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Abstract

A mathematical model for the removal of gaseous pollutants and
particulate matters from the atmosphere by heavy rain is proposed and
analyzed using stability theory of nonlinear differential equations. In the
model, it is assumed that no absorbed phase formation takes place as
there is no sufficient time left for this process and therefore, the removal
phenomenon occurs mainly due to process of impaction. The atmosphere,
under consideration, consists of three interacting phases, namely,
raindrops phase, gaseous pollutants phase and the phase of particulate
matters. It is shown that these pollutants, emitted at a constant rate
from different sources, can be washed-out completely from the
atmosphere under certain conditions and the remaining equilibrium
level would mainly depend upon the reaction rate coefficients of these
pollutants with raindrops. However, in the case of instantaneous
emission, it is found that these pollutants are washed-out completely
from the atmosphere by the heavy rain.

1. Introduction

The purpose of this study is to describe a nonlinear mathematical

model to study the removal of gaseous pollutants and particulate matters
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from the atmosphere by heavy rain and to keep the description as simple

as possible, but to retain the main dynamical processes governing the

system. Various kinds of removal mechanisms like scavenging by

raindrops, dry and wet deposition occur in the atmosphere for both the

gaseous pollutants and particulate matters. Scavenging of pollutants by

precipitation is one of the most important cleansing mechanisms. In

several experimental studies, it has been found that the atmosphere of

Indian cities becomes cleaner during and after monsoon season [10, 12,

13]. Field measurements of the below cloud scavenging have been carried

out by releasing particles during precipitation intervals [9]. An

investigation has been carried out to study a single droplet scavenging

mechanism upon atmospheric ammonia by using two-phase simulation

method (TPSM) and it has been found that the gaseous ammonia is

scavenged outward rapidly from the interface initially, on grounds of

intrinsic solute-sink characterized by the droplet [1]. A number of

investigations have been carried out to understand the scavenging of

pollutants by precipitation [3, 5, 6, 11]. A model has been developed to

couple Regional Atmospheric Modeling System (RAMS) with a one

dimensional below cloud scavenging model in order to simulate the in-

cloud and below-cloud scavenging processes [3]. Measurements have been

taken on size distribution of atmospheric aerosol at Dayalbagh, Agra

during July to September 1998 and resulted that aerosol exist in fine as

well as coarse modes but differ in percentage contribution seasonally

[11]. Mathematical models using coupled convective diffusion equations

for gaseous pollutants absorbed in the raindrops have been studied by

taking into account uniform distribution of raindrops [2, 4, 7].

All these models are linear but in real situations the phenomenon of

interaction of pollutants with raindrops is nonlinear. The removal terms,

due to precipitation, are proportional to the concentration of the

pollutants as well as to the number density of raindrops. In this regard,

Shukla et al. [14] proposed and analyzed a nonlinear mathematical

model for the removal of air pollutants from the atmosphere. In the

model they have shown that the gaseous pollutants, emitted into the

atmosphere instantaneously, can be removed by rain completely. They

have also shown that if the gaseous pollutants are emitted with a
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constant rate, they can also be washed-out from the atmosphere under

appropriate conditions. A nonlinear mathematical model for the removal

of air pollutants by precipitation scavenging has also been developed [8].

This model is analyzed qualitatively to see the effect of precipitation

scavenging on the equilibrium level of pollutants in the atmosphere using

stability theory. These models are generally applicable for ordinary rain

where an absorbed phase is formed due to interaction of pollutant species

with the raindrops. The removal of pollutants by the heavy rain has not

been studied earlier.

Keeping in view of above, in this paper we propose and analyze a

nonlinear mathematical model for scavenging of gaseous pollutants and

particulate matters from the atmosphere by precipitation due to heavy

rain. It is considered that the effect of these pollutants on raindrops

formation is negligible and no absorbed phase formation takes place. This

is because there is no sufficient time for these processes to take place.

The phenomenon of removal of these pollutants takes place due to

process of impaction. We assume that there exist three interacting

phases in the atmosphere namely, raindrops phase, gaseous pollutants

phase and the phase of particulate matters. The dynamics of these

phases is assumed to be governed by the nonlinear differential equations.

2. Mathematical Model

The atmosphere, under consideration, consists of three interacting

phases as follows:

1. Raindrops phase – which occurs due to rain.

2. Gaseous pollutants phase – which occurs due to emission of

gaseous pollutants into the atmosphere from different sources like

industrial stacks, vehicular exhausts etc.

