F \  Far East Journal of Mathematical Sciences (FIMS)
© 2015 Pushpa Publishing House, Allahabad, India
y q'p ) Published Online: August 2015

' —4 http://dx.doi.org/10.17654/FIMSOct2015_375_395

ALLAHABAD « A ! )

EIEEIRIEEY 1 ime 08, Number 3, 2015, Pages 375-395 ISSN: 0972-0871

INTRODUCTION TO MULTI-FUZZY SOFT
TOPOLOGICAL SPACES

Asit Dey and Madhumangal Pal

Department of Applied Mathematics
with Oceanology and Computer Programming
Vidyasagar University
Midnapore 721102, India
e-mail: asitvu@gmail.com
mmpalvu@gmail.com

Abstract

The aim of this paper is to introduce and study the concept of
multi-fuzzy soft topological space and in the meantime, some of its
structural properties such as neighbourhood of a multi-fuzzy soft set,
interior multi-fuzzy soft set, multi-fuzzy soft basis, multi-fuzzy soft
subspace topology are studied. Also, we introduced multi-fuzzy soft
cover, multi-fuzzy soft open cover, multi-fuzzy soft compactness
which are defined and presented several results on it.

1. Introduction

Algebraic structures play a prominent role in the mathematics with
wide range of applications in many disciplines such as theoretical physics,
computer science, coding theory, topological spaces, etc. This provides
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sufficient motivation to the researchers to review various concepts and results
from the area of abstract algebra in the broader framework of fuzzy setting.
One of the structures which is most extensively discussed in the mathematics
and its applications is lattice theory.

In real life situation, the problems in economics, engineering, social
sciences, medical science etc. do not always involve crisp data. So, we
cannot successfully use the traditional classical methods because of various
types of uncertainties presented in these problems. To exceed these
uncertainties, some kinds of theories were given like theory of fuzzy set,
intuitionistic fuzzy set, rough set, bipolar fuzzy set, i.e., which we can use as
mathematical tools for dealings with uncertainties. But all these theories have
their inherent difficulties. The reason for these difficulties Molodtsov
initiated the concept of soft set theory as a new mathematical tool for dealing
with uncertainties which is free from the above difficulties.

Maji et al. [13] gave first practical application of soft sets in decision
making problems. They have also introduced the concept of fuzzy soft set, a
more generalized concept, which is a combination of fuzzy set and soft set
and also studied some of its properties.

A new type of fuzzy set (multi-fuzzy set) was introduced in a paper
of Sebastian and Ramakrishnan [17] by using the ordered sequences of
membership function. The notion of multi-fuzzy sets provides a new method
to represent some problems which are difficult to explain in other extensions
of fuzzy set theory, such as color of pixels.

The notion of multi-fuzzy complex numbers and multi-fuzzy complex
sets are introduced first time in the work of Dey and Pal [6]. Using these
concepts Dey and Pal [7] introduced multi-fuzzy complex nilpotent matrices
over a distributive lattice. Recently, Yong et al. [20] proposed the concept of
the multi-fuzzy soft set which is a more general fuzzy soft set and gave its
application in decision making.

The purpose of our paper is to introduce the multi-fuzzy soft topology,
from which we can obtain a new notion for modern analysis. To facilitate our
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discussion, we first review some background on soft set, fuzzy soft set,
multi-fuzzy set and multi-fuzzy soft set in Section 2.

In Section 3, the concept of multi-fuzzy soft topological space is
introduced and some of its structural properties such as neighbourhood of a
multi-fuzzy soft set, interior multi-fuzzy soft set, multi-fuzzy soft basis,
multi-fuzzy soft subspace topology are studied. In Section 4, we introduced
multi-fuzzy soft cover, multi-fuzzy soft open cover, multi-fuzzy soft
compactness. Finally, some conclusions are pointed out in Section 5.

2. Preliminaries

Throughout this paper, U refers to an initial universal set, E is a set of
parameters, P(U) is the power set of Uand A c E.

Definition 1 [15] (Soft sets). A pair (F, A) is called a soft set over U,
where F is a mapping given by F : A — P(U).

