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Abstract 

In this paper, we consider a class of discrete Schrödinger systems. We 
divide the discussion into two cases. In the first case, we consider       
the system with unbounded potentials, the existence of a nontrivial 
solution is obtained, both of its two components are nonzero. In the 
second case, we consider the system with radially symmetric 
coefficients, by proving a compactness result, we get the existence of a 
nontrivial radially symmetric solution. 

1. Introduction 

Soliton solutions for discrete Schrödinger equations and systems on 
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infinite lattices have been studied by many authors from the aspects                    
of mathematics in the last decades. In [17], the following equation was 
considered 

,,2
111 Z∈σχ=ω−++ −−+ nuuuubuaua nnnnnnnnnn  

where nn ba ,  and nχ  are periodic, the author proved the existence of gap 

solutions (standing waves with frequency ω in a spectral gap). This result 
was improved in [18] by proving the existence of ground state solutions. In 
[22], problems of the form 

( ) ,, Z∈σχ=ω−ε+∆− nuuguuu nnnnnnnn  

were studied, where nnnnn uuuu ε−+=∆ −+ ,211  and nχ  were assumed to 

be periodic and the existence of soliton solutions when ω is a lower edge of a 
finite spectral gap was proved via the generalized linking method. In [25], 
the following equation was considered: 

( ) ,,111 Z∈σ=ω−++ −−+ nufuubuaua nnnnnnnnn  

where na  and nb  are periodic, the authors obtained the existence of soliton 

solutions when ω is below some constant. In [24], discrete Schrödinger 
equation in infinite m dimensional lattices of the form 

( ) ( ) mufuuvu Znnnnnnn ∈=σγ−ω−+− ,0A  

was considered, where A  is the discrete Laplacian operator on mZ  (see 
(1.2) below) and .lim ∞=

∞→ nn
v  Under some growth conditions on f the 

author got the existence of the so-called nontrivial breather solutions. In [14], 
the authors considered the following system: 

( )

( )





∈
=ψϕ+ψ−ϕ+ψ−ψεω+ψε

=ϕψ+ϕ−ψ+ϕ−ϕεω+ϕε
,
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where ∞=
∞→

j
kk

Vlim  for ,3,2,1=j  they obtained the existence of standing 
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waves via the Nehari manifold approach. There are many other works or 
survey on the discrete Schrödinger equations and systems, for example, [7, 8, 
10, 11, 20, 23] and so on. 

In this paper, we consider the following discrete Schrödinger system: 

( )

( )





∈β−=τ+−

β−=ε+−
.

,22
1

,

2

3
m

uvvvv

vuuuu
Zn

nnnnnn

nnnnnn

A

A
 (1.1) 

Here the operator A  is defined as 

( ) 121 2 eeee mm +−−− ψ+ψ−ψ++ψ+ψ=ψ nnnnnnA  

,2 mee ++ ψ++ψ+ nn …  (1.2) 

where ( )0...,,1...,,0=ie  the unit vector in mR  with the ith component 1 

for ....,,1 mi =  For an element ( ) ,...,,, 21
m

mnnn Zn ∈=  += 1nn  

.2 mnn ++  

The discrete Schrödinger system (1.1) can be viewed as the discretization 
of some Schrödinger-KdV systems (see [13]). As for the continuous 
Schrödinger-KdV system, there are many references, see, for example, [2, 3, 
5, 6, 9, 12, 13, 15, 16, 19]. 

We assume the following conditions: 

(C1) ∞=τ∞=ε
∞→∞→

n
n

n
n

lim,lim  and 0,0 >τ>ε nn  for all 

.mZn ∈  

(C2) mnmn τ=τε=ε ,  when .,, mZmnmn ∈=  

(C3) 2,1,0,,, 21 =>∈∀≥τ≥ε iaaa i
mZnnn  are constants. 

Using the Nehari manifold technique, we first prove the following result 
in the unbounded potential case. 
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Theorem 1.1. If 1γ>β  with the constant 1γ  defined in (2.12), 

problem (1.1) possesses a nontrivial solution ( ){ } mvu Znnn ∈,  under the 

condition (C1). 

Then we prove the following result in the radially symmetric case. 

Theorem 1.2. Suppose the conditions (C2), (C3) hold. If 2γ>β  with 

the constant 2γ  defined in (3.15), problem (1.1) possesses a nontrivial 

radially symmetric solution ( ){ } mvu Znnn ∈,  provided .2≥m  

Remark. In Theorems 1.1 and 1.2, a nontrivial solution means a solution 
( ) ( ){ } mvu Znnnvu ∈= ,,  with 0≠u  and .0≠v  We note that system (1.1) 

possesses two nonzero solutions of the form ( )v±,0  by solving a single 
equation (see Theorem 2.6 and Theorem 3.7 below). 

