3.0,2.0,4.0~
211 cceF =  

( ) ( ) ( )},2.0,1.0,7.0,3.0,1.0,3.0,4.0,3.0,1.0 543 ccc  

( ) { ( ) ( ) ,4.0,2.0,3.0,6.0,2.0,1.0~
212 cceF =  

( ) ( ) ( )},1.0,2.0,6.0,3.0,1.0,6.0,1.0,3.0,5.0 543 ccc  

( ) { ( ) ( ) ,2.0,1.0,4.0,1.0,4.0,3.0~
213 cceF =  

( ) ( ) ( )}.3.0,2.0,5.0,2.0,1.0,7.0,5.0,2.0,2.0 543 ccc  

Definition 7 [20]. Let ., EBA ⊆  Let ( )AF ,~  and ( )BG,~  be two multi-

fuzzy soft sets of dimension k over U. ( )AF ,~  is said to be a multi-fuzzy soft 

subset of ( )BG,~  if 

(1) ,BA ⊆  and 

(2) ( ) ( )eGeF ~~  for all .Ae ∈  

In this case, we write ( ) ( ).,~~,~ BGAF  

Definition 8 [20]. Let ., EBA ⊆  Let ( )AF ,~  and ( )BG,~  be two multi-

fuzzy soft sets of dimension k over U. ( )AF ,~  and ( )BG,~  are said to be a 
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multi-fuzzy soft equal if ( )AF ,~  is a multi-fuzzy soft subset of ( )BG,~  and 

( )BG,~  is a multi-fuzzy soft subset of ( ).,~ AF  

In this case, we write ( ) ( ).,~,~ BGAF ≅  

Definition 9 [20] (Null multi-fuzzy soft sets). A multi-fuzzy soft set 

( )AF ,~  of dimension k over U is said to be null multi-fuzzy soft set, denoted 

by k
AΦ~  if ( ) keF Φ= ~~  for all .Ae ∈  

Definition 10 [20] (Absolute multi-fuzzy soft sets). A multi-fuzzy soft 

set ( )AF ,~  of dimension k over U is said to be absolute multi-fuzzy soft set, 

denoted by k
AU~  if ( ) keF 1~~

=  for all .Ae ∈  

Definition 11 [20]. The complement of a multi-fuzzy soft set ( )AF ,~  of 

dimension k over U is denoted by ( )cAF ,~  and is defined by ( ) =cAF ,~  

( ),,~ AF c  where ( )UFSMAF kc →:~  is a mapping given by ( ) =eF c~  

( ( ))ceF~  for all .Ae ∈  Clearly, ( )ccF~  is the same as F~  and (( ) ) =ccAF ,~  

( ).,~ AF  Suppose k
AΦ~  and k

AU~  are multi-fuzzy soft sets of dimension k over 

U, then ( ) k
A

ck
A U~~ =Φ  and ( ) .~~ k

A
ck

AU Φ=  

Example 5. Consider Example 4, we have ( )cAF ,~  as follows: 

( ) { ( ) ( ),4.0,9.0,8.0,7.0,8.0,6.0~
211 cceF c =  

( ) ( ) ( )},8.0,9.0,3.0,7.0,9.0,7.0,6.0,7.0,9.0 543 ccc  

( ) { ( ) ( ),6.0,8.0,7.0,4.0,8.0,9.0~
212 cceF c =  

( ) ( ) ( )},9.0,8.0,4.0,7.0,9.0,4.0,9.0,7.0,5.0 543 ccc  

( ) { ( ) ( ),8.0,9.0,6.0,9.0,6.0,7.0~
213 cceF c =  

( ) ( ) ( )}.7.0,8.0,5.0,8.0,9.0,3.0,5.0,8.0,8.0 543 ccc  
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By the suggestions given by Molodtsov in [15], we present the notion of 
AND and OR operations on two multi-fuzzy soft sets as follows. 

