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Abstract 

Let C be an open convex cone in NR  such that C  does not contain 

any straight line and let .NNC iCT CR ⊂+=  Let ( )( )NRω′S  be the 

spaces of Beurling’s generalized tempered distributions and let 

( )( )N
L Rω′ ,2D  be the spaces of Beurling’s ultradistributions of 2L -

growth, which is a dual of ( )( ).,2
N

L RωD  We show that if U is in 

( )( )N
L Rω′ ,2D  such that ( )( )N

LU Rω∈φ∗ ,2D  for ( )( )N
L Rω∈φ ,2D  

and is identical in ( )( )NRω′S  with the Fourier-Laplace transform of 

the inverse Fourier transform of U in ( )( ),,2
N

L Rω′D  then the Cauchy 

integral ( ),; zUC  CTiyxz ∈+=  of U in ( )( )N
L Rω′ ,2D  corresponding 

to C has U as boundary value when ,0→y  Cy ∈  in ( )( ).NRω′S  
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1. Introduction 

Let ( )NRE′  and ( )NRD′  be the spaces of distributions of compact 

support and distributions, respectively, and let α′O  be Bremermann’s 

distribution spaces which are intermediate spaces between ( )NRE ′  and 

( ).NRD′  Tillmann has obtained a characterization of analytic functions 

which represent an element of ( )NRE ′  as boundary value of analytic 

functions in regions that are bounded by closed curve in the extended 
complex plane in [15] and similar analysis for an element of the Schwartz 

distributions ( )N
Lp RD′  in regions in nC  that are the product of unbounded 

domains in the plane in [16]. In [4] and [5], Bremermann has obtained the 
representation of elements in α′O  as boundary values of analytic functions in 

half planes and tubes defined by quadrants. In both of these papers, the 

Cauchy integral of elements of ( )NRE ′  and α′O  plays essential roles in the 

analysis. In [6-11], Carmichael et al. have studied the problem discussed by 
Tillmann and Bremermann in the context of functions analytic in tube 

domains in nC  with base being an open convex cone in nR  such that C  
does not contain any straight line, i.e., a regular cone. We see from [11, 
Lemma 4], [6, Theorem 3] and [9, Lemma 5.2.3 and (5.45)] that the Cauchy 

integral ( )iyxUC +;  of U in ( )NRE ′  or ( )NRD′  corresponding to a 

regular cone C does not attain U as boundary value when ,0→y  Cy ∈  in 

( ).NRD′  Also, in [10, Theorem 5.4 and 5.5] and [8, Theorem 4.2.5 and 

4.2.6], we see that the Cauchy integral ( )iyxUC +;  of U in ( ( ))N
sL R,∗′D  

corresponding to a regular cone C does not attain U as boundary value when 

,0→y  Cy∈  in ( ( )),, N
sL R∗′D  where ( ( ))N

sL R,∗′D  is ultradistributions 

of Beurling type (( ) ( ))N
sp LM R,D′  of sL -growth or of Roumieu type 

({ } ( ))N
sp LM R,D′  of sL -growth. Here ,pM  ...,,2,1,0=p  is a certain 

sequence of positive numbers and .2 ∞<≤ s  In case of the Schwartz 
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distributions ( ),N
Lp RD′  the Cauchy integral ( )iyxUC +;  of U in 

( ),N
Lp RD′  ,21 ≤≤ p  corresponding to a regular cone C does not attain U 

as boundary value as ,0→y  Cy ∈  in ( )NRS′  ([7, Theorem 9] and         

[9, Lemma 5.5.8]) but ( )iyxUC +;  does have U as boundary value when 

the Cauchy integral of U is identical in tempered distributions, ( ),NRS′  

with the Fourier-Laplace transform of the inverse Fourier transform of U       
([7, Theorem 10] and [9, Theorem 5.5.3]). 

Let ( )( )NRω′S  be the spaces of Beurling’s generalized tempered 

distributions and let ( )( )N
L Rω′ ,2D  be the spaces of Beurling’s 

ultradistributions of 2L -growth, which is a dual of ( )( ).,2
N

L RωD  Let 

( )( )N
LU Rω′∈ ,2D  be a convolutor in ( )( ),,2

N
L RωD  i.e., ∈φ∗U  

( )( )N
L Rω,2D  when ( )( ).,2

N
L Rω∈φ D  In this paper, we show that if U is        

a convolutor in ( )( )N
L Rω,2D  and is identical in ( )ω′S  with the Fourier-

Laplace transform of the inverse Fourier transform of U in ( )( ),,2
N

L Rω′D  

then the Cauchy integral ( ),; zUC  CTiyxz ∈+=  of U in ( )( )N
L Rω′ ,2D  

corresponding to C has U as boundary value when ,0→y  Cy ∈  in 

( )( ).NRω′S  Since ( )( )N
L Rω′ ,2D  is the natural generalization of the space 