2. The Unbounded Potential Case 

2.1. Functional framework 

In this subsection, we explain the framework of our problem. We adopt 
the notation defined in [7, 11] and [24]. For a positive integer m, we consider 
the real sequence spaces 

( )mpp ll Z≡  

{ } .,,

1



















∞<












=∈∈∀|== ∑

∈
∈

p

n

p
nln

m
nn

m
pm uuunuu

Z
Z RZ  

Between pl  spaces, the following elementary embedding relation holds: 

.1,, ∞≤≤≤≤⊂ pquCull qp ll
pq  

Define 22: llL →±
ν  for each m...,,1=ν  as 

( ) .nenn uuuL −=
ν±

±
ν  
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Note that ( ) ( ) ,,,,, 222 lvuvLuvuL ll ∈∀= ±
ν

±
ν  we can rewrite the operator 

A  as 

( ) ( )∑
=ν

+
ν

+
ν ∈∀=−

m

ll lvuvLuLvu
1

2.,,,, 22A  

Hence 

( ) ,,4,0 22
22 luumuu

ll ∈∀≤−≤ A  

thus 22: ll →−A  is a bounded operator and ( ) [ ].4,0 m⊂−σ A  

Let us denote { } { } mm nnnn VV ZZ ∈∈ τ=ε= 21 ,  and define A−=1H  

1V+  and 22 VH +−= A  which are self-disjoint operators defined on .2l  

Let 

{ } ,, 2
1

2
1

1
22

1

1
2

1 lE uHuluHluE =∈|∈=  

{ } ., 2
2

2
1

2
22

1

2
2

2 lE uHuluHluE =∈|∈=  

Then, by Theorem 2.2 in [24], 1E  and 2E  are compactly embedded into pl  

for [ ].,2 ∞+∈p  

Define R→×Φ 211 : EE  as 

( )vu,1Φ  

( ) ( ) ∑ ∑ ∑
∈ ∈ ∈

β+−−+=
m m mn n n

nnnnll vuvuvvHuuH
Z Z Z

.26
1

4
1,2

1,2
1 234

21 22  

Then, by the comments above, the sums in the definition of 1Φ  are finite. 

Moreover, we have ( ).,22
1

1 REEC ×∈Φ  
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Define R→× 211 : EEJ  as 

( )vuJ ,1  

( ) ( ) ∑ ∑ ∑
∈ ∈ ∈

β+−−+=
m m mn n n

nnnnll vuvuvvHuuH
Z Z Z

.2
3

2
1,, 234

21 22  

Then we can define the Nehari manifold as follows: 

( ) ( ){ } ( ){ }.0,0,0\, 1211 =|×∈= vuJEEvuM  

We have the following result on .1M  

Lemma 2.1. 1M  is a 1C  complete manifold. For every ( ) ×∈ 1, Evu  

( ){ },0,0\2E  there exists a unique ( ) 0, >= vutt  such that ( ) ., 1M∈vtut  

Moreover, the maximum of ( ) ( )tvtutg ,1Φ=  for 0≥t  is achieved at .t  

Proof. For ( ) ( ){ },0,0\, 21 EEvu ×∈  we consider the equation on :0>t  

( ) ( ) ( ) ∑
∈

−+=
mn

nll utvvHtuuHttvtuJ
Z

44
2

2
1

2
1 22 ,,,  

∑ ∑
∈ ∈

=β+−
m mn n

nnn vutvt

Z Z

.02
3

2
2

3
3

3
 

Hence 

( ) ( ) ( ) 22 ,,: 21 ll vvHuuHt +=  

∑ ∑ ∑
∈ ∈ ∈

β+−−
m m mn n n

nnnn vutvtut
Z Z Z

2342
2

3
2  

tvuutu
m mm n n

nnn
n

n 












−β+













−= ∑ ∑∑

∈ ∈∈ Z ZZ

3224
2
1

2
3  

( ) ( ) .0,, 22 21 =++ ll vvHuuH  (2.3) 

If ∑
∈

≠−
mn

nu
Z

,04  since ( ) ( ) ( ) ,0,,0 22 21 >+= ll vvHuuH  there is a unique 
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0>t  such that (2.3) holds, that is to say, ( ) ., 1M∈vtut  If ∑
∈

=−
mn

nu
Z

,04  

then ,0≠v  hence, there also exists a unique ( ) 0, >= vutt  such that 

( ) ., 1M∈vtut  

For any element ( ) ,~,~
1M∈vu  it holds that 

( ) ( ) ( ) 22 ~,~~,~~,~
211 ll vvHuuHvuJ +=  

∑∑ ∑
∈∈ ∈

=β+−−
mm m n

nn
n n

nn vuvu
ZZ Z

0~~
2

3~
2
1~ 234  

and 

( ) ( ) ( ) ∑
∈

++=Φ
mn

nll uvvHuuHuu
Z

.~
12
1~,~

6
1~,~

6
1~,~ 4

21211 22  (2.4) 