Definition 12 [20]. If ( )AF ,~
 and ( )BG,~

 are two multi-fuzzy soft sets of 

dimension k over U, the ( )AF ,~  AND ( ),,~ BG  denoted by ( ) ( )BGAF ,~,~
∧  is 

defined by ( ) ( ) ( ),,~,~,~ BAHBGAF ×=∧  where ( ) ( ) ( ),~~,~
βα=βα GFH  

for all ., BA ×∈βα  

Definition 13 [20]. If ( )AF ,~  and ( )BG,~  are two multi-fuzzy soft sets of 

dimension k over U, the ( )AF ,~  OR ( ),,~ BG  denoted by ( ) ( )BGAF ,~,~
∨  is 

defined by ( ) ( ) ( ),,~,~,~ BAOBGAF ×=∨  where ( ) ( ) ( ),~~,~
βα=βα GFO  

for all ., BA ×∈βα  

Theorem 1 [20]. Let ( )AF ,~  and ( )BG,~  be two multi-fuzzy soft sets of 

dimension k over U. Then 

(1) (( ) ( )) (( )) (( )) .,~,~,~,~ ccc BGAFBGAF ∨=∧  

(2) (( ) ( )) (( )) (( )) .,~,~,~,~ ccc BGAFBGAF ∧=∨  

Definition 14 [20]. The union of two multi-fuzzy soft sets ( )AF ,~  and 

( )BG,~  of dimension k over U is the multi-fuzzy soft set ( ),,~ CH  where 

,BAC ∪=  and ,Ce ∈∀  

( )
( )
( )
( ) ( )⎪

⎩

⎪
⎨

⎧

∈
−∈
−∈

=
.if,~~
,if,~
,if,~

~

BAeeGeF
ABeeG
BAeeF

eH
∩

 

Definition 15 [20]. The intersection of two multi-fuzzy soft sets ( )AF ,~  

and ( )BG,~  of dimension k over U with ∅≠BA ∩  is the multi-fuzzy soft 

set ( ),,~ CH  where ,BAC ∩=  and ,Ce ∈∀  ( ) ( ) ( ).~~~ eGeFeH =  

We write ( ) ( ) ( ).,~,~,~ CHBGAF =  
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Theorem 2 [20]. Let ( )AF ,~  and ( )BG,~  be two multi-fuzzy soft sets of 

dimension k over U. Then 

(1) ( ) ( ) ( ),,~,~~,~ AFAFAF =  

(2) ( ) ( ) ( ),,~,~~,~ AFAFAF =  

(3) ( ) ( ),,~~~,~ AFAF k
A =Φ  

(4) ( ) ,~~~,~ k
A

k
AAF Φ=Φ  

(5) ( ) ,~~~,~ k
A

k
A UUAF =  

(6) ( ) ( ),,~~~,~ AFUAF k
A =  

(7) ( ) ( ) ( ) ( ),,~~,~,~~,~ AFBGBGAF =  

(8) ( ) ( ) ( ) ( ).,~~,~,~~,~ AFBGBGAF =  

3. Multi-fuzzy Soft Topology 

Now we are ready to define the concept of multi-fuzzy soft topology. Let 
U be an initial universe, E be the set of parameters, ( )UP  be the set of all 

subsets of U and ( )EUk ;~
F  be the family of all multi-fuzzy soft sets over U 

via parameters in E. 

Definition 16. Let ( )XF ,~  be an element of ( ) ( )XFEUk ,~,;~
PF  be the 

set of all multi-fuzzy soft subsets of ( )XF ,~  and τ~  be a subfamily of 

( ).,~ XFP  Then τ~  is called multi-fuzzy soft topology on ( )XF ,~  if the 

following conditions are satisfied: 

(1) ( ) ,~,~,~ τ∈Φ XFk
A  

(2) ( ) ( ) ( ) ( ) ,~,~~,~~,~,,~
2121 τ∈⇒τ∈ BGAGBGAG  

(3) {( ) } ( ) .~,~~~:,~
τ∈⇒τ⊆∈

∈
kk

Kk
kk AGKkAG  
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The pair ( )τ~,~FX  is called a multi-fuzzy soft topological space. Each 

member of τ~  is called τ~ -open multi-fuzzy soft set. A multi-fuzzy soft set is 
called τ~ -closed iff its complement is τ~ -open. We shall call a τ~ -open 
( )closed-~τ  multi-fuzzy soft set simply open (closed) set. 

Here, { ( )}XFk
A ,~,~Φ  and ( )XF ,~

P  are two examples for the multi-fuzzy 

soft topology on ( )XF ,~  and shall call indiscrete multi-fuzzy soft topology 

and discrete multi-fuzzy soft topology, respectively as called in point set 
topology. 