( ),2
N

L RD′  our results are extensions of [7, Theorem 10] and [9, Theorem 

5.5.3] in the sense of ( ).2
N

L RD′  Also, since we can find a weight function κ 

such that (( ) ( )) ( )( )N
L

N
sp sLM RR κ′=′ ,, DD  from Remark 3.11 in [13], our 

results contain the conditions under which the Cauchy integral ( ),; zUC  
CTiyxz ∈+=  of U in (( ) ( ))N

p LM R2,D′  corresponding to C has U as 

boundary value when ,0→y  Cy ∈  in ( )
( )( ).NM p Rκ′=′ SS  
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2. Beurling’s Ultradistributions of pL -growth 

We will review Beurling’s ultradistributions of pL -growth in NR  and 

establish some of their properties which will be needed in the later. Firstly, 
we will review Beurling’s ultradistributions which introduced by Braun et al. 
in [3]. 

Definition 1. A weight function is an increasing continuous function 
[ ) [ )∞→∞ω ,0,0:  with the following properties: 

( )α  There exists 0≥L  with ( ) ( )( )12 +ω≤ω tLt  for all ,0≥t  

( )β  ( ( ) )∫
∞

∞<ω
1

2 ,dttt  

( )γ  ( ) ( )( )tot ω=log  as t tends to ,∞  

( )δ  ( )tet ω→ψ :  is convex. 

For a weight function ω, we define [ )∞→ω ,0:~ NC  by ( ) ( )zz ω=ω~  

and call this function ω to avoid abuse of notation. Here ∑ == N
j jzz 1 .  

By ( ),δ  ( ) 00 =ψ  and ( ) .0lim =ψ∞→ xxx  Then we can define the 

Young conjugate ∗ψ  of ψ  by 

[ ) ( ) ( )( ).sup,,0:
0

xxyy
x

ψ−=ψ→∞ψ
≥

∗∗ R  

Let ω be a weight function. For a compact set ,NK R⊂  we define 

( )( ) { ( ) },0everyfor: , >λ∞<∈= λω KfKfK DD  

where ( )( ) ( ( )).expsupsup
0

, λλψ−= ∗
∈∈λ nxff n

nKxK NN  

Then ( )( )KωD  equipped with its natural topology is a Fréchet space. For 

a fundamental sequence ( ) N∈jjK  of compact subsets of ,NR  we define 
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( )( ) ( )( ).ind jj
N Kωω = DD R  

The dual ( )( )NRω′D  of ( )( )NRωD  is equipped with its strong topology 

and the elements of ( )( )NRω′D  are called Beurling’s ultradistributions. 

We denote by ( )( )NRωE  the set of all ∞C  functions f in NR  such that 

∞<λ,Kf  for every compact K and every .0>λ  For more details about 

( )( )NRωD  and ( )( ),NRωE  we refer to [3]. 

A function ( )NC R∞∈φ  is in the space ( )( )NRωS  when, for every 

N∈m  and ,Nn N∈  

( ) ( ) ( )( ) ∞<φ=φ ω

∈
xep nxm

x
nm

NR
sup,  

and 

( ) ( ) ( )( ) .ˆsup, ∞<φ=φπ ω

∈
xe nxm

x
nm

NR
 

( )( )NRωS  is endowed with the topology generated by the family 

{ },, ,, nmnmp π  where N∈m  and Nn N∈  of semi-norms. Then ( )( )NRωS  

is a Fréchet space and the Fourier transform F  defines an automorphism of 

( )( ).NRωS  ( )( )NRωD  is a dense subspace of ( )( ).NRωS  The dual space 

of ( )( )NRωS  is ( )( )NRω′S  and the Fourier transformation is defined on 

( )( )NRω′S  as the transposed map of ,F  thus F  defines an automorphism 

of the strong dual ( )( ).NRω′S  For more details about ( )( )NRωS  and 

( )( ),NRω′S  we refer to [2]. 