Then 

( ) ( ) 22 ~,~~,~
21 ll vvHuuH +  

∑ ∑ ∑
∈ ∈ ∈

β−+=
m m mn n n

nnnn vuvu
Z Z Z

~~
2

3~
2
1~ 234  

( ) ( ) ( ) ( ) .~,~~,~~,~~,~ 2
3

24
2
3

13
2
3

22
2

11 2222 llll
vvHCuuHCvvHCuuHC +++≤  (2.5) 

So, by (2.4), 

( ) ( ) ρ≥+ 22 ~,~~,~
21 ll vvHuuH  for some 0>ρ  and ( ) .6

~,~
211

ρ≥Φ uu  (2.6) 

Moreover, there holds 

( ) ( )vuvuJ ~,~,~,~
1′  

( ) ( ) ∑ ∑ ∑
∈ ∈ ∈

β+−−+=
m m mn n n

nnnnll vuvuvvHuuH
Z Z Z

~~
2

9~
2
3~4~,~2~,~2 234

21 22  

( ) ( ) ∑
∈

ρ−<−−−=
mn

nll uvvHuuH
Z

.~~,~~,~ 4
21 22  (2.7) 
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Hence, by the implicit function theorem, ( )01
11
−= JM  is a 1C  complete 

manifold. 

Since 

( ) ( ) ( ) ∑
∈

−+=
mn

nll utvvHtuuHttg
Z

4
4

2
2

1
2

4,2,2 22  

∑ ∑
∈ ∈

β+−
m mn n

nnn vutvt

Z Z

,26
2

3
3

3
 

( ) 0→tg  as ,0→t  ( ) −∞→tg  as +∞→t  and ( ) ,6
1 ρ≥tg  so the 

maximum of ( )tg  is achieved in the interior of [ ].,0 ∞+  Assume that 

( ) ( ),max~ tgtg =  then ( ) ,0~ =′ tg  hence 

( ) ( ) ( ) ,0~,~,~,~~,~
11 =Φ′= vtutvtutvtutJ  

so .~ tt =  ~ 

Lemma 2.2. ( )vu,  is a nontrivial critical point of 1Φ  if and only if 

( )vu,  is a constrained critical point of 1Φ  on .1M  

Proof. Suppose ( ) .0,11 =|Φ′ vuM  By the Lagrangian multiplier method, 

one can write ( ) ( ) ( ).,,, 111 1 vuJvuvu ′ω−Φ′=|Φ′ M  So we have 

( ) ( ) ( ) ( ) ( ) ( ) .0,,,,,,,,, 111 1 =′ω−Φ′=|Φ′ vuvuJvuvuvuvuM  

By the definition of ,1M  it holds that 

( ) ( ) ( ) ( ) .0,,,,,, 11 1 =′ω−=|Φ′ vuvuJvuvuM  

From (2.7) in the proof of Lemma 2.1, .0=ω  Thus, ( ) .0,1 =Φ′ vu  If ( )vu,  

is a nontrivial critical point of ,1Φ  then it is, of course, a critical point of 1Φ  

constrained on .1M  ~ 

Lemma 2.3. 1Φ  satisfies the Palais-Smale condition on .1M  



On Soliton Solutions for a Class of Discrete Schrödinger Systems 27 

Proof. Suppose that {( )}kk vu ,  is a Palais-Smale sequence. Then 

( ) cvu kk →Φ ,1  and ( ) cvu kk →|Φ′ 1,1 M  for some .R∈c  Then, from 

(2.4), we can infer that ( )kk vu ,  is bounded in .21 EE ×  So we can suppose 

that ( ) ( )vuvu kk ,,  for some ( ) ., 21 EEvu ×∈  Since 1E  and 2E  can be 

compactly embedded into pl  for ,2 ∞≤≤ p  we can infer that 

,uuk → vvk →  in pl  for ,2 ∞≤≤ p  ,n
k
n uu →  n

k
n vv →  

for any ,mn Z∈  (2.8) 

( ) ( ) ( )∑ ∑ ∑
∈ ∈ ∈

β−+
m m mn n n

k
n

k
n

k
n

k
n vuvu

Z Z Z

234
2

3
2
1  

∑ ∑∑
∈ ∈∈

β−+→
m mm n n

nnn
n

n vuvu
Z ZZ

234
2

3
2
1  

and by (2.6) together with the definition of ,1M  there holds 

∑ ∑ ∑
∈ ∈ ∈

ρ≥β−+
m m mn n n

nnnn vuvu
Z Z Z

.2
3

2
1 234  

By the Lagrangian multiplier method, we have 

( ) ( ) ( ) 0,,, 111 1 →′ω−Φ′=|Φ′ kk
k

kkkk vuJvuvu M  

for a sequence of real numbers { }.kω  Then it holds that 

( ) ( )kkkk vuvu ,,, 11 M|Φ′  

( ) ( ) ( ) ( ) .0,,,,,, 11 →′ω−Φ′= kkkk
k

kkkk vuvuJvuvu  

By the definition of ,1M  we have ( ) ( ) .0,,,1 →′ω kkkk
k vuvuJ  From 

(2.7), we can infer that .0→ωk  
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Denote 