Example 6. Let ( )XF ,~  be as ( )AF ,~  in Example 4. Then the subfamily 

{ ( ),,~,~ XFk
AΦ=τ  

{ { ( ) ( ),5.0,0.0,1.0,1.0,1.0,4.0 211 cce =  

( ) ( ) ( )},1.0,1.0,4.0,3.0,1.0,2.0,2.0,3.0,1.0 543 ccc  

{ ( ) ( ),4.0,2.0,2.0,5.0,1.0,1.0 212 cce =  

( ) ( ) ( )},1.0,2.0,6.0,3.0,1.0,6.0,1.0,2.0,4.0 543 ccc  

{ ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 213 cce =  

( ) ( ) ( )}},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ { ( ) ( ),2.0,1.0,4.0,1.0,4.0,3.0 213 cce =  

( ) ( ) ( )}},2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

{ { ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 211 cce =  

( ) ( ) ( )},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 212 cce =  

( ) ( ) ( )}},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ { ( ) ( ) ,0.0,0.0,0.0,0.0,0.0,0.0 211 cce =  
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( ) ( ) ( )},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 212 cce =  

( ) ( ) ( )},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ ( ) ( ),2.0,1.0,4.0,1.0,4.0,3.0 213 cce =  

( ) ( ) ( )},2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

{ { ( ) ( ),5.0,0.0,1.0,2.0,1.0,4.0 211 cce =  

( ) ( ) ( )},1.0,1.0,4.0,3.0,1.0,2.0,2.0,3.0,1.0 543 ccc  

{ ( ) ( ),4.0,2.0,2.0,5.0,1.0,1.0 212 cce =  

( ) ( ) ( )},1.0,2.0,6.0,3.0,1.0,6.0,1.0,2.0,4.0 543 ccc  

{ ( ) ( ),2.0,1.0,4.0,1.0,4.0,3.0 213 cce =  

( ) ( ) ( )}2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

{ { ( ) ( ),5.0,0.0,1.0,2.0,1.0,4.0 211 cce =  

( ) ( ) ( )},1.0,1.0,4.0,3.0,1.0,2.0,2.0,3.0,1.0 543 ccc  

{ ( ) ( ),4.0,2.0,2.0,5.0,1.0,1.0 212 cce =  

( ) ( ) ( )},1.0,2.0,6.0,3.0,1.0,6.0,1.0,2.0,4.0 543 ccc  

{ ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 213 cce =  

( ) ( ) ( )}}0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

of ( )XF ,~
P  is a multi-fuzzy soft topology on ( )XF ,~  and ( )τ~,~FX  is a 

multi-fuzzy soft topological spaces. 

Definition 17. Let τ~  be a multi-fuzzy soft topology on ( ) ∈XF ,~  

( )EUk ;~
F  and ( )BG ,~

2  be a multi-fuzzy soft set in ( ).,~ XFP  Then a multi-
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fuzzy soft set ( ) ( )XFAG ,~,~
1 P∈  is a neighbourhood of ( )BG ,~

2  if and  only 

if there exists an open multi-fuzzy soft set ( ) τ∈ ~,~
3 CG  such that ( ) ~,~

2 BG  

( ) ( ).,~~,~
13 AGCG  

Example 7. In Example 6, taking 

( ) { { ( ) ( ),2.0,1.0,5.0,1.0,4.0,4.0,~
2131 cceAG ==  

  ( ) ( ) ( )}},4.0,4.0,6.0,2.0,2.0,7.0,4.0,4.0,2.0 543 ccc  

( ) { { ( ) ( ),1.0,1.0,2.0,1.0,3.0,2.0,~
2132 cceBG ==  

  ( ) ( ) ( )}}1.0,1.0,1.0,1.0,1.0,2.0,2.0,1.0,1.0 543 ccc  

and 

( ) { { ( ) ( ) ,2.0,1.0,4.0,1.0,4.0,3.0,~
2133 cceCG ==  

( ) ( ) ( )}}.2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

Then ( ) ( ) ( ).,~~,~~,~
132 AGCGBG  Therefore, ( )AG ,~

1  is a neighbourhood 

of ( ).,~
2 BG  

Definition 18. Let τ~  be a multi-fuzzy soft topology on ( )XF ,~  and 

( ) ( ).,~,~ XFBG P∈  The collection of all neighbourhood of ( )BG,~  is 

denoted by ( )BG,~
~
N  and it is called neighbourhood system of ( ).,~ BG  

Theorem 3. A multi-fuzzy soft set ( )BG,~  in ( )XF ,~
P  is an open multi-

fuzzy soft set if and only if ( )BG,~  is a neighbourhood of each multi-fuzzy 

soft set ( )CH ,~  contained in ( ).,~ BG  

The proof is trivial and it is omitted. 