In other words, a soft set over U is a mapping from parameters to P(U),
and it is not a set, but a parameterized family of subsets of U.

Example 1. Let U ={b, by, b3, by, bs} be a set of bikes under
consideration. Let A = {e], e5, e3} be a set of parameters, where e =
expensive, e, = beautiful and e3 = good milage. Suppose that F(e) =
{by, by}, F(ep)={by, by, bs}, F(e3)={by, bg}. The soft set (F, A)
describes the “attractiveness of the bikes”. F(e;) means “bikes (expensive)”
whose function value is the set {b,, by}, F(e;) means “bikes (beautiful)”
whose function value is the set {b;, by, bs} and F(e3) means “bikes (good

milage)” whose function value is the set {b;, bs}.

Definition 2 [12] (Fuzzy soft sets). Let I5(U) be all fuzzy subsets of U.
A pair (IE, A) is called fuzzy soft set over U, where Fisa mapping given by

F:A- P().
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Example 2. Consider Example 1.

The fuzzy soft set (IE, A) can describe the “attractiveness of the bikes”

under the fuzzy circumstances.

F(e;) = {b,/0.3, b, /0.8, b3/0.4, b, /0.7, bs /0.5},
F(ey) = {by/0.7, b, /0.2, by /0.4, b, /0.8, b5 /0.9},

F(e3) = {b /0.6, b, /0.4, b3 /0.7, b, /0.2, bs /0.1}.

Definition 3 [17] (Multi-fuzzy sets). Let k be a positive integer. A

multi-fuzzy set A in U is a set of ordered sequences A = {u/(pq(u),
to(U), o p(U))sueUl, where y; € P(U), i =1, 2, ..., k.

The function pgz = (pg(u) po(u), ..., py(u)) is called the multi-
membership function of multi-fuzzy set A, k is called dimension of A. The

set of all multi-fuzzy sets of dimension k in U is denoted by M kFS(U ).

Note 1. A multi-fuzzy set of dimension 1 is a Zadeh’s fuzzy set, and
a multi-fuzzy set of dimension 2 with py(u) + po(u) <1 is an Atanassov’s

intuitionistic fuzzy set.

k
Note 2. If > uj(u)<1, for all ueU, then the multi-fuzzy set of
i=1
k
dimension Kk is called normalized multi-fuzzy set. If zui(u)zl >1 for some
i=1

u e U, we redefine the multi-membership degree (pq(u), po(u), ..., pg(u))
as %(ul(u), to(u), ..., uk(u)), then the non-normalized multi-fuzzy set can
be changed into a normalized multi-fuzzy set.

Definition 4 [17]. Let A € MXFS(U). If A = {u/(0, 0, ..., 0):u e U},

then A is called the null multi-fuzzy set of dimension k, denoted by EDk. If
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A = {u/, 1, ..., 1) :u e U}, then A is called the absolute multi-fuzzy set of
dimension k, denoted by Tk
Example 3. Suppose a color image is approximated by an m x n matrix

of pixels. Let U be the set of all pixels of the color image. For any pixel u in
U, the membership values p(u), pg(u), pp(u) being the normalized red

value, green value and blue value of the pixel u respectively. So the color
image can be approximated by the collection of pixels with the multi-
membership function (i (u), pg(u), pp(u)) and it can be represented as a

multi-fuzzy set A = {u/(ur(U), ng(u), pp(u)):u e U} Inatwo dimensional

image, color of pixels cannot be characterized by a membership function of
an ordinary fuzzy set, but it can be characterized by a three dimensional
membership function (u,(u), pg(u), pp(u)). In fact, a multi-fuzzy set can be

understood to be a more general fuzzy set using ordinary fuzzy sets as its
building blocks.