( ) ( ) ( ) ( ) ( ) ( ),,,,,2
1,2

1, 22 211 vuTvuGvuFvvHuuHvu ll β+−−+=Φ  

where ( ) ∑
∈

=
mn

nuvuF
Z

,4
1, 4  ( ) ∑

∈

1=
mn

nvvuG
Z

3
6,  and 

( ) ∑
∈

=
mn

nnvuvuT
Z

,2
1, 2  

then 

( ) ( ) ( ) ( ) ( )kkkkkkkkkk vuTvuGvuFvuvu ,,,,,1 ′β+′−′−=Φ′  

and 

( ) ( ) ( ) ( ) ( ).,3,3,4,2,1
kkkkkkkkkk vuTvuGvuFvuvuJ ′β+′−′−=′  

Hence 

( ) ( ) ( ) ( ) ( ) ( )kk
k

kk
k

kk
k vuGvuFvu ,31,41,21 ′ω−+′ω−=ω−  

( ) ( ) ( ).1,13 ovuT kk
k +′β−ω+  

Now we prove that GF ′′,  and T ′  are compact operators. As ,+∞→k  by 

(2.8), Sobolev embedding and Hölder inequalities, we have 

( ) ( ) hvuTvuT u
kk

u ,,, ′−′  

( )∑ ∑
∈ ∈

⋅−≤−=
m mn n

nnn
k
n

k
nnnn

k
n

k
n hvuvuhvuvu

Z Z

 

∑ ∑
∈ ∈

⋅−+⋅−≤
m mn n

nnnn
k
nnn

k
n

k
n

k
n hvuvuhvuvu

Z Z

 

∑ ∑
∈ ∈

⋅⋅−+⋅⋅−=
m mn n

nnn
k
nn

k
nn

k
n hvuuhuvv

Z Z
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3
1

3
3
1

3
3
1

3









































−≤ ∑∑∑

∈∈∈ mmm n
n

n

k
n

n
n

k
n huvv

ZZZ

 

( ) ,1
1

3
1

3
3
1

3
3
1

3
E

n
n

n
n

n
n

k
n hohvuu

mmm
=









































−+ ∑∑∑

∈∈∈ ZZZ

 

.1Eh ∈∀  

Similarly, we have ,2Eh ∈∀  it holds that 

( ) ( ) hvuTvuT v
kk

v ,,, ′−′  

(( ) ( ) ) ( ) ( )∑ ∑
∈ ∈

⋅−≤−=
m mn n

nn
k
nnn

k
n huuhuu

Z Z

2222
2
1

2
1  

( ) ( )
2
1

2
2
1

222
2
1




























−≤ ∑∑

∈∈ mm n
n

n
n

k
n huu

ZZ

 

( ) ( ) .2
1

2

2
1

44
E

n
n

k
n huu

m













−≤ ∑

∈Z

 

Since ( ) ( ) ,04444 ≥−−+ n
k
nn

k
n uuuu  we have 

(( ) ( ) )∑
∈

+∞→
−−+

mn
n

k
nn

k
n

k
uuuu

Z

4444inflim  

(( ) ( ) )∑
∈

+∞→
−−+≤

mn
n

k
nn

k
n

k
uuuu

Z

4444inflim  

and so ( ) ( )∑
∈

+∞→
→−

mn
n

k
n

k
uu

Z
0lim 44  by (2.8). Thus, 

( ) ( ) ( ) .1,,,
2Ev

kk
v hohvuTvuT =′−′  
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So we have proved the compactness of .T ′  Similarly, we have ,1Eh ∈∀  

( ) ( ) hvuFvuF u
kk

u ,,, ′−′  

(( ) ) ( )∑ ∑
∈ ∈

−≤−=
m mn n

nn
k
nnn

k
n huuhuu

Z Z

3333  

( )
4
1

4
4
3

3
433




























−≤ ∑∑

∈∈ mm n
n

n
n

k
n huu

ZZ

 

( ) ( ) ( ) .1
11

4
3

44
EE

n
n

k
n hohuuC

m
=













−≤ ∑

∈Z

 

And, for any ,2Eh ∈  

( ) ( ) hvuGvuG v
kk

v ,,, ′−′  

( )∑ ∑
∈ ∈

−≤−=
m mn n

nnn
k
n

k
nnnn

k
n

k
n hvvvvhvvvv

Z Z
2
1

2
1  

2
1

2
2
1

2
2
1




























−≤ ∑∑

∈∈ mm n
n

n
nn

k
n

k
n hvvvv

ZZ

 

( ) ( ) .2
1

2

2
1

44
E

n
n

k
n hvv

m













−≤ ∑

∈Z

 

By the same reason as above, we can infer that ( ) ( ) =′−′ hvuGvuG v
kk

v ,,,  

( ) .1
2Eho  Here, we have used the fundamental inequality ≥− p

q
p
q

ba   

( ) pqq ba
1

−  for 0>> ba  and ,0>p  .0>q  Thus, F ′  and G′  are also 

compact operators. 
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Hence ( ) ( ) ( ) ( ),,,,, vuTvuGvuFvu kk ′β−′+′→  so 

