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Abstract 

In this paper, the reduced differential transform method (RDTM) is 
presented for the solutions of the nonlinear Schrödinger equations. 
This method, which does not require any symbolic computation, 
provides an iterative procedure for obtaining analytic and approximate 
solutions of differential equations. We demonstrate and validated the 
efficiency and simplicity of this method by some test examples. 

0. Introduction 

Consider the following nonlinear Schrödinger equation: 

( ) ,12
1 22 uuuuiut +ν−+∇−=  (1) 

with initial condition 
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  ( ) ( ),...,,,0,...,,, 21021 nn xxxuxxxu =  (2) 

where ν  is a constant, ∑
= ∂
∂=∇
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uu

1
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This equation plays important roles in physics media. It can describe 
many nonlinear phenomena including fluid dynamics [1] and nonlinear 
optics [2, 3], quantum mechanics, which was first discovered by Nick Laskin 
as a result of extending the Feynman path integral. 

The nonlinear Schrödinger equation is one of the most universal models 
for physical phenomena. Finding the solutions of this problem is of practical 
importance. Many authors have investigated its analytical and numerical 
solution [4, 5, 7, 8]. 

Reduced differential transformation method is based on Taylor series 
expansion. This method have many merits: it provides a straightforward 
means of solving linear and nonlinear differential equations without the need 
for linearization, perturbation, or any other transformation. It is different 
from the traditional high order Taylor’s series method. The Taylor series 
method is computationally taken long time for large order differential 
equation and requires symbolic computation of the necessary derivatives of 
functions, reduced differential transformation method is without massive 
computations and restrictive assumptions [6]. As the RDTM is more effective 
than the other methods, we apply it to solve the Schrödinger equation. 

1. Definition of Reduced Differential Transform 

If ( )txxxu n ,...,,, 21  is analytical and continuous function, then its 

reduced differential transform is expressed as follows: 
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( )( ),,...,,, 21 txxxuF n=  (3) 
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where 

( ) ( )∑
∞

=

=
0

2121 ...,,,,...,,,
k

k
nkn txxxUtxxxu  

( )( ),...,,, 21
1

nk xxxUF−=  (4) 

where ( )nk xxxU ...,,, 21  is the reduced differential transform of 

( ).,...,,, 21 txxxu n  

2. Main Properties of Reduced Differential Transform 

If ( ) ( )[ ] ( ) =ν= − txxxxxxUFtxxxu nnkn ,...,,,,...,,,,...,,, 2121
1

21  

( )[ ],...,,, 21
1

nk xxxVF−  and ⊗  denote the convolution, then the fundamental 

operations of RDTM are expressed as follows: 

( ) ( )[ ]txxxvtxxxuF nn ,...,,,,...,,, 2121  

( ) ( )∑
=

−=
k

r
nrknr xxxVxxxU

0
2121 ,...,,,...,,,  (5) 

( ) ( )[ ]txxxtxxxuF nn ,...,,,,...,,, 212211 νλ+λ  

( ) ( ),...,,,...,,, 212211 nknk xxxVxxxU λ+λ=  (6) 

( ) ( ) ( )....,,,1,...,,,
211

21
nk

n xxxUkt
txxxuF ++=⎥⎦
⎤

⎢⎣
⎡

∂
∂  (7) 

3. Applications 

In this section, we demonstrate the performance and efficiency of the 
proposed method by the following examples: 

Example 1. We consider the one-dimensional nonlinear Schrödinger 
equation 

,0,sin2
1 22 ≥+−+−= tuuxuuuiu xxt  (8) 
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with initial condition 

( ) ( ).sin0, xxu =  (9) 

The exact solution is [7] 

( ) ( ) .2
3expsin, ⎟

⎠
⎞⎜

⎝
⎛−= itxtxu  

Taking the reduced differential transform of equation (8), we obtain 

( ) ( )xUki k 11 ++  

( ) ( ) ( ) ( )xxUxUxU kkkxx
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0 0
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where U  is the complex conjugate of U. 