For every ,1 ∞≤≤ p  N∈k  and ( ),NC R∞∈φ  ( )φγ pk ,  is defined as 

follows: 
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( ) ( ) ( ),sup,
kk

ppk e
N

αψ−α

∈α

∗
φ=φγ

N
 

where p⋅  denotes the usual norm in ( ).N
pL R  ( ∞f  means the infimum 

of ( )tgsup  as g ranges over all functions which are equal to f almost 

).everywhere  If ,1 ∞<≤ p  then the space ( )( )N
Lp Rω,D  is the set of all 

∞C -functions φ on NR  such that ( ) ∞<φγ pk ,  for each .N∈k  A function 

( )NC R∞∈φ  is in ( )( )N
L Rω∞ ,B  when ( ) ., ∞<φγ ∞k  We denote by 

( )( )N
L Rω∞ ,D  the subspace of ( )( )N

L Rω∞ ,B  that consists of all those 

functions ( )( )N
L Rω∞

∈φ ,B  for which ( )( ) 0lim =φ α
∞→ xx  for each 

.NN∈α  The topology of ( )( ),,
N

Lp RωD  ,1 ∞≤≤ p  is generated by the 

family { ( )} N∈φγ kpk ,  of semi-norms. Then it is obvious that ( )( )N
Lp Rω,D  

is continuously contained in the Schwartz’s test spaces ,pLD  .1 ∞≤≤ p  

For more details about ( )( )N
Lp Rω,D  and ( )( ),,

N
Lp Rω′D  we refer to [1]. 

From Proposition 2.1 of [1] and Proposition 2.9 of [1], we have the 
following: 

Theorem 1. (i) ( )( ),,
N

Lp RωD  ,1 ∞≤≤ p  are Fréchet spaces. 

 (ii) ( )( )N
Lp Rω,D  is continuously contained in ( )( ),,

N
Lq RωD  when 

.1 ∞≤≤≤ qp  

(iii) ( )( ) ( )( ) ( )( ),,
NN

L
N

p RRR ωωω ⊂⊂ EDD  ∞≤≤ p1  with continuous 

and dense inclusions. 

(iv) ( )NRωS  is continuously contained in ( )( ),,1
N

L RωD  hence in 

( )( ),,
N

Lp RωD  .1 ∞≤≤ p  
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The dual of ( )( )N
Lp Rω,D  will be denoted by ( )( )N

Lp Rω′ ,D  and it   

will be endowed with the strong topology. The elements of ( )( )N
Lp Rω′ ,D  

are called the Beurling’s ultradistributions of qL -growth where q is the 

conjugate exponent of p. 

From Proposition 2.2 in [1], we have the following: 

Theorem 2. Let ( )( ),,
N

LpT Rω′∈ D  ∞≤≤ p1  and ( )NRω∈φ D  be 

given. Then ( ),N
qLT R∈φ∗  where .111 =+ qp  

Definition 2. T is a convolutor in ( )( )N
Lp Rω,D  if T is in ( )( )N

Lp Rω′ ,D  

such that ( )( )N
LpT Rω∈φ∗ ,D  for every ( )( ).,

N
Lp Rω∈φ D  

Assume that G is an entire function such that ( ) ( )( )zOzG ω=log  as 

.∞→z  The functional GT  on ( )NRωE  is defined by 

( )
( )( ) ( )( ) ( )( )∑

∞

=α
ω

α
α

α ∈φφ
α

−=φ
0

.,0!
0, N

G
GiT RE  

The operator ( )DG  defined on ( )( )NRω′D  by 

( ) ( ) ( ) ( ) ,,: GTDGDG ∗μ=μ→μ→ ωω DD  

is called an ultradifferential operator of ( )ω -class. When ( )DG  is restricted 

to ( )( ),NRωE  ( )DG  is a continuous operator from ( )( )NRωE  into ( )( )NRωE  

and if for every ( )( ),NRω∈φ E  

( )( ) ( ) ( )
( )( ) ( )( )∑

∞

=α

α
α

α ∈φ
α

=φ
0

.,!
0 NxxGixDG R  
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We see from [10, Proposition 2.4] that each ultradifferential operator 

( )DG  of ( )ω -class defines a continuous linear mapping from ( )( )N
Lp Rω,D  

into itself for every .1 ∞≤≤ p  

Definition 3. An ultradifferential operator ( )DG  of ( )ω -class is said          

to be strongly elliptic if there exist 0>M  and 0>l  such that ( ) ≥zG  
( )zlMe ω  when .Im zReMz <  

From [1, Corollary 2.8(i)], we have the following: 

Theorem 3. For a fixed ,1 ∞<≤ p  a function ( )N
pL R∈φ  is in 

( )( )N
Lp Rω,D  if and only if ( ) ( )N

pLDG R∈φ  for every ultradifferential 

operator ( )DG  of ( )ω -class. 