( ) ( ) ( ) ( ).,,,, vuTvuGvuFvu ′β−′+′=  

Thus, ( ) ( ) ( ) ( ) ( )vuTvuGvuFvvHuuH ll ,3,3,4,, 22 21 β−+=+  which means 

( ) ., 1M∈vu  ~ 

2.2. On the equation ( ) nnnnn vvvv 2
1=τ+− A  

In this subsection, we study the equation 

( ) .2
1

nnnnn vvvv =τ+− A  (2.9) 

Similar to Subsection 2.1, we define a functional R→Ψ 21 : E  as follows: 

( ) ( ) ∑
∈

−=Ψ
mn

nl vvvHv
Z

.6
1,2

1 3
21 2  

Then we have ( ).,2
1

1 REC∈Ψ  Define the Nehari manifold as follows: 

{ } ( ) ( ) .02
1,:0\ 3

2121 2












=−=|∈= ∑
∈ mn

nl vvvHvPEv
Z

N  

On the Nehari manifold, we have the following lemma. 

Lemma 2.4. 1N  is a 1C  nonempty manifold. For every { },0\2Ev ∈  

there exists a unique ( ) 0>= vtt  such that .1N∈vt  The maximum of 

( ) ( )tvtg 1Ψ=  for 0≥t  is achieved at .t  

Proof. For { },0\2Ev ∈  consider the equation on ,0>t  

( ) ( ) ∑
∈

=−=
mn

nl vtvvHttvP
Z

.02, 3
3

2
2

1 2  

Since ∑
∈

≠
mn

nv
Z

,03  there exists a unique ( ) 0>= vtt  such that 

.1N∈vt  
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For an element ,~
1N∈v  it holds that 

( ) ( ) ∑
∈

=−=
mn

nl vvvHvP
Z

.0~
2
1~,~~ 3

21 2  

Then 

( ) ( )∑
∈

≤=
mn

lnl vvHCvvvH
Z

.~,~~
2
1~,~ 2

3

25
3

2 22  (2.10) 

So ( ) ρ≥2~,~
2 lvvH  for some 0>ρ  and ( ) ( ) .6

1~,~
6
1~ 221 ρ≥=Ψ lvvHv  

Moreover, it holds that 

( ) ( ) ( )∑
∈

ρ−<−=−=′
mn

lnl vvHvvvHvvP
Z

.~,~~
2
3~,~2~,~ 22 2

3
21  (2.11) 

Hence 1N  is a 1C  complete manifold. 

Since 

( ) ( ) ∑
∈

−=
mn

nl vtvvHttg
Z

,6,2
3

3
2

2
2  

( ) 0→tg  as ,0→t  ( ) −∞→tg  as +∞→t  and ( ) ,6
1 ρ≥tg  so the 

maximum of ( )tg  is achieved in the interior of [ ].,0 ∞+  Assume that 

( ) ( ).max~ tgtg =  Then ( ) ,0~ =′ tg  hence ( ) ( ) ,0~,~~
11 =Ψ′= vtvtvtP  so 

.~ tt =  ~ 

Lemma 2.5. Let 2Ev ∈  be a minimizer of the functional 1Ψ  constrained 

on the Nehari manifold ,1N  that is, ( ) ( ).inf 11
1

wv Ψ=Ψ
N

 Then v is a weak 

solution to equation (2.9). 

Proof. By the Lagrangian multiplier method, we can infer that v is a 
critical point of the functional ( ) ( ).11 wPw λ+Ψ  Thus, ,2Ew ∈∀  it holds that 

( ) ( ) .0,, 11 =′λ+Ψ′ wvPwv  
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Taking ,vw =  we have 

( ) ( ) .0,, 11 =′λ+Ψ′ vvPvv  

So ( ) .0,1 =′λ vvP  From (2.11), it holds that ( ) ,0,1 <′ vvP  hence .0=λ  

Therefore, ( ) .0,, 12 =Ψ′∈∀ wvEw  Thus, v is a weak solution of (2.9). ~ 

Theorem 2.6. There exists a minimizer v′  of the functional 1Ψ  

constrained on the Nehari manifold ,1N  that is, ( ) ( ),inf 11
1

vv Ψ=′Ψ
N

 then 

v′  is a weak solution to equation (2.9) by Lemma 2.5. 

