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Abstract

The paper considers three extremum problems related to Morley’s
theorem. One of the problems deals with searching which triangle
with given circumradius has its Morley triangle of maximal area. The
second one is devoted to the research of maximal ratio of the area of
Morley triangle to the area of its original triangle. The third problem
considers a question similar to the previous one for a triangle where
one of its angles is given. In the paper, it is proved that in the first two
cases the answer is an equilateral triangle and in the third one the
answer depends on the value of the given angle.
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1. Introduction

Morley’s theorem states that the three points of intersection of the
adjacent angle trisectors of any triangle form an equilateral triangle [1-3]
(Figure 1). The equilateral triangle XYZ is called the Morley triangle of the
original triangle ABC.

Figure 1

Morley triangle has sides

XY =YZ = 27X = 8Rsin%sin%sin%,

where o, B, y denote the angles of the original triangle ABC, R is its

circumradius [4]. Then the area S; of the Morley triangle is
S| = 16v/3R? sin® %sin2 %sin2 % )

In this note, we will find the answers to the following three problems:

1. How can one characterize the triangle with given circumradius R

having Morley triangle of the largest area?

2. How can one characterize the original triangle for which the ratio
between the area of its Morley triangle and the area of the original triangle

itself 1s maximal?
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3. How can one characterize the original triangle for which the ratio
between the area of its Morley triangle and the area of the original triangle

itself is maximal when one of its angles is given?
2. The Morley Triangle of the Largest Area

In order to answer to the first question, we will prove the following

theorem.

Theorem 1. The function f(x, y)= sin%sin%sin(#j, 0<x,y,

x + y < m, receives the maximal value at the point (1/3, 1/3).

Proof. The function f(x, y) is continuous on compact set Q =

{(x, ¥) € R>|0 < x, y, x + y < 7}, on the boundary of the set f(x, y) =0
and in the interior f(x, y) > 0. So f(x, y) receives the maximal value in
the interior of Q. In order to find the maximum of f(x, y), we solve the

system of equations (for 0 < x, y, x + y < n):

a _
ax_o
a _
ﬁy_o

(this is a necessary condition for a function f(x, ) to have an extremum at

some point). Finding the partial derivatives of f(x, y) leads to the following

Moo

cosﬁsin r=x=y —sinﬁcos zx=7y
3 3 3

—x -
3

Z . TC—)C—y o Z TE—)C—y _

cos 3sm(—3 ) sin 3cos(—3 j 0

system:

or
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sm(mj _ 0
3

Sm(wj o,
3

One can easily check that the last system of equations has only one solution

x = y = /3 in the interior of Q.
Therefore, f(x, y) receives the maximal value at the point (7/3, 7/3)
only, fiax = sin’ g

From this and from (1), one can easily come to the following conclusion:

Conclusion 1. Among all triangles inscribed in a circle of given radius

R, the equilateral triangle has Morley triangle of the largest area Sj.x =

167/3R2 sin® g

3. The Maximal Ratio of the Area of Morley Triangle to the Area of its
Original Triangle

The area S of a triangle with given angles a, B, y and with circumradius

Risequalto S = 2R? sin asin Bsiny. Then

20 . 2B .2y
sin® —sin“ = sin” =
St_g3. 3" 37 3 )
S sin o sin B sin y
In order to find the maximal value of (2), we will prove the next theorem.
.2 .2 .2
Theorem 2. Function g(x, y) = sin” xsin” ysin®(n/3-x~y) x,y>0,

sin3xsin3ysin(n—3x-3y) ’

x + y < n/3, receives the maximal value at the point (1/9, 1/9).

Proof. The continuous function g(x, y) is defined in open set with

boundary O, O = {x, y|x, y >0, x + y < n/3} and lim g(x,y)=0
(x,y)—>(a,b)
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for each point (a, b) € Q (one can easily check it). Also, g(x, y) > 0 in the

set. Therefore, g(x, y) receives the maximal value in it.

Using the formula sin 3¢ = 3sin ¢ — 4 sin’ ¢, we obtain that

sinx  siny  sin(n/3-x-y)
3—4sin’x 3-4sin’y 3—4sin’(n/3-x-y)

g(x, y) =

In order to find the maximum of g(x, y), we first have to solve the system

of equations:
og _
ol 0
g
= =0.
oy

This system implies that

-2
3cosx +4sin“ xcosx

3sinx — 4sin’ x
_ 3cos(m/3-x—y)+ 4sin(n/3 — x — y)cos(n/3 — x — y)
3sin(n/3 — x — y) — 4sin’ (/3 — x — y)

3)

3cosy+4sin2ycosy

3siny — 4sin? y
~ 3cos(n/3 — x — y) + 4sin?(n/3 — x — y)cos(n/3 — x — y)
3sin(n/3 — x — y) — 4sin’(n/3 - x — y) .