We know from Theorem 2 that ( )N
qLT R∈φ∗~  for ( )( )N

LpT Rω′∈ ,D  

and ( )( ),NRω∈φ D  where ( ) ( )φ=φ
~~ TT  and .111 =+ qp  For every 

ultradifferential operator ( ),DG  we have that ( ) ( ) ( ) ∈φ∗=φ∗ DGTTDG ~~  

( )N
qL R  and we can apply Theorem 3 to conclude that ( )( ).~

,
N

LqT Rω∈φ∗ D  

(Remark of [1, Definition 3].) 

3. Cauchy Integral of Beurling Ultradistributions of 2L -growth 

In this section, we will find the condition under which the Cauchy 

integral ( )iyxUC +;  of U in ( )( )N
L Rω′ ,2D  does have U as boundary value 

when ,0→y  Cy ∈  in ( )( ).NRω′S  

Let C be a cone with vertex at 0, i.e., if Cy ∈  implies Cy ∈λ  for all 

.0>λ  

Definition 4. An open convex cone C such that C  does not contain any 
straight line will be called a regular cone. 
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For a cone C, ( )CO  will denote the convex hull(envelop) of C and 
NNC iCT CR ⊂+=  is a tube in .NC  The set { ,0,; ≥∈=∗ yttC NR  

}Cy ∈  is the dual of the cone C. 

Definition 5. Let C be a regular cone in .NR  The Cauchy kernel 

( ),tzK −  ,iCTz NC +=∈ R  ,Nt R∈  corresponding to the tube CT  is 

( ) ( )∫ ∗ ∈∈η=− η−π
C

NCtzi tTzdetzK .,,,2 R  

We see from Theorem 13 in [14] that for a regular cone C in ,NR  

( ) ( )( ),,
N

LptzK Rω∈− D  ∞≤≤ p2  as a function of Nt R∈  for .CTz ∈  

Hence, we can define the following: 

Definition 6. Let ( )( ),,
N

LpU Rω′∈ D  .2 ∞≤≤ p  The Cauchy integral 

( )zUC ;  of U in ( )( )N
Lp Rω′ ,D  corresponding to C is 

( ) ( ) .,,; C
t TiyxztzKUzUC ∈+=−=  

Now we will show that the Cauchy integral ( )zUC ;  of U in 

( )( ),,
N

Lp Rω′D  ,2 ∞≤≤ p  corresponding to C is analytic in .CT  If ∈φ  

( )( )NRωD  and ( )( ),,
N

LpT Rω′∈ D  ,1 ∞≤≤ p  then ,qLT ∈φ∗  qp 11 +  

,1=  by Theorem 2. Since ( )DG  is a continuous operator from ( )( )NRωD  

into ( )( ),NRωD  we see from the remark of Theorem 3 and Theorem 2 that 

for ( )( )NRω∈φ D  and ( )( ),,
N

LpT Rω′∈ D  ,1 ∞≤≤ p  

( ) ( ) ( ) ( )( ) ( ),N
q

N LTDGTTDG RR ⊂∗⊂φ∗=φ∗ ωD  

where .111 =+ qp  Hence, we have from Theorem 3 that for ,1 ∞≤≤ p  

if ( )( )N
LpT Rω′∈ ,D  and ( )( ),NRω∈φ D  then ( )( ),,

N
LqT Rω′∈φ∗ D  
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where .111 =+ qp  Then, by the exactly same lines in the proof of Lemma 

8 in [14] (or Proposition 2.3 in [1]), we have the following: 

Lemma 1. Let ( )( ),,
N

LpU Rω′∈ D  .1 ∞≤≤ p  Then there exist a 

strongly elliptic ultradifferential operator ( )DG  of ( )ω -class and ∈gf ,  

( )( ),,
N

Lq RωD  111 =+ qp  such that ( ) .gfDGU +=  

By combining Lemma 1 above and Lemma 9 in [14], we have the 
following: 

Theorem 4. Let ( )( ),,
N

LpU Rω′∈ D  .1 ∞≤≤ p  Then there exist a 

strongly elliptic ultradifferential operator ( )DG  of ( )ω -class and ∈f  

( )( ),,
N

Lq RωD  111 =+ qp  such that 

( ) ( ) ( ) ( )
( )( ) ( )( )∑

∞

=α

α
α

α
α

−==
0

.!
0 xfGixfDGxU  

Then, by the exactly same lines in the proof of Theorem 16 in [14], we 
have the following: 