Proof. By Ekeland variational principle (see [4]), we can infer that there 
is a sequence { } 2Evn ⊂  such that ( ) ( )vvn 11

1
inf Ψ=Ψ
N

 and ( ) .011 →|Ψ′ Nnv  

Similar to Lemma 2.3, the (PS) condition is satisfied in this case, so up to a 
subsequence, { }nv  converges to some .1N∈′v  ~ 

It is clear that v′−  is also a minimizer of the functional 1Ψ  constrained 

on the Nehari manifold .1N  

2.3. Proof of Theorem 1.1 

In this subsection, we show that there exists a nontrivial solution of (1.1) 
different from 0u  and .1u  Here ( ) ( )vv ′−=′= ,0,,0 10 uu  and v′  is the 

solution obtained in Theorem 2.6. Our method is inspired by [1]. Set 

{ }
.inf 2

2

0\
1

1

1 ∑
∈

∈ϕ ϕ′

ϕ
=γ

mn
nn

E

E v
Z

 (2.12) 

By the Sobolev embedding theorem, .01 >γ  

Theorem 2.7. The following statements are true: 

(i) If ,1γ−<β  then 0u  is a saddle point of 1Φ  on .1M  In particular, 

( ).inf 011
1

uΦ<Φ
M
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(ii) If ,1γ>β  then 1u  is a saddle point of 1Φ  on .1M  In particular, 

( ).inf 111
1

uΦ<Φ
M

 

Let ( )01
2

1 uM|ΦD  and ( )11
2

1 uM|ΦD  denote the second derivatives of 

1Φ  constrained on .1M  Since ( ) 001 =Φ′ u  and ( ) ,011 =Φ′ u  one has that 

( ) ( ) ( ) ( ) ( ) ,,,,, 1210101
2

01 MM uhhhuhhu ThhD ∈=∀Φ′′=|Φ  

( ) ( ) ( ) ( ) ( ) .,,,, 1211111
2

11 MM uhhhuhhu ThhD ∈=∀Φ′′=|Φ  

Similarly, we have 

( ) ( ) ( ) ( ) ( ) ,,,,, 12111
2

1 NN vThhhhvhhvD ′∈=∀′Ψ ′′=′|Ψ h  

( ) ( ) ( ) ( ) ( ) .,,,, 12111
2

1 NN vThhhhvhhvD ′−∈=∀′−Ψ ′′=′−|Ψ h  

Lemma 2.8. There hold 

( ) ,, 12121 0 NM vThThh ′∈⇔∈= uh  

( ) ., 12121 1 NM vThThh ′−∈⇔∈= uh  

Proof. 12 NvTh ′∈  if and only if ( ) ( )∑
∈

′′=′
mn

nnnl hvvhvH
Z

,4
3, 222 2  

12 NvTh ′−∈  if and only if ( )( ) ( ) ,4
3, 222 2 ∑

∈

′′−=′−
mn

nnnl hvvhvH
Z

 while 

( ) 1, MvuT∈h  if and only if 

( ) ( ) ( ) ( )∑ ∑
∈ ∈

+=+
m mn n

nnnnnll hvvhuhvHhuH
Z Z

21
3

2211 4
32,, 22  

( ) ( )∑ ∑
∈ ∈

β−β−
m mn n

nnnnn huhvu
Z Z

.4
3

2
3

2
2

1  
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Hence we have ( ) 121 0, Muh Thh ∈=  if and only if ( ) =′ 222 , lhvH  

( ) ,4
3

2∑
∈

′′
mn

nnn hvv
Z

 and ( ) 121 1, Muh Thh ∈=  if and only if ( )( ) 222 , lhvH ′−  

( )∑
∈

′′−=
mn

nnn hvv
Z

.4
3

2  These complete the proof.  

Proof of Theorem 2.7. If ( ) 21, EEvu ×∈  and ( ) ,, 2121 EEhh ×∈=h  

then one has 

( ) ( )hh,,1 vuΦ′′  

( ) ( ) ( ) ( )∑ ∑
∈ ∈

−−+=
m mn n

nnnnll hvhuhhHhhH
Z Z

2
2

2
1

2
222111 3,, 22  

( ) ( ) ( )∑ ∑
∈ ∈

β+β+
m mn n

nnnnn hhuhv
Z Z

.21
2

1  (2.13) 

In particular, if ( ) ( ) ,,0, 0u=′= vvu  then we get 

( ) ( )hhu ,01Φ ′′  

( ) ( ) ( ) ( )∑ ∑
∈ ∈

′β+′−+=
m mn n

nnnnll hvhvhhHhhH
Z Z

.,, 2
1

2
2222111 22  

Taking ( ) ,0, 110 0Muh Th ∈=  we have 

( ) ( ) ( ) ( )∑
∈

′β+=Φ ′′
mn

nnl hvhhH
Z

hhu .,, 2
11110001 2  

By the definition of ,1γ  we can infer that when ,1γ−<β  there exists 

{ }0\~
11 Eh ∈  such that 

( )
.~

~

2
1

2
1

1
1 β−<

′
≤γ
∑
∈ mn

nn

E

hv

h

Z
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So, for ( ),0,~~
10 h=h  there holds 