From initial condition equation (9), we have 

( ) ( ).sin0 xxU =  (11) 

From equations (10) and (11), we can obtain 

( ) ( ).sin2
3

1 xixU −=  (12) 

From equations (12) and (10), we obtain 

( ) ( ).sin8
9

2 xxU −=  (13) 

Similarly we have 

( ) ( ),sin16
9

3 xixU −=  (14) 

( ) ( ),sin24
1

2
3 4

4 xxU ⎟
⎠
⎞⎜

⎝
⎛=  (15) 

 



Reduced Differential Transform Method for Nonlinear … 95 

And so on, we can calculate ( ).xUk  Substituting all values ( )xUk  into 

equation (4) we obtain 

 ( ) ( ) ( ) ( ) ( ) ( )∑
∞

=

−
=+−−==

0

2
32

.sinsin8
9sin2

3sin,
k

itk
k xextxitxtxUtxu  (16) 

Example 2. Consider the two-dimensional nonlinear Schrödinger 
equation 

( ) ( ) [ ] [ ]π×π∈+−++−= 2,02,0,,2
1 2 yxuuvuuuuiu yyxxt  (17) 

with initial value 

( ) ( ) ( ),sinsin0,, yxyxu =  (18) 

where 

( ) ( ).sinsin 22 yxv =  (19) 

The exact solution is [8] 

( ) ( ) ( ) ( ).2expsinsin,, tiyxtyxu −=  

Taking the reduced differential transform of equation (17), we can obtain 
the following formula: 

( ) ( )yxUki k ,1 1++  

[ ( ) ( )] ( ) ( )yxvUyxUyxUyxU kkkyykxx ,,,,2
1 −++−=  

( ) ( ) ( )∑ ∑
=

−
=

−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

k

s
sk

s

r
rsr yxUyxUyxU

0 0
.,,,  (20) 

From equation (18), we have 

( ) ( ) ( ).sinsin,0 yxyxU =  (21) 

From equations (20) and (21), we have 

( ) ( ) ( ).sinsin2,1 yxiyxU −=  (22) 
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From equations (22) and (20), we obtain 

( ) ( ) ( ).sinsin2,2 yxyxU −=  (23) 

Similarly we have 

( ) ( ) ( ),sinsin3
4,3 yxiyxU =  (24) 

( ) ( ) ( ),sinsin3
2,4 yxyxU =  (25) 

 

And so on, we can calculate ( )., yxUk  Substituting all values ( )yxUk ,  

into equation (4) we obtain 
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( ) ( ).sinsin2 yxe it−=  (26) 

Example 3. Consider the three-dimensional nonlinear Schrödinger 
equation 

( ) ,2,,0,2
1 2 π≤≤+−+++−= zyxuuvuuuuuiu zzyyxxt  (27) 

with initial condition 

( ) ( ) ( ) ( ),sinsinsin0,,, zyxzyxu =  (28) 

where 

( ) ( ) ( ) ( ).sinsinsin,, 222 zyxzyxv =  (29) 

The exact solution is [7] 

( ) ( ) ( ) ( ) .2
5expsinsinsin,, ⎟

⎠
⎞⎜

⎝
⎛−= itzyxzyxu  

Taking the reduced fractional differential transform of equation (27), we 
obtain 
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( ) ( )zyxUki k ,,1 1++  
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From equation (28), we have 

( ) ( ) ( ) ( ).sinsinsin,,0 zyxzyxU =  (31) 

From equations (30) and (31), we have 

( ) ( ) ( ) ( ).sinsinsin2
5,1 zyxiyxU −=  (32) 

From equations (32) and (30), we obtain 

( ) ( ) ( ) ( ).sinsinsin4
25,,2 zyxzyxU −=  (33) 

Similarly we have 

( ) ( ) ( ) ( ),sinsinsin8
125,,3 zyxizyxU −=  (34) 

( ) ( ) ( ) ( ),sinsinsin16
625,,4 zyxizyxU =  (35) 

 

And so on, we can calculate ( ).,, zyxUk  Substituting all values 

( )zyxUk ,,  into equation (4), we obtain 
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4. Conclusion 

The reduced differential transform method (RDTM) is successfully 
applied to find the solution of the nonlinear Schrödinger equations. Since     
this technique does not require any discretization, linearization or small 
perturbations thus it reduces significantly the numerical computation. The 
results confirm that this method is very effective technique for obtaining the 
approximate analytical solutions of nonlinear differential equations. 
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