Definition 5 [17]. Let A = {u/(ng(u), pa(u), ..., pg(u)):u eU}and B =
{u/(vi(u), vo(u), ..., v (u)) :u e U} be two multi-fuzzy sets of dimension k

in U. We define the following relations and operations:
(1) AC B ifand only if w;(u) < vj(u), vu e U and 1< i < k.
(2) A =B ifandonly if pj(u) = vj(u), Yu e U and 1< i < k.
(3) AUB = {u/(uy(u) v va(u), np(u)v vo(u), - i) v vic(u)):u eU}.
(4) AMB = {u/(u(u) A vy(U), 1p(U) A V(U ooy i (U) A V(W)U €U,
(6) A® = {u/(uf(u), n§(u), . uf (W) :u e U}

Definition 6 [20] (Multi-fuzzy soft sets). A pair (IE, A) is called a

multi-fuzzy soft set of dimension k over U, where F isa mapping given by
F:A— MXFS().
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A multi-fuzzy soft set is a mapping from parameters to M I‘FS(U ). ltisa

parameterized family of multi-fuzzy subsets of U. For e € A, Iz(e) may be
considered as the set of e-approximate elements of the multi-fuzzy soft set
(F, A).

Example 4. Suppose that U ={cy, ¢5, C3, C4, C5} is the set of cell phones
under consideration, A = {ej, e,, e3} is the set of parameters, where ¢
stands for the parameter color which consists of red, green and blue, e,

stands for the parameter ingredient which is made from plastic, liquid crystal
and metal, and ez stands for the parameter price which can be various: high,

medium and low. We define a multi-fuzzy soft set of dimension 3 as follows:
F(ey) = {c1/(0.4, 0.2, 0.3), ¢,/(0.2, 0.1, 0.6),

c3/(0.1, 0.3, 0.4), ¢,/(0.3, 0.1, 0.3), ¢5/(0.7, 0.1, 0.2)},

F(ey) = {c,/(0.1, 0.2, 0.6), ¢,/(0.3, 0.2, 0.4),

c3/(0.5, 0.3, 0.1), ¢, /(0.6, 0.1, 0.3), ¢5/(0.6, 0.2, 0.1)},

F(e3) = {c1/(0.3, 0.4, 0.1), c,/(0.4, 0.1, 0.2),
c3/(0.2, 0.2, 0.5), ¢4/(0.7, 0.1, 0.2), c5/(0.5, 0.2, 0.3)}.

Definition 7 [20]. Let A, Bc E. Let (IE, A) and (é, B) be two multi-
fuzzy soft sets of dimension k over U. (F, A) is said to be a multi-fuzzy soft
subset of (G, B) if

(1) Ac B, and

2 ﬁ(e)gé(e) forall e € A.

In this case, we write (F, A)C (G, B).

Definition 8 [20]. Let A, B < E. Let (F, A) and ((3, B) be two multi-

fuzzy soft sets of dimension k over U. (F, A) and (é, B) are said to be a
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multi-fuzzy soft equal if (F, A) is a multi-fuzzy soft subset of (G, B) and
((3, B) is a multi-fuzzy soft subset of (F, A).

In this case, we write (F, A) = (é, B).

Definition 9 [20] (Null multi-fuzzy soft sets). A multi-fuzzy soft set

(IE, A) of dimension k over U is said to be null multi-fuzzy soft set, denoted
by @Y if F(e) = @ forall e € A

Definition 10 [20] (Absolute multi-fuzzy soft sets). A multi-fuzzy soft

set (IE, A) of dimension k over U is said to be absolute multi-fuzzy soft set,

denoted by l]k if F(e) = Tk forall e € A

Definition 11 [20]. The complement of a multi-fuzzy soft set (IE, A) of
dimension k over U is denoted by (F, A)® and is defined by (F, A =
(F, A), where FC:A— MXFS(U) is a mapping given by FS(e) =
(F(e))° for all e e A Clearly, (F®)® is the same as F and ((F, A)°)® =
(IE, A). Suppose EI'D'}A and JK are multi-fuzzy soft sets of dimension k over