( ) ( ) ( ) ( )∑
∈

<′β+≤Φ ′′
mn

nnl hvhhH
Z

hhu .0~~,~~,~ 2
11110001 2  

If ( ) ( ),,0, 1 vvu ′−== u  then we get 

( ) ( )hhu ,11Φ′′  

( ) ( ) ( ) ( )∑ ∑
∈ ∈

′β−′−+=
m mn n

nnnnll hvhvhhHhhH
Z Z

.,, 2
1

2
2222111 22  

Taking ( ) ,0, 111 0Muh Th ∈=  we have 

( ) ( ) ( ) ( )∑
∈

′β−=Φ ′′
mn

nnl hvhhH
Z

hhu .,, 2
11111111 2  

By the definition of ,1γ  we can infer that when ,1γ>β  there exists ∈2
~h  

{ }0\1E  such that 

( )
.~

~

2
2

2
2

1
1 β<

′
≤γ
∑
∈ mn

nn

E

hv

h

Z

 

So, for ( ),0,~~
21 h=h  there holds 

( ) ( ) ( ) ( )∑
∈

<′β−=Φ ′′
mn

nnl hvhhH
Z

hhu .0~~,~~,~ 2
22211111 2  

Combining with Theorem 2.6, the proof of Theorem 2.7 is complete. ~ 

The following result is a direct consequence of Theorem 2.7. 

Lemma 2.9. The following statements are true: 

 (i) If ,1γ−<β  then 1Φ  has a global minimum u~  on 1M  and ( ) <Φ u~1  

( ) .inf 101
1
Ψ=Φ

N
u  
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(ii) If ,1γ>β  then 1Φ  has a global minimum u~  on 1M  and ( ) <Φ u~1  

( ) .inf 111
1
Ψ=Φ

N
u  

Proof. The functional 1Φ  is bounded from below on 1M  by (2.6).       

By Lemma 2.3, the Palais-Smale condition holds, hence 1
1

inf Φ
M

 is achieved        

at some 0~ ≠u  by Ekeland variational principle (see [4]). Moreover, if 
,1γ−<β  by Theorem 2.7(i), then ( ) ( ).~

011 uu Φ<Φ  If ,1γ>β  by Theorem 

2.7(ii), then ( ) ( ).~
111 uu Φ<Φ  ~ 

Proof of Theorem 1.1. If ( ) ( ),,0,~ vvu ==u  then ,1N∈∀w  ( )w,0  

1M∈  and 1N∈v  hence ( ) ( ) ( ) ( ).,0,0 1111 wwvv Ψ=Φ≤Φ=Ψ  So v 

achieves the minimum of 1Ψ  on .1N  Hence .infinf 11
11
Ψ=Φ

NM
 This 

contradicts to Lemma 2.9. If ( ) ( ),0,,~ uvu ==u  then from the system (1.1), 

.0=u  So .0~
1M∉=u  This is also a contradiction. ~ 

3. The Radially Symmetric Case 

3.1. Functional framework and a compactness result 

Under the conditions (C2) and (C3), we take the radially symmetric 
spaces as 

{ },,with, 2121211,1 nn
m

r uunnnnEuE ==∈∀|∈= Z  

{ }.,with, 2121212,2 nn
m

r uunnnnEuE ==∈∀|∈= Z  

Theorem 3.1. For ,2≥m  the embedding riE ,  into ( )mpl Z  is compact, 

.2,1,2 =∞≤< ip  

Proof. We follow the idea of [21]. Assume that 0ku  in ,, riE  ku  is 

bounded in ., riE  It is clear that 
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( ),sup 22
2 nmuu

l
k

k

k
n ≤  

where ( ) { }.nrrnm m =|∈= Z  Clearly, we have ( ) ∞→nm  as .∞→n  

So, for any ,0>ε  there exists 0>R  such that 

.sup 2 ε≤
≥

k
n

Rn
u  

Since ,0ku  we have 

0sup 2 →
≤

k
n

Rn
u  as .∞→k  

Hence 

0sup 2 →
∈

k
n

n
u

mZ
 as .∞→k  

For ( ),,2 ∞∈p  we have 

∑ ∑
∈ ∈

−

∈

−

∈










=










≤

m m mm
n n

l
k

p

k
n

n

k
n

p

k
n

n

pk
n uuuuu

Z Z ZZ

22
2

222
2

2
2supsup  

,sup 22
2

2
, rim E

k

p

k
n

n
uuC

−

∈










≤

Z
 

here 0>C  is a constant depending on .ia  So ∑
∈

→=
m

p
n

pk
n

p
l

k uu
Z

0  as 

.∞→k  Since ∞→⊂ ll p  is continuous for 0,1 →∞<≤ kup  in .∞l  This 

completes the proof of Theorem 3.1. ~ 

In the rest of this paper, we assume that .2≥m  Define ×Φ rE ,12 :  

R→rE ,2  as 
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( ) ( ) ( ) ∑
∈

−+=Φ
mn

nll uvvHuuHvu
Z

4
212 4

1,2
1,2

1, 22  

∑ ∑
∈ ∈

β+−
m mn n

nnn vuv
Z Z

.26
1 23  

Then, by Theorem 3.1, the sums in the definition of 2Φ  are finite. Moreover, 

we have ( )R,,2,1
1

2 rr EEC ×∈Φ  and critical points of 2Φ  are solutions of 

(1.1). 