Definition 19. Let ( )τ~,~FX  be a multi-fuzzy soft topological space and 

( ) ( ) ( )XFBGBG ,~,~,,~
21 P∈  such that ( ) ( ).,~~,~

12 AGBG  Then ( )BG ,~
2         
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is called an interior multi-fuzzy soft set of ( )AG ,~
1  if ( )AG ,~

1  is a 

neighbourhood of ( ).,~
2 BG  

The union of all interior multi-fuzzy soft set of ( )AG ,~
1  is called the 

interior of ( )AG ,~
1  and it is denoted by ( ) .,~

1
oAG  

Theorem 4. Let τ~  be a multi-fuzzy soft topology on ( )XF ,~  and 

( ) ( ).,~,~
1 XFAG P∈  Then 

 (i) ( )oAG ,~
1  is the largest open multi-fuzzy soft set contained in ( ).,~

1 AG  

(ii) The multi-fuzzy soft set ( )AG ,~
1  is open if and only if ( ) =AG ,~

1  

( ) .,~
1

oAG  

Proof. (i) ( ) {( ) ( )AGBGAG o ,~:,~~,~
121 =  is a neighbourhood of 

( )}.,~
2 BG  

Thus, ( )oAG ,~
1  is itself an interior multi-fuzzy soft set of ( ).,~

1 AG  

Therefore, there exists an open multi-fuzzy soft set ( )CG ,~
3  such that 

( ) ( ) ( ).,~~,~~,~
131 AGCGAG o  But ( )CG ,~

3  is an interior multi-fuzzy soft set 

of ( ).,~
1 AG  

Thus, ( ) ( ) .,~~,~
13

oAGCG  

Therefore, ( ) ( ) .,~,~
13

oAGCG =  

This implies ( )oAG ,~
1  is open and ( )oAG ,~

1  is the largest open multi-

fuzzy soft set contained in ( ).,~
1 AG  

(ii) The proof is obvious. 

Definition 20. Let ( ) ( )2~1~ ~,,~, ττ FF XX  be two multi-fuzzy soft 

topological spaces. If each ( ) 1
~,~
τ∈AG  implies ( ) ,~,~

2τ∈AG  then 2
~τ  is 
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called multi soft finer than 1
~τ  or equivalently 1

~τ  is multi-fuzzy soft coarser 

than .~
2τ  

Example 8. Let 1
~τ  be as τ~  in Example 6 and 2

~τ  be as the following: 

{ ( ),,~,~~
2 XFk

AΦ=τ  

{ { ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 213 cce =  

( ) ( ) ( )}},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ { ( ) ( ),2.0,1.0,4.0,1.0,4.0,3.0 213 cce =  

( ) ( ) ( )}},2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

{ { ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 211 cce =  

( ) ( ) ( )}},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ ( ) ( ),0.0,0.0,0.0,0.0,0.0,0.0 212 cce =  

( ) ( ) ( )},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ ( ) ( ),2.0,1.0,4.0,1.0,4.0,3.0 213 cce =  

( ) ( ) ( )}}}.2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

Then 1
~τ  is multi soft finer than .~

2τ  

Definition 21. Let τ~  be a multi-fuzzy soft topology on ( )XF ,~  and B~  

be a subfamily of .~τ  If every element of τ~  be written as arbitrary multi-

fuzzy soft union of some elements of ,~
B  then B~  is called a multi-fuzzy soft 

basis for the multi-fuzzy soft topology .~τ  

Example 9. Let us consider the multi-fuzzy soft topology 2
~τ  as in 

Example 8. Then the subfamily 

{ ( ),,~,~~ XFk
AΦ=B  

{ { ( ) ( ) ,0.0,0.0,0.0,0.0,0.0,0.0 213 cce =  
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( ) ( ) ( )}},0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0,0.0 543 ccc  

{ { ( ) ( ),2.0,1.0,4.0,1.0,4.0,3.0 213 cce =  

( ) ( ) ( )}}}2.0,1.0,4.0,2.0,1.0,6.0,4.0,2.0,2.0 543 ccc  

is a basis of .~
2τ  

The next two results can be proved using the previous results. 