U, then (@K)¢ = UK and (UX)® = ok
Example 5. Consider Example 4, we have (IE, A)C as follows:
FS(ey) = {;/(0.6, 0.8, 0.7), ¢,/(0.8, 0.9, 0.4),
c3/(0.9, 0.7, 0.6), ¢,/(0.7, 0.9, 0.7), ¢5/(0.3, 0.9, 0.8)},
FS(ey) = {¢/(0.9, 0.8, 0.4), ¢,/(0.7, 0.8, 0.6),
c3/(0.5, 0.7, 0.9), ¢,/(0.4, 0.9, 0.7), c5/(0.4, 0.8, 0.9)},
FS(e3) = {¢,/(0.7, 0.6, 0.9), c,/(0.6, 0.9, 0.8),

c3/(0.8, 0.8, 0.5), ¢s/(0.3, 0.9, 0.8), ¢5/(0.5, 0.8, 0.7)}.
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By the suggestions given by Molodtsov in [15], we present the notion of
AND and OR operations on two multi-fuzzy soft sets as follows.

Definition 12 [20]. If (F, A) and (é, B) are two multi-fuzzy soft sets of
dimension k over U, the (F, A) AND (é, B), denoted by (F, A) A (é, B) is
defined by (F, A) A (G, B) = (H, Ax B), where H(a, ) = F(a) 1 G(B),
forall a, p € AxB.

Definition 13 [20]. If (F, A) and ((3, B) are two multi-fuzzy soft sets of
dimension k over U, the (F, A) OR (G, B), denoted by (F, A)v (G, B) is
defined by (F, A)v (G, B) = (O, Ax B), where O(a, B) = F(a) U G(B),
forall a, p € AxB.

Theorem 1 [20]. Let (F, A) and (é, B) be two multi-fuzzy soft sets of

dimension k over U. Then
(1) (F. A)A (G, B))® = ((F, A)° v ((G, B)).
(2 ((F. A)v (G, B)F = ((F, A)° A (G, B)".

Definition 14 [20]. The union of two multi-fuzzy soft sets (IE, A) and

((3, B) of dimension k over U is the multi-fuzzy soft set (H, C), where
C =AUB, and Ve € C,

F(e), if ee A- B,
H(e) = {G(e), if ecB- A
F(e)uG(e), if ec ANB.
Definition 15 [20]. The intersection of two multi-fuzzy soft sets (IE, A)
and (é, B) of dimension k over U with A1 B = & is the multi-fuzzy soft
set (H, C), where C = A\ B, and Ve e C, H(e) = ﬁ(e)ﬂé(e).

We write (F, A)n1(G, B) = (H, C).
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Theorem 2 [20]. Let (F, A) and (5, B) be two multi-fuzzy soft sets of
dimension k over U. Then

(1) (F, AU(F, A) = (F, A),

) (F, AT(F, A) = (F, A),

S

(3) (F, ALY = (F, A),

@) (F, AR®K = ok,

(5) (F, A)OUK = U§,

(6) (F, ANIUK = (F, A),
(7) (F, A)J(G, B) = (G, B)U(F, A),

® (F, AN(G, B) = (G, B)I(F, A).
3. Multi-fuzzy Soft Topology

Now we are ready to define the concept of multi-fuzzy soft topology. Let
U be an initial universe, E be the set of parameters, P(U) be the set of all
subsets of U and 7 k(U; E) be the family of all multi-fuzzy soft sets over U
via parameters in E.

Definition 16. Let (F, X) be an element of ffk(U; E), P(F, X) be the
set of all multi-fuzzy soft subsets of (F, X) and T be a subfamily of

P(F, X). Then T is called multi-fuzzy soft topology on (F, X) if the
following conditions are satisfied:

@) ok, (F, X) e %,
(2) (G, A), (Gy, B) e T = (G, A)N1(Gy, B) e T,

() G Ak eKlcT= D (G A)eT
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The pair (X,;, 7) is called a multi-fuzzy soft topological space. Each

member of T is called T -open multi-fuzzy soft set. A multi-fuzzy soft set is
called 7T -closed iff its complement is T -open. We shall call a 7 -open
(T-closed) multi-fuzzy soft set simply open (closed) set.

Here, {&)"A, (F, X)} and P(F, X) are two examples for the multi-fuzzy

soft topology on (IE, X) and shall call indiscrete multi-fuzzy soft topology
and discrete multi-fuzzy soft topology, respectively as called in point set
topology.