Theorem 5. Let C be a regular cone in NR  and let ( )( ),,
N

LpU Rω′∈ D  

.2 ∞≤≤ p  Then the Cauchy integral ( )zUC ;  of U in ( )( ),,
N

Lp Rω′D  

,2 ∞≤≤ p  corresponding to C is analytic in .CT  

Let C be a regular cone in NR  and let U be a convolutor in 

( )( ).,2
N

L RωD  Since the Cauchy kernel ( ) ( )( ),,
N

LptzK Rω∈− D  ,2≥p  

 ( ) ( )( )∫ ∗ ω
η+π ∈η=+=

C
N

L
iyxi

y pdeiyxKK ,,
,2 RD  (1) 

where Cy ∈  and .2≥p  Since U is a convolutor in ( )( ),,2
N

L RωD  

( ) ( ) ( ) ( )( ),; ,2
N

Ly xKUiyxUC Rω∈∗=+ D  .Cy ∈  Since ( )( )N
L Rω,2D  
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( )( )N
L Rω′⊂ ,2D  and ( ) ( )( ),,2

N
L Rωω ⊂ DS  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )xtiyxKtUxxKUxiyxUC y ϕ−+=ϕ∗=ϕ+ ,,,,;  

is well-defined for ( )( )NRω∈ϕ S  and .Cy ∈  From the representation of a 

convolutor ( )( )N
LU Rω′∈ ,2D  in Theorem 10 of [14], there exist a strongly 

elliptic ultradifferential operator ( )DG  and ( )( )N
Lf Rω∈ ,2D  such that 

( ) .fDGU =  Since ( ) ( ) ( )( ),, ,2
N

LtzKtf Rω∈− D  we see that ( )( )tf α  

( ) ( )NLtzK R1∈−⋅  as a function of Nt R∈  for .CTz ∈  Hence, we see 

from change of order of integration that if ( )( ),NRω∈ϕ S  

( ) ( ) ( ) ( ) ( )xtiyxKtUxiyxUC ϕ−+=ϕ+ ,,,;  

( )( ) ( )( ) ( ) ( )∫ ∫ ∑
∞

=α

α
α

α ϕ−
α

=
0

!
0 dxxdttzKtfGi  

( )( ) ( )( ) ( ) ( )∫ ∑ ∫
∞

=α

α
α

α ϕ−
α

=
0

!
0 dxdtxtzKtfGi  

( ) ( ) ( )xtzKtU ϕ−= ,  (2) 

for ., Cyiyxz ∈+=  

We note that the reason for using ( )( )NRω∈ϕ S  in above is that the 

symmetry of ( )( )NRωS  under the Fourier and inverse Fourier transforms 

will be needed later. 

Combining (1), Lemma 19 in [14] and the continuity of convolutor U in 

( )( ),,2
N

L RωD  we have the following: 

Theorem 6. Let C be a regular cone in .NR  Let U be a convolutor in 

( )( ).,2
N

L RωD  If ( )( ),NRω∈ϕ S  then 
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( ) ( ) [ ( ) ( ) ] ,:ˆ,,;lim 1
0

tIUxiyxUC
Cy

ηϕη=ϕ+ ∗
−

→
F  

where ( )η∗C
I  is a characteristic function of .∗C  

We see from Theorem 6 that the Cauchy integral ( )iyxUC +;  of the 

convolutor in ( )( )N
L Rω,2D  corresponding to a regular cone C in NR  does 

not attain U as boundary value when ,0→y  Cy ∈  in ( )( ).NRω′S  To find 

the conditions under which ( )( )N
LU Rω′∈ ,2D  is represented as the 

boundary value of analytic function ( ),; zUC  the Cauchy integral of U         

in ( )( )N
L Rω′ ,2D  corresponding to C, in tube when ,0→y  Cy ∈  in 

( )( ),NRωS  we need definition of the convolution VU ∗  for ∈U  

( )( )N
Lp Rω′ ,D  and ( )( ),,

N
LqV Rω′∈ D  111 =+ qp  and its properties. 

Definition 7 [1, Definition 3]. Let ( )( )N
LpU Rω′∈ ,D  and ∈V  

( )( ),,
N

Lq Rω′D  .111 =+ qp  Then the convolution VU ∗  is the 

ultradistribution ( )ω′∈∗ DVU  given by ,~,, φ∗=φ∗ VUVU  where 

( ) ( ).~~ φ=φ VV  

Let ( )( )NRω∈φ D  and ( ) ( )( ) ( )( ).NNN
pLh RRR ωω ′⊂′⊂∈ DS  By the 

definition of ,GT  

( ) ( ) ( