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Abstract

The paper deals with (A, Q, L, D)- integral graphs and their (distance,

Laplacian, signless Laplacian) energy. We construct an infinite family
of pairs of non-cospectral integral, distance integral, Laplacian integral
and signless Laplacian integral graphs having equal energy, distance
energy, Laplacian energy and signless Laplacian energy.

1. Introduction and Preliminaries

Let A be the adjacency matrix of a simple graph G =(V, E). Let
A, Ao, ..., Ay Dbe its eigenvalues, which are called the eigenvalues of G and

form the spectrum of G. A graph is called integral if all its eigenvalues
M, Ao, ..., Ay are integers (see [9]). The energy E(G) of G is defined as the
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n
sum of the absolute values of its eigenvalues. So E(G) = Y | A; | (see [7]). A

i=1

graph G is said to be hyperenergetic if E(G) > 2(n —1) (see [16]).

Similarly, the eigenvalues pq, po, ..., p,, of the distance matrix of the
graph G form the distance spectrum of G, the eigenvalues py, us, ..., u, of
the Laplacian matrix of G form the Laplacian spectrum of G, and the
eigenvalues g, ¢», ..., q, of the signless Laplacian matrix of the graph

G form the signless Laplacian spectrum of G. A graph is called distance

integral (or D-integral) if all its distance eigenvalues py, pj, ..., p, are

n
integers. The distance energy Ep(G) of G is defined as Ep(G) = |p; |
i=l1
(see [11]). A graph is called Laplacian integral (or L-integral) if all its
Laplacian eigenvalues p;, o, ..., 1, are integers. The Laplacian energy

n
E[(G) of G is defined as E;(G) =)
i=1

W, —27’”‘ (see [10]). A graph is

called signless Laplacian integral (or Q-integral) if all its signless Laplacian
eigenvalues ¢, ¢, ..., q, are integers. The signless Laplacian energy

n
Eg(G) of Gis defined as Ep(G) = >
i=1

gi — 21| (see [1]).

The research on integral graphs started in 1974 (see [9]). There are over
one hundred papers about integral graphs. The number of papers dealing with
distance integral graphs, L-integral graphs and Q-integral graphs is much
smaller. In recent years the research on graph energy and distance energy
became a popular theme in mathematics because of their application in
chemistry. The concept of graph energy originates from the Hiickel
molecular orbital approximation for the total w-electron energy (see [8, 10]).
Distance energy is a useful molecular descriptor in QSRP modelling, as

demonstrated in [2].
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Two graphs G and H are called cospectral if their spectra coincide
(see [6]). Similarly, we speak about distance cospectral graphs, Laplacian
cospectral graphs and signless Laplacian cospectral graphs. Two graphs G
and H are called (distance, Laplacian, signless Laplacian) equienergetic if
they have the same (distance, Laplacian, signless Laplacian) energy, but that
G and H are not (distance, Laplacian, signless Laplacian) cospectral (see

[10]).

A graph is regular if each vertex has the same number of neighbors. The
distance regular graphs are connected graphs having the prescribed number
of vertices at any given distance from each of its vertices. The distance

n

regular graph G has distance regularity £, if Zd(vl-, v j) =k for every
j=1

vertex v; € V(G).

There are many papers containing constructions of equienergetic graphs
or distance equienergetic graphs. L-equienergetic graphs are constructed,
for example, in [15]. In [10], the authors constructed an infinite family of
pairs of non-cospectral graphs having the same energy, distance energy and
Laplacian energy. They stated that these seemed to be the first examples of
‘triply equienergetic graphs’. All graphs constructed in their paper have
diameter 2.

In this paper, we construct an infinite family of pairs of non-cospectral
integral, distance integral, Laplacian integral and signless Laplacian integral
graphs having equal energy, distance energy, Laplacian energy and signless
Laplacian energy for arbitrarily large diameter. We also prove that these
graphs are hyperenergetic.

2. Preliminary Results

In this section, we introduce H-join on graphs and give known results
concerning to its spectrum and distance spectrum.

Definition 2.1 [17]. Let H be a graph with V(H)={l, 2, ..., k}, and
G; be disjoint graphs of order n; (i=1,2,.., k). Then the graph
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vy (G, Gy, ..., Gy) is formed by taking the graphs Gj, G, ..., G; and
joining every vertex of G; to every vertex of G; whenever i is adjacent to j
in AH.

In [13, 15], the above defined graph operation is called generalized
composition with the notation H[Gj, G, ..., G;|. Herein, we follow [17]
and call it H-join of graphs Gy, Gy, ..., G, where H is an arbitrary graph of
order k.

Theorem 2.1 [12]. Let H be a graph with V(H) =11, 2, ..., k}, G; be
distance t-regular graphs of order n for i €{l, 2, ..., k} and diameter at

most 2. 1If G = vy (Gy, Gy, ..., Gy), then

k

ok x—t Pp(G;, x)

PD(G, X)—I’l PD(H, p )I 1| ¢ .
i=

Corollary 2.1 [12]. Let H be a graph with V(H) =1{1, 2, ..., k}, G; be
distance t-regular graphs of order n (i =1, 2, ..., k) and diameter at most
2. Let G=vy(Gy, Gy, ..., Gy). Then G is D-integral if and only if
Gy, Gy, ..., G and H are D-integral.

Theorem 2.2 [13, Corollary 7a). Let H be a graph with V(H) =
{1, 2, ..., k}, G; be r-regular graphs of order n for ie€{l,2,.., k}. If
G = VH(GI’ Gz, vee Gk)a then

k
ok x—r P4(G;, x)
PA(G,)C)—}’I PA(H, n jl 1I Y7 .
i=

Using Theorem 2.2, we have the following corollary.