Example 6. Let (F, X) be as (F, A) in Example 4. Then the subfamily
v = (@}, (F, X),
{er = {c1/(0.4, 0.1, 0.2), ¢,/(0.1, 0.0, 0.5),
c3/(0.1, 0.3, 0.2), ¢,/(0.2, 0.1, 0.3), c5/(0.4, 0.1, 0.1)},
e, = {¢;/(0.1, 0.1, 0.5), ¢,/(0.2, 0.2, 0.4),
c3/(0.4, 0.2, 0.1), ¢4 /(0.6, 0.1, 0.3), ¢5/(0.6, 0.2, 0.1)},
e = {¢/(0.0, 0.0, 0.0), c,/(0.0, 0.0, 0.0),
c3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), c5/(0.0, 0.0, 0.0)}},
{e3 = {¢;/(0.3, 0.4, 0.1), ¢, /(0.4, 0.1, 0.2),
c3/(0.2, 0.2, 0.4), ¢4 /(0.6, 0.1, 0.2), c5/(0.4, 0.1, 0.2)}},
{e; = {¢1/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),
c3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢5/(0.0, 0.0, 0.0)},
e, = {¢;/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),
c3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢5/(0.0, 0.0, 0.0)}},

{er = {¢1/(0.0, 0.0, 0.0), c,/(0.0, 0.0, 0.0),
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c3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢5/(0.0, 0.0, 0.0)},

e, = {¢/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),

c3/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0), c5/(0.0, 0.0, 0.0)},

e = {¢1/(0.3, 0.4, 0.1), c;/(0.4, 0.1, 0.2),

c3/(0.2, 0.2, 0.4), ¢4/(0.6, 0.1, 0.2), c5/(0.4, 0.1, 0.2)},

{e1 = {c1/(0.4, 0.1, 0.2), c/(0.1, 0.0, 0.5),

c3/(0.1, 0.3, 0.2), ¢4/(0.2, 0.1, 0.3), c5/(0.4, 0.1, 0.1)},

e, = {¢,/(0.1, 0.1, 0.5), c;/(0.2, 0.2, 0.4),

c3/(0.4, 0.2, 0.1), c,/(0.6, 0.1, 0.3), c5/(0.6, 0.2, 0.1)},

e3 = {¢1/(0.3, 0.4, 0.1), c;/(0.4, 0.1, 0.2),

c3/(0.2, 0.2, 0.4), ¢4/(0.6, 0.1, 0.2), ¢5/(0.4, 0.1, 0.2)}

{e = {c1/(0.4, 0.1, 0.2), c/(0.1, 0.0, 0.5),

c3/(0.1, 0.3, 0.2), ¢4/(0.2, 0.1, 0.3), c5/(0.4, 0.1, 0.1)},

e, = {¢/(0.1, 0.1, 0.5), c;/(0.2, 0.2, 0.4),

c3/(0.4, 0.2, 0.1), c,/(0.6, 0.1, 0.3), c5/(0.6, 0.2, 0.1)},

e = {¢1/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),

c3/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0), c5/(0.0, 0.0, 0.0)}}

of P(F, X) is a multi-fuzzy soft topology on (F, X) and (Xg, T) is a
multi-fuzzy soft topological spaces.

Definition 17. Let T be a multi-fuzzy soft topology on (IE, X) e
]-'k(U; E) and ((32, B) be a multi-fuzzy soft setin P(F, X). Then a multi-
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fuzzy soft set (él, A) e P(F, X) is a neighbourhood of (62, B) if and only
if there exists an open multi-fuzzy soft set ((33, C) e 7 such that ((32, B)C
(Gs, C)E(Gy, A).
Example 7. In Example 6, taking
(G, A) = {e3 = {c;/(0.4, 0.4, 0.1), ¢,/(0.5, 0.1, 0.2),
c3/(0.2, 0.4, 0.4), ¢4/(0.7, 0.2, 0.2), ¢5/(0.6, 0.4, 0.4)}},
(G,, B) = {e3 = {c,/(0.2, 0.3, 0.1), ¢,/(0.2, 0.1, 0.1),
c3/(0.1, 0.1, 0.2), ¢, /(0.2, 0.1, 0.1), ¢5/(0.1, 0.1, 0.1)}}
and
(Gs, C) = {e3 = {¢;/(0.3, 0.4, 0.1), c,/(0.4, 0.1, 0.2),
c3/(0.2, 0.2, 0.4), ¢4 /(0.6, 0.1, 0.2), ¢5/(0.4, 0.1, 0.2)}.
Then ((32, B)E(ég, C)E(él, A). Therefore, ((31, A) is a neighbourhood
of (G,, B).