Proposition 1. Let 21
~,~ ττ  be two multi-fuzzy soft topologies on ( )XF ,~  

and 21
~,~
BB  be multi-fuzzy soft bases for ,~,~

21 ττ  respectively. If ,~~~
21 BB  

then 2
~τ  is multi-fuzzy soft finer than .~

1τ  

Proposition 2. Let τ~  be a multi-fuzzy soft topology on ( )XF ,~  and B~  
be a multi-fuzzy soft basis for .~τ  Then τ~  equals to the collection of multi-
fuzzy soft unions of the elements of .~

B  

Theorem 5. Let ( )τ~,~FX  be a multi-fuzzy soft topological space          

and ( ) ( ).,~,~
1 XFAG P∈  Then the collection ( ) {( ) ( ) :,~~,~~

21,~
1

BGAGAG =τ  

( ) }τ∈ ~,~
2 BG  is a multi-fuzzy soft topology on the multi-fuzzy soft subsets 

( )AG ,~
1  relative to the parameter set A. 

Proof. (i) Since ( ) .~,~,~ τ∈Φ XFk
A  

Thus, ( ) ( )AG
k
A

k
A AG ,~1 1

~,~~~~ τ∈Φ=Φ  and ( ) ( ) ( ).
~,~~,~

,~1 1 AGXFAG τ∈  

(ii) Let ( ) ( ) ( ).
~,~,,~

,~212111 1 AGAGAG τ∈  

Therefore, there exist ( ) ( ) τ∈ ~,~,,~
222121 BGBG  such that ( ) =111,~ AG  

( ) ( )1211 ,~~,~ BGAG  and ( ) ( ) ( ).,~~,~,~
2221212 BGAGAG =  

Therefore, 

( ) ( )212111 ,~~,~ AGAG  

[( ) ( )] [( ) ( )]22211211 ,~~,~~,~~,~ BGAGBGAG=  

( ) [( ) ( )].,~~,~~,~
2221211 BGBGAG=  
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Since ( ) ( ) ,~,~~,~
222121 τ∈BGBG  therefore, ( ) ( ) ∈212111 ,~~,~ AGAG  

( ).
~

,~ XFτ  

(iii) Let {( ) }KkBG kk ∈:,~  be a subfamily of ( ).
~

,~
1 AGτ  

Thus, for each ,Kk ∈  there is a multi-fuzzy soft set ( )kk CH ,~  of τ~  

such that ( ) ( ) ( ).,~~,~,~
1 kkkk CHAGBG =  

Now, 

( ) [( ) ( )] ( ) ( ( )).,~~~,~,~~,~~,~~
11 kk

Kk
kk

Kk
kk

Kk
CHAGCHAGBG

∈∈∈
==  

Since ( ) ,~,~~ τ∈
∈

kk
Kk

CH  therefore, ( ) ( ).
~,~~

,~
1 AGkk

Kk
BG τ∈

∈
 

Definition 22. Let ( )τ~,~FX  be a multi-fuzzy soft topological space and 

( ) ( ).,~,~
1 XFAG P∈  Then, the multi-fuzzy soft topology ( )AG ,~

1
~τ  given in 

Theorem 5 is called multi-fuzzy soft subspace topology and it is called a 
multi-fuzzy soft subspace of ( ).~,~ τFX  

The following result follows from the previous results. 

Theorem 6. Let ( )τ~,~FX  be a multi-fuzzy soft topological space on 

( ) BXF ~,,~  be a multi-fuzzy soft basis for τ~  and ( ) ( ).,~,~
1 XFAG P∈  Then 

the collection ( ) {( ) ( ) ( ) }BBGBGAGB AG
~,~:,~~,~~

221,~
1

∈=  is a multi-fuzzy 

soft basis for the multi-fuzzy soft subspace topology ( ).
~

,~
1 AGτ  

4. Compactness in Multi-fuzzy Soft Topological Spaces 

In this section, we introduce multi-fuzzy soft cover, multi-fuzzy soft 
open cover, multi-fuzzy soft compactness and theorem of these concepts. 

Let U be an initial universe, E be the set of parameters, ( )UP  be the set 



Introduction to Multi-fuzzy Soft Topological Spaces 391 

of all subsets of U and ( )EUk ;~
F  be the family of all multi-fuzzy soft sets 

of dimension k over U via parameters in E. 

Definition 23. Let ( )XF ,~  be an element of ( ).;~ EUkF  A family 

{( ) } ( )EUKkAF k
kk ;~~:,~ F∈  of multi-fuzzy soft sets is a cover of ( )XF ,~  

if ( ) ( ).,~~~,~
kk

Kk
AFXF

∈
 

If each member of the family {( ) }KkAF kk ∈:,~
 is a multi-fuzzy soft open 

set then it is called a multi-fuzzy soft open cover of ( ).,~ XF  

If a subfamily of {( ) }KkAF kk ∈:,~  which is also cover of ( )XF ,~  is 

called a subcover. 