Define R→× rr EEJ ,2,12 :  by 

( )vuJ ,2  

( ) ( ) ∑ ∑ ∑
∈ ∈ ∈

β+−−+=
m m mn n n

nnnnll vuvuvvHuuH
Z Z Z

.2
3

2
1,, 234

21 22  

Then the Nehari manifold is defined as follows: 

{( ) ( ){ } ( ) }.0,0,0\, 2,2,12 =|×∈= vuJEEvu rrM  

To prove Theorem 1.2, we will use Theorem 3.1. The process and the proofs 
are almost the same as that in Section 2, in the following we only state some 
lemmas and the proofs are omitted. 

Lemma 3.2. 2M  is a 1C  complete manifold. For every ( ) ×∈ rEvu ,1,  

( ){ },0,0\,2 rE  there exists a unique ( ) 0, >= vutt  such that ( ) ., 2M∈vtut  

The maximum of ( ) ( )tvtutg ,2Φ=  for 0≥t  is achieved at .t  

Lemma 3.3. ( )vu,  is a nontrivial critical point of 2Φ  if and only if 

( )vu,  is a constrained critical point of 2Φ  on .2M  

Lemma 3.4. 2Φ  satisfies the Palais-Smale condition on .2M  
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3.2. On the equation ( ) nnnnn uuuu 2
1=τ+− A  

In this subsection, under conditions (C2) and (C3), we study the equation 
in ,,2 rE  

( ) .2
1

nnnnn uuuu =τ+− A  (3.14) 

Similar to Subsection 3.1, we define a functional R→Ψ rE ,22 :  as 

follows: 

( ) ( ) ∑
∈

−=Ψ
mn

nl uuuHu
Z

.6
1,2

1 3
22 2  

Then, by Theorem 3.1, we have ( ).,,2
1

2 RrEC∈Ψ  Define the Nehari 

manifold as follows: 

{ } ( ) ( ) .02
1,:0\ 3

22,22 2












=−=|∈= ∑
∈ mn

nlr uuuHuPEu
Z

N  

Similar to Lemmas 2.4 and 2.5, the following results are true. 

Lemma 3.5. 2N  is a 1C  nonempty manifold. For every { },0\,2 rEu ∈  

there exists a unique ( ) 0>= utt  such that .2N∈ut  The maximum of 

( ) ( )tutg 2Ψ=  for 0≥t  is achieved at .t  

Lemma 3.6. Let rEu ,2∈  be a minimizer of the functional 2Ψ  

constrained on the Nehari manifold ,2N  that is, ( ) ( ).inf 22
2

vu Ψ=Ψ
N

 Then 

u is a weak solution to equation (3.14). 

As Theorem 2.6, the following result is also true. 

Theorem 3.7. There exists a minimizer v ′′  of the functional 2Ψ  

constrained on the Nehari manifold ,2N  that is, ( ) ( ),inf 22
2

vv Ψ=′′Ψ
N

 then 

v ′′  is a weak solution to equation (3.14) by Lemma 3.6. 
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3.3. Proof of Theorem 1.2 

In this subsection, we show that there exists a nontrivial solution of (1.1) 
different from 0u  and .1u  Here ( ),,00 v ′′=u  ( )v ′′−= ,01u  and v ′′  is the 

solution obtained in Theorem 3.7. Set 

{ }
.inf 2

2

0\
2

,1

,1 ∑
∈

∈ϕ ϕ′′

ϕ
=γ

m

r

r

n
nn

E

E v
Z

 (3.15) 

By Theorem 3.1, .02 >γ  Then, similar to Theorem 2.7, we have the 

following result. 

Theorem 3.8. We have the following statements: 

 (i) If ,2γ−<β  then 0
~u  is a saddle point of 2Φ  on .2M  In particular, 

( ).inf 022
2

uΦ<Φ
M

 

(ii) If ,2γ>β  then 1u  is a saddle point of 2Φ  on .2M  In particular, 

( ).inf 122
2

uΦ<Φ
M

 

The following lemma is a direct consequence of Theorem 3.8. 

Lemma 3.9. We have the following statements: 

 (i) If ,2γ−<β  then 2Φ  has a global minimum u  on 2M  and 

( ) ( ) .inf 2022
2
Ψ=Φ<Φ

N
uu  

(ii) If ,2γ>β  then 2Φ  has a global minimum u  on 2M  and ( ) <Φ u2  

( ) .inf 212
2
Ψ=Φ

N
u  

Then we can prove Theorem 1.2. 

Proof of Theorem 1.2. If ( ) ( ),,0, vvu ==u  then ,2N∈∀u  

( ) 2,0 M∈u  and .2N∈v  Hence ( ) ( ) ( ) ( ),,0, 2222 uuvuv Ψ=Φ≤Φ=Ψ  
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so v achieves the minimum of 2Ψ  on .2N  Hence .infinf 22
22
Ψ=Φ

NM
 This 

contradicts to Lemma 3.9. ~ 
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