Definition 18. Let T be a multi-fuzzy soft topology on (IE, X) and
(5, B) e P(F, X). The collection of all neighbourhood of (é, B) is

denoted by K/(é B) and it is called neighbourhood system of (é, B).

Theorem 3. A multi-fuzzy soft set (G, B) in P(F, X) is an open multi-
fuzzy soft set if and only if (5, B) is a neighbourhood of each multi-fuzzy
soft set (H, C) contained in (G, B).

The proof is trivial and it is omitted.

Definition 19. Let (X,-:—, 7) be a multi-fuzzy soft topological space and

(G, B), (G,, B) e P(F, X) such that (G,, B)C (G, A). Then (G,, B)
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is called an interior multi-fuzzy soft set of (él, A) if (él, A) is a
neighbourhood of (62, B).

The union of all interior multi-fuzzy soft set of (51, A) is called the
interior of (G;, A) and it is denoted by (G;, A)°.

Theorem 4. Let T be a multi-fuzzy soft topology on (IE, X) and
(G, A) e P(F, X). Then

(i) (Gy, A)° is the largest open multi-fuzzy soft set contained in (él, A).

(if) The multi-fuzzy soft set (él, A) is open if and only if (51, A)=
(Gy, A,

Proof. (i) (G, A)° =00{(G,, B): (G, A) is a neighbourhood of
(G2, B)}.

Thus, (Gy, A)° is itself an interior multi-fuzzy soft set of (él, A).
Therefore, there exists an open multi-fuzzy soft set ((33, C) such that
(G, A C(Gg, C)E(Gy, A). But (Gg, C) is an interior multi-fuzzy soft set
of (G, A).

Thus, (Gg, C)C (G, A)°.

Therefore, (Gg, C) = (G, A)°.

This implies (Gy, A)° is open and (G, A)° is the largest open multi-
fuzzy soft set contained in (51, A).

(ii) The proof is obvious.
Definition 20. Let (Xg, 1), (Xg, ©2) be two multi-fuzzy soft

topological spaces. If each (G, A) e T, implies (G, A) € T,, then T, is
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called multi soft finer than 7 or equivalently 7 is multi-fuzzy soft coarser

than T,.

Example 8. Let 7 be as T in Example 6 and T, be as the following:

7, = (@K, (F, X),

{e3 = {c1/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),

¢3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢5/(0.0, 0.0, 0.0)}},
{e3 = {c1/(0.3, 0.4, 0.1), ¢, /(0.4, 0.1, 0.2),

c3/(0.2, 0.2, 0.4), ¢4 /(0.6, 0.1, 0.2), ¢5/(0.4, 0.1, 0.2)}},
{e1 = {¢1/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),

¢3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢5/(0.0, 0.0, 0.0)}},
e, = {¢/(0.0, 0.0, 0.0), ¢,/(0.0, 0.0, 0.0),

¢3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢5/(0.0, 0.0, 0.0)},
e3 = {01/(0.3, 0.4, 0.1), ¢,/(0.4, 0.1, 0.2),

c3/(0.2, 0.2, 0.4), ¢4 /(0.6, 0.1, 0.2), ¢5/(0.4, 0.1, 0.2)}}}.

Then T is multi soft finer than 7.
Definition 21. Let T be a multi-fuzzy soft topology on (IE, X) and B
be a subfamily of <. If every element of T be written as arbitrary multi-

fuzzy soft union of some elements of B, then B is called a multi-fuzzy soft
basis for the multi-fuzzy soft topology 7.