3. Particulate matters phase – which occurs due to emission of

particulate matters.

Here we have assumed that the mechanism for the removal of the

pollutants from the atmosphere is due to process of impaction caused by

neighboring raindrops.
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Let ( )tCr  be the number density of raindrops with its depletion rate

coefficient 0r  and ( )tq  is the rate of formation of raindrops, assumed to

be constant (say ).0q  Further, there may be some depletion of raindrops

due to interaction with these pollutants (such as due to evaporation by
pollutants) but in the case of heavy rain there is no time left to happen
this process. Therefore, in the model we assume negligible effect of
pollutants on raindrops formation. ( )tC  and ( )tCp  are the concentrations

of gaseous pollutants and particulate matters with their natural
depletion rates δC and ,ppCδ  respectively. ( )tQ  and ( )tQp  are their rates

of emission, respectively, α and pα  are the removal rate coefficients of C

and pC  due to interaction with rC  and this removal of pollutants is in

direct proportion to the concentrations of respective pollutants as well as
the number density of raindrops (i.e., rCCα  and ).rpp CCα  In this model,

it has also been assumed that, due to heavy rain, there is no sufficient
time for these pollutants to re-enter into the atmosphere by reversible
process. Therefore, in the model recycling terms are not taken.

Under above assumptions, the system is governed by the following
differential equations:

( ) ,0 r
r Crtq

dt
dC

−= (1)

( ) ,rCCCtQ
dt
dC α−δ−= (2)

( ) ,rppppp
p CCCtQ

dt
dC

α−δ−= (3)

( ) ( ) ( ) .00,00,00 ≥≥≥ pr CCC

3. Stability Analysis

Now we analyze the model (1)-(3) using stability theory of nonlinear
differential equations under the following two conditions:

Case I. ( ) ( ) QtQqtq == ,0  and ( ) pp QtQ =  (constant emission),

Case II. ( ) ( ) 0,0 == tQqtq  and ( ) 0=tQp  (instantaneous emission).
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Case I. When ( ) ( ) QtQqtq == ,0  and ( ) pp QtQ =  (constant emission).

In this case, the model has only one nonnegative equilibrium point,

namely, ( ).,, ∗∗∗∗
pr CCCE  The positive solution of ∗E  is given by the

following equations:

,
0

0
r
q

Cr = (4)

,
rC

QC
α+δ

= (5)

.
rpp

p
p C

Q
C

α+δ
= (6)

It is seen from equations (4)-(6) that rC  increases but C and pC

decrease with increase in .0q  Also we note that 0, →pCC  as .∞→rC

The variational matrix corresponding to ∗E  is

( )
( )

.

0

0

000

















α+δ−α−

α+δ−α−

−

=
∗∗

∗∗∗

rpppp

r

CC

CC

r

M

From ,∗M  it is clear that all the eigen values are negative showing

that ∗E  is locally asymptotically stable.

To check the global stability behavior, we need the following lemma.

Lemma 3.1. The set ( )


 ≤

δ
≤≤≤≤=Ω 0,0,0:,,

0

0 QC
r
q

CCCC rpr





δ
≤

p

p
p

Q
C  attracts all solutions initiating in the interior of positive

octant.

Proof. From equation (1), we have

.00 r
r Crq

dt
dC

−=

From this equation, we get

( ) .sup
0

0
r
q

tCLim rt
=

∞→
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Again from equation (2),

,rCCCQ
dt
dC α−δ−=

.CQ
dt
dC δ−≤

Using comparison theorem, we get

( ) .sup
δ

=
∞→

QtCLim
t

Similarly, we also get

( ) .sup
p

p
pt

Q
tCLim

δ
=

∞→

Hence the lemma.

Theorem 3.1. If the following inequalities

( ),2 0

2
∗α+δ<






δ
α

rCrQ

( )∗α+δ<







δ

α
rpp

p

pp Cr
Q

0

2

2

hold in Ω, then ∗E  is globally asymptotically stable.