Definition 24. Let ( )XF ,~  be an element of ( ).;~ EUkF  Then ( )XF ,~  is 

said to be a multi-fuzzy soft compact if each multi-fuzzy soft open cover of 

( )XF ,~  has a finite subcover. 

Also, a multi-fuzzy soft topological space ( )τ~,~FX  is called compact if 

each multi-fuzzy soft open cover of k
XU~  has a finite subcover. 

Note 3. Let ( ) ( )2~1~ ~,,~, ττ FF XX  be two multi-fuzzy soft topological 

spaces and 2
~τ  be multi-fuzzy soft finer than .~

1τ  If ( )2~ ~, τFX  is compact then 

( )1~ ~, τFX  is compact. 

Theorem 7. Let ( )BG,~  be a multi-fuzzy soft closed set in a multi-fuzzy 

soft compact topological space ( ).~,~ τFX  Then ( )BG,~  is also compact. 

Proof. Let {( ) }KkAF kk ∈:,~  be any multi-fuzzy soft open cover of 

( ).,~ BG  

Then, { ( )} ( ) .,~~,~~~~ c
kk

Kk
k
X BGAFU

∈
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Thus, {( ) }KkAF kk ∈:,~  together with multi-fuzzy soft open set ( )cBG,~  

is a multi-fuzzy soft open cover of .~k
XU  

Since ( )τ~,~FX  is compact, therefore, there exists a finite subcover. 

Let {( ) ( ) ( ) ( ) }c
kkkkkk BGAFAFAF nn ,~,,~...,,,~,,~

2211  be the finite 

subcover. 

Therefore, ( ) { ( )} ( ) .,~~,~~~,~
1

c
kk

n
i BGAFBG ii=  

This implies ( ) ( ).,~~~,~
1 ii kk

n
i AFBG =  

Hence, ( )BG,~
 is compact. 

Definition 25. Let ( )τ~,~FX  be a multi-fuzzy soft topological space and 

Xee ∈21,  with .21 ee ≠  If there exist two multi-fuzzy soft open sets 

( ) ( )BGAF ,~,,~  such that ( ( ) ( )) ( ( ) ( ))BGeGAFeF ,~~,,~~
21 ∈∈  and ( )~,~ AF  

( ) ,~,~ k
ABG Φ=  then ( )τ~,~FX  is called a multi-fuzzy soft Hausdroff space. 

Theorem 8. Let ( )BG,~  be a multi-fuzzy soft compact set in a multi-fuzzy 

soft Hausdroff space ( ).~,~ τFX  Then ( )BG,~  is multi-fuzzy soft closed set. 

Proof. Let Xe ∈1  with ( )1
~ eG  does not belong to ( ),,~ BG  i.e., ( )∈1

~ eG  

( ) .,~ cBG  

Let ( ) ( ).,~~
2 BGeG ∈  

Therefore, 21 ee ≠  and ., 21 Xee ∈  

Thus, by Hausdroff property of ( )τ~,~FX  there exist two disjoint multi-

fuzzy soft open sets ( ) ( )AGAH ee ,~,,~
22  such that ( ) ( )AHeH e ,~~

21 ∈  and 

( ) ( ).,~~
22 AGeG e∈  
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Thus, the collection 

{( ) ( ) ( )}BGeGXeAGe ,~~,:,~
222 ∈∈  

is a multi-fuzzy soft open cover of ( ).,~ BG  

Since ( )BG,~  is a multi-fuzzy soft compact set in ( ),~,~ τFX  therefore, 

there exists a finite subcover for ( ).,~ BG  

Let {( ) ( ) ( )}AGAGAG
nrrr eee ,~...,,,~,,~

21
 be the finite subcover. 

Thus, ( )AH
ire

n
i ,~~

1=  is a multi-fuzzy soft open set contained in ( ) .,~ cBG  

Therefore, ( )cBG,~  is a multi-fuzzy soft open set. 

Hence, ( )BG,~  is a multi-fuzzy soft closed set. 

5. Conclusion 

The purpose of this paper is to discuss some important properties of 
multi-fuzzy soft topological spaces. We introduce neighbourhood of a multi-
fuzzy soft set and interior multi-fuzzy soft set. We also introduce multi-fuzzy 
soft basis and multi-fuzzy soft subspace topology and have established 
several interesting properties. To extend this work, one could study the 
connectedness and other interesting properties for multi-fuzzy soft 
topological spaces. We hope that this work would help enhancing this study 
on multi-fuzzy soft topological spaces for the researchers. 
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