Example 9. Let us consider the multi-fuzzy soft topology 7, as in

Example 8. Then the subfamily
B = (@K, (F, X),

{e3 = {c1/(0.0, 0.0, 0.0), c,/(0.0, 0.0, 0.0),
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c3/(0.0, 0.0, 0.0), ¢4/(0.0, 0.0, 0.0), ¢c5/(0.0, 0.0, 0.0)}},
{e3 = {c1/(0.3,0.4, 0.1), c;/(0.4, 0.1, 0.2),
c3/(0.2, 0.2, 0.4), c4/(0.6, 0.1, 0.2), ¢5/(0.4, 0.1, 0.2)}}}
is a basis of T,.
The next two results can be proved using the previous results.

Proposition 1. Let 7, T, be two multi-fuzzy soft topologies on (F, X)
and 5’1, 5’2 be multi-fuzzy soft bases for 7, Tp, respectively. If Elifa’z,
then T, is multi-fuzzy soft finer than 7.

Proposition 2. Let T be a multi-fuzzy soft topology on (IE, X) and B
be a multi-fuzzy soft basis for T. Then T equals to the collection of multi-
fuzzy soft unions of the elements of B.

Theorem 5. Let (Xg, T) be a multi-fuzzy soft topological space
and (G, A) e P(F, X). Then the collection TG, A) = (G, AN(Gy, B):

(52, B) e T} is a multi-fuzzy soft topology on the multi-fuzzy soft subsets

(51, A) relative to the parameter set A.

Proof. (i) Since &)',‘A, (IE, X)eT.

Thus, @K = ®KM(Gy, A) e G, a) and (G, A)TI(F, X) e G, A

(ii) Let (Gu1, A (Gra: Ao) € TG, ay

Therefore, there exist (521, By). (522, B,) € T such that (611, A) =
(G, A)F1(Gyy, By) and (Grp, Ap) = (Gy, A)T1(Gya, By).

Therefore,

Gi1, AN (Grz, Ao)
= [(G1. AM(Ga1, BOIN[(GL A)I(Ga, By

= (Gy, A)N[(Gyy, B1)M(Gpy, By)].
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Since (Gyy, By)1(Gyp, By) € T, therefore, (Gyy, A)1(Gp, Ay) €

(iiii) Let {(Gy, By) : k e K} be a subfamily of TG, Ay

Thus, for each k e K, there is a multi-fuzzy soft set (Hy, Cy) of T
such that (Gy, By) = (G, A)T1(Hy, Cy).
Now,

kle_lK(Gk’ By) = ke'—lK[(Gl- A)M(Hy, C)l = (Gy, A)ﬂ(keuK(Hk' Ck))-

Since U (Hg, C T, therefore, LI (Gy, By)e Tx ..
keK( kK Cker keK( k» Bk) € Gy, A)

Definition 22. Let (X, T) be a multi-fuzzy soft topological space and

(61, A) e P(IE, X). Then, the multi-fuzzy soft topology 'f(é-l A) given in

Theorem 5 is called multi-fuzzy soft subspace topology and it is called a
multi-fuzzy soft subspace of (Xz, 7).

The following result follows from the previous results.

Theorem 6. Let (Xz, T) be a multi-fuzzy soft topological space on
(IE, X), B bea multi-fuzzy soft basis for T and (él, A) e P(IE, X). Then
the collection 5(51, A) = {(él, A)ﬁ(éz, B): (52, B) € B} is a multi-fuzzy

soft basis for the multi-fuzzy soft subspace topology %'(51 Ay

4. Compactness in Multi-fuzzy Soft Topological Spaces

In this section, we introduce multi-fuzzy soft cover, multi-fuzzy soft
open cover, multi-fuzzy soft compactness and theorem of these concepts.

Let U be an initial universe, E be the set of parameters, P(U) be the set
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of all subsets of U and F I‘(U; E) be the family of all multi-fuzzy soft sets

of dimension k over U via parameters in E.