Corollary 2.2 Let H be a graph with V(H)=1{l, 2, ..., k}, G; be r-
regular graphs of order n (i =1,2, .., k) and G =vy(Gy, G, ..., Gy).
Then G is integral if and only if Gy, G, ..., G}, and H are integral.
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Proof. If G is integral, then G; and H are integral too. From Theorem

2.2, it follows that if H is integral with integer eigenvalues A, Ay, ..., Ay,

then the roots of nkPA (H , Sl r) are also integers with the form » + ni,
r+nky, ..., r+nk;. So Py(G, x) has integer roots. O
3. Main Result

In this section, we construct an infinite family of quadruply integral
(non-cospectral) equienergetic graphs.

Notice that a circulant graph G(n; S), where S is a subset of
{l, ..., n — 1}, is a graph on the set of n vertices {v;, v5, ..., v,} with an edge

incident with v; and v; whenever |i — j| € S (see [14]).

Let G; =G(12;{1,2,5,7,10,11}) and G, = G(12; {1, 4, 5, 7, 8, 1 1}).
It is easy to verify that both the graphs are 6-regular graphs of order

12 with distance regularity 16 and diameter 2. The spectrum of Gy is
{—3(2), —2(3), 1(6), 6} and its distance spectrum is {—3(6), 0(3), 1(2), 16}.
The spectrum of G, is {—3(2), -2, —1(4), 1(2), 2(2), 6} and its distance

spectrum is {—4(2), —3(2), —1(4), 0, 1(2), 16}. Energy of both G} and G, is
24 and their distance energy is 36. So both graphs are integral, distance

integral, non-cospectral, equienergetic and distance equienergetic.

Let O, be a hypercube. It is well known that Qj, is integral and distance

integral for every .
Theorem 3.1. Let G; = G(12; {1, 2, 5, 7, 10, 11}) and
G, =G(2; {1, 4,5,7,8,11}).

Let Qp be a hypercube. Let Hy=vg, (G, .., G) and Hy =vg,

(G, ..., Gy) for every k € N. Then both H| and H, are integral, distance
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integral, L-integral and Q-integral. Moreover, H; and H, have the same

energy, distance energy, Laplacian energy and signless Laplacian energy.

Proof. Since Gj is a 6-regular graph and both G; and Q; are integral,
by Corollary 2.2, Hy = v, (Gy, ..., Gy) is integral, too. Similarly, since G,
is 6-regular graph and both G, and (), are integral, by Corollary 2.2,
Hy = v, (G, ..., Gy) is integral, too.

Since Gj is distance 16-regular graph and both Gy and Qj are distance
integral, by Corollary 2.1, H is distance integral, too. Similarly, since G, is
distance 16-regular graph and both G, and () are distance integral, by

Corollary 2.1, H, is distance integral, too.

Notice that both /| and H, are regular graphs. From [4, Chapter 2.2], it
follows that a regular graph is integral if and only if it is Q-integral. So both
H, and H, are Q-integral. From [5], it follows that a regular graph is

integral if and only if it is L-integral. So both H; and H, are L-integral.

k
Using the formula Pp(G, x) = nkPD(H, Al th Fp(Gr, %) from
noJig X t

Theorem 2.1, we get that H| and H, are distance equienergetic.

k x -\ Py(G;, x)
Similarly, using the formula P,(G, x) = n" P, (H, jH A\
no )iy x-r

from Theorem 2.2, we get that H; and H, are equienergetic.

In [1], the authors state that if the graph G is regular, then E(G) =
E;(G) = Ep(G). So E(H)=E[(H)=Eg(H,) and E(H,)=E(H,)
= EQ(HZ)- Since E(H;) = E(H,), E;(H;)=E;(H,) and EQ(HI) =
Eg(H)). O
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Theorem 3.2. Let Hy and H, be those of Theorem 3.1. Then H; and
H, are hyperenergetic.

Proof. The spectrum of G; contains —3 with multiplicity 2 and —2 with
multiplicity 3. So the spectrum of H; contains —3 with multiplicity 2 - 2k
and —2 with multiplicity 3 - 2K Since the sum of all eigenvalues of H; is 0
(see, for example, [3]), E(H;)>2-(3-2-2F +2.3.2%)=24.2% The
number of vertices of Hp is 12 - 2%, So H, is hyperenergetic. Now, it is

trivial that H, is also hyperenergetic. O

4. Conclusion

In the paper, we constructed an infinite family of pairs of non-cospectral
integral, distance integral, Laplacian integral and signless Laplacian integral
graphs having equal energy, distance energy, Laplacian energy and signless
Laplacian energy for arbitrarily large diameter. Moreover, we give a method
how to construct such classes of graphs. In Theorem 3.1, it is possible to use

any pair of graphs G and G, that

(1) are regular with the same regularity,

(i1) are distance regular with the same distance regularity,
(iii) have diameter 2,

(iv) are integral,

(v) are distance integral,

(vi) have the same energy,

(vii) have the same distance energy.
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Other examples of such pairs of graphs are, for example,

@) G = G(12; {1, 2, 3,5, 7,9, 10, 11}) and

G, =G(12;{1,3,4,5,7,8,09,11}),

(b) G; = G(18; {1, 2, 4,5, 6,7, 8,10, 11, 12, 13, 14, 16, 17}) and

G, =G(18; {1, 2,3, 4,5,7,8,10,11, 13, 14, 15, 16, 17}),

() Gi = vp, (Ky, 2K3) and Gy = vp, (Ky, C).
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