3cosx+4sin2xcosx

Let u(x) = 3 . Then the system (3) is equivalent to
3sinx — 4sin” x
{u(x) B u(z), where z = /3 — x — y (reminder : 0 < x, y, z < ©r/3).
u(y) = u(z)

In order to prove x = y = z, we find the derivative of u(x):

W(x) = ~32sin* x + 48sin? x — 9 —32(sin” x — ;) (sin® x — 1)
(3sin x — 4sin> x)° (3sin x — 4sin> x)°

b
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where (f ~ 022, t, ~ 1.28). Thus, u'(x) <0 in (0, arcsiny/f;) and
u'(x) > 0 in (arcsiny/f,, 7/3). Then continuous function u(x) decreases in
(0, arcsiny/#; ) and it increases in (arcsiny/f;, 7/3). Suppose that the system
(3) has solution (xg, yg). Then at least two of three values xy, yg, zo
= 1t/3 — xy — yp are together in (0, arcsiny/7 ] or in [arcsiny/z;, 7/3). So, in
any case, two of these three values x(, g, z( are equal to each other, i.e., at

least two angles of triangle ABC are equal to each other. We want to prove

that triangle ABC is equilateral.
Without loss of generality, we have to consider two cases:
Case 1. xy = yg. In order to prove that in this case xq = yo = zg = 7/9

let us consider the function

3 sin? xsin? (/3 - 2x)

sin? 3xsin(m — 6x)

w(x) )

obtained from g(x, y) by substituting x instead of y (0 < x < ©/6). We

prove that w(x) receives the maximal value when x = /9.
A necessary condition for a function w(x) to have an extremum at some
point is
w'(x) = 0. (5)
From (5), we obtain that
2 cot x — 3cot 3x — 2 cot(m/3 — 2x) + 3 cot(m — 6x) = 0. (6)
Using one of the numerical methods for solving equations, one can check
that (6) has only one solution x = 1t/9 in (0, /6).
Case 2. x( = zp. We have yj = n/3 — 2x( and then this case reduces to
the previous one.

From Theorem 2, we can conclude that the ratio (2) receives maximal

value only for o =B =17 =m/3, ie., when the original triangle 4BC is
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equilateral. The maximal value of (2) is % . sin6% = 0.034.... That means

that the area of Morley triangle is less than 3.5% of the area of the original

triangle.

4. The Maximal Ratio of the Area of Morley Triangle to the
Area of its Original Triangle When One Angle of the

Original Triangle is Given

It may seem that the answers obtained in Theorems 1 and 2 were obvious
in advance from symmetry considerations. We want to note here that the
symmetry consideration does not always leads to the correct result. Indeed,
let us consider the following problem: how can one characterize the triangle
with given angle 4 such that it has maximal ratio of the area of its Morley
triangle to the area of the original triangle itself? It seems from symmetry
considerations that it must be the isosceles triangle. But it is not correct, in

general. As it will be shown below, it depends on the value of angle 4.

In order to explore this problem, we have to consider the function

.2X .20 .2fm—x—0
sin“ =sin“ =—sin“{ ————
3 3 ( 3 )

sin x sin a sin(m — x — o)

g(x) =

b

where a is a given angle (o € (0, n)) and x € (0, © — &) (see Theorem 2).
The function g(x) is continuous and positive in (0, © — a). It may be easily

checked that lim g(x)=0 and lim g(x)= 0. Therefore, g(x) receives
x—0 X>mn—o

the maximal value in (0, © — ).

In order to find extremum of g(x), we must differentiate g(x) and then

solve the equation g'(x) = 0.
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This leads us to the equation

2sin xsin(x + o) Sin[n—2+—aj

= 3sin % sin(%j sin(2x + a.). (7

One of the obvious solutions of (7) is x = %, that corresponds to

isosceles triangle. But this does not generally mean that for this triangle

g(x) receives its maximal value. So, using one of the numerical methods for

solving equations, it is possible to obtain that there exists a critical value o

of a, 0.21475221 < o’ < 0.21475222, i.e., 12.3° < o’ < 12.4° such that

T— 0
2

(1) For o > o', equation (7) has only one solution x; = in
(0, t—a) and in this case the isosceles triangle with angles o, xq, xq

corresponds to the solution of the problem.

(2) For a < o/, equation (7) has two other solutions x; and ©— o — x;
in (0, t —a) except for xq. These solutions are symmetric with respect
to the point xy and they correspond to the same triangle with angles
o, X, T — o — xj, that is not an isosceles triangle. One can check that in this
case, xq is the point of local minimum for function g(x), whereas the two

other solutions are the points of its maximum.

The two cases above are illustrated in Figure 2 (a), (b) for o = 30° (a)

and o = 6° (b). In the first case (o > a') the maximal ratio (approximately

0.02857) between the area of Morley triangle and the area of its original

triangle is attached for the isosceles triangle with the angles 30°, 75°, 75°.
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In the second case (o < ') the maximal ratio (approximately 0.00918)

is attached for x ~ 36.75°, i.e., for the triangle with angles 6°, 36.75°,

137.25° and for the isosceles triangle (x = 87°) the ratio has a local

minimum (approximately 0.00894).
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