Proof. Consider the following positive definite function about ,∗E

( ) ( ) ( ) .
2
1

2
1

2
1 222 ∗∗∗ −+−+−= pprr CCCCCCV (7)

Differentiating this with respect to ‘t’, we get

( ) ( ) ( )
dt

dC
CC

dt
dCCC

dt
dC

CCV p
pp

r
rr

∗∗∗ −+−+−=

 ( ) ( ) ( ) ( )rrrr CCCQCCCrqCC α−δ−−+−−= ∗∗
00

( ) ( ).rppppppp CCCQCC α−δ−−+ ∗
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After some algebraic manipulations, it can be written as

( ) ( ) ( ) ( ) ( )222
0

∗∗∗∗∗ −α+δ−−α+δ−−−= pprpprrr CCCCCCCCrV

( ) ( ) ( ) ( ).∗∗∗∗ −−α−−−α− pprrpprr CCCCCCCCCC

Now V  will be negative definite if

( ) ( ),2 0
2 ∗α+δ<α rCrC

i.e.,

( )∗α+δ<





δ
α

rCrQ
0

2
2 (8)

and

( ) ( ),2 0
2 ∗α+δ<α rpppp CrC

i.e.,

( ).2 0

2
∗α+δ<








δ

α
rpp

p

pp Cr
Q

(9)

Under above conditions V  is negative definite showing that V is a

Liapunov’s function. Hence the theorem.

This theorem shows that with increase in removal parameters α and

,pα  the respective concentrations of C and pC  decrease in the

atmosphere and may even tend to zero if α and pα  are very large. From

the above theorem, we also note that if Q and pQ  are small, then the

possibility of satisfying conditions (8) and (9) increases.

Case II. When ( ) ,0qtq =  ( ) 0=tQ  and ( ) 0=tQp  (instantaneous

emission). In this case, the model takes the form

,00 r
r Crq

dt
dC

−= (10)

,rCCC
dt
dC α−δ−= (11)
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.rpppp
p CCC

dt
dC

α−δ−= (12)

In this case, also the model has only one nonnegative equilibrium

point, namely, .0,0,
0

0 







r
q

E

Now we compute the following variational matrix corresponding to E,

.

00

00

00

0

0
0

0

0





























 α+δ−







 α+δ−

−

=

r
q

r
q

r

M

pp

From M, it is clear that E is locally asymptotically stable.

Since ,0>rC  it can be checked that E is also globally asymptotically

stable.

From equations (11) and (12), we have

C
dt
dC δ−≤   and  .pp

p C
dt

dC
δ−≤

Using comparison theorem, we can show that

( ) 0sup =
∞→

tCLim
t

  and  ( ) .0sup =
∞→

tCLim pt
(13)

Thus, we conclude that in the case of instantaneous emission both of
these pollutants can be washed-out completely from the atmosphere.

4. Numerical Example

Consider the following set of parameter values:

,0.30,0.40,05.0,0.000,10 00 ==== pQQrq

.80.0,60.0,32.0,25.0 =α=α=δ=δ pp

∗E  can be calculated as

.000187.0,00033.0,0.000,00,2 === ∗∗∗
pr CCC
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It can be easily checked that inequalities (8) and (9) are satisfied

using the above set of parameters showing that ∗E  is globally

asymptotically stable within the region of attraction Ω.

Further, in the following table, we show the variation of equilibrium

values with raindrops formation .0q

It is clear from the Table 1 that equilibrium values of raindrops

density increase with increase in 0q  while the equilibrium values of

gaseous pollutants and particulate matters decrease.

Table 1

0q ∗
rC ∗C ∗

pC

10,000.0 2,00,000.0 0.00033 0.000187

15,000.0 3,00,000.0 0.0002222 0.0001249

20,000.0 4,00,000.0 0.0001667 0.00009374

25,000.0 5,00,000.0 0.0001333 0.00007499

30,000.0 6,00,000.0 0.000111 0.00006249

5. Conclusion

The washout model described in this paper is developed and analyzed

to study the removal of gaseous pollutants and particulate matters due to

heavy rain from the atmosphere using stability theory of nonlinear

differential equations. It is shown that in the case of constant emission,

the pollutants are significantly removed from the atmosphere but their

removal would depend upon interaction rate coefficients with raindrops.

When the pollutants are emitted into the atmosphere instantaneously, it

is found that both the pollutants can be washed-out completely from the

atmosphere by the process of impaction. It is also shown that if 0q

increases, the concentration of both the pollutants decreases in the

atmosphere. Also if removal parameters are very large, then the

possibility of removal of these pollutants is more plausible.
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