Definition 23. Let (F, X) be an element of FXu; E). A family
{(Fe, A )ik e K}if-"k(u; E) of multi-fuzzy soft sets is a cover of (F, X)
if (F, X)C U (R, A).

keK

If each member of the family {(ﬁk, Ay ):k e K} is a multi-fuzzy soft open

set then it is called a multi-fuzzy soft open cover of (F, X).

If a subfamily of {(Izk, A) : k e K} which is also cover of (F, X) is
called a subcover.

Definition 24. Let (F, X) be an element of jfk(U; E). Then (F, X) is
said to be a multi-fuzzy soft compact if each multi-fuzzy soft open cover of
(F, X) has a finite subcover.

Also, a multi-fuzzy soft topological space (X =, T) is called compact if
each multi-fuzzy soft open cover of J'§< has a finite subcover.

Note 3. Let (Xg, 1) (Xg,T2) be two multi-fuzzy soft topological
spaces and T, be multi-fuzzy soft finer than 7. If (X, T2) is compact then

(Xg, m) is compact.

Theorem 7. Let (é, B) be a multi-fuzzy soft closed set in a multi-fuzzy

soft compact topological space (Xz, 7). Then (é, B) is also compact.

Proof. Let {(F,, Ac):k e K} be any multi-fuzzy soft open cover of
(G, B).

Then, U¥ i{kaK(ﬁk, A (G, B)E.
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Thus, {(F, Ac):k € K} together with multi-fuzzy soft open set (G, B)®
is a multi-fuzzy soft open cover of lj'§<.

Since (X =, T) is compact, therefore, there exists a finite subcover.

Let {(Fq. Aq) (Fys A o (Fo Ac ) (G, B)°} be the finite
subcover.

Therefore, (G, B)C {{1(Fy, . Aq)}U(G, B).
This implies (G, B)E 0fLy(Fy, ., A ).

Hence, (é, B) is compact.

Definition 25. Let (X,;, 7) be a multi-fuzzy soft topological space and
e, & € X with ¢ # ep. If there exist two multi-fuzzy soft open sets
(F, A), (G, B) such that (F(ey)e(F, A) (G(ep)e(G,B)) and (F, A)N

(5, B) = 6-13',‘4, then (Xg, 7) is called a multi-fuzzy soft Hausdroff space.

Theorem 8. Let (é, B) be a multi-fuzzy soft compact set in a multi-fuzzy

soft Hausdroff space (Xz, 7). Then (é, B) is multi-fuzzy soft closed set.

Proof. Let g € X with é(el) does not belong to (G, B), i.e., é(el)e
(G, B)".

Let G(e,) e (G, B).

Therefore, &) # e, and e}, e, € X.

Thus, by Hausdroff property of (X,;, 7) there exist two disjoint multi-
fuzzy soft open sets (ﬁez, A), (éez, A) such that H(e) e (H~ez, A) and

G(ey) € (Gey. A).
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Thus, the collection

{(Ge,. A) ey € X, G(e) € (G, B))
is a multi-fuzzy soft open cover of (G, B).

Since (G, B) is a multi-fuzzy soft compact set in (Xg, 1), therefore,

there exists a finite subcover for (é, B).

Let {(éerl, A), (éerz, A), ..., (éer , A)} be the finite subcover.
n
Thus, 'Zliﬂ:l(ﬁer , A) is a multi-fuzzy soft open set contained in (é, B)S.
I

Therefore, (é, B) is a multi-fuzzy soft open set.

Hence, (é, B) is a multi-fuzzy soft closed set.

5. Conclusion

The purpose of this paper is to discuss some important properties of
multi-fuzzy soft topological spaces. We introduce neighbourhood of a multi-
fuzzy soft set and interior multi-fuzzy soft set. We also introduce multi-fuzzy
soft basis and multi-fuzzy soft subspace topology and have established
several interesting properties. To extend this work, one could study the
connectedness and other interesting properties for multi-fuzzy soft
topological spaces. We hope that this work would help enhancing this study
on multi-fuzzy soft topological spaces for the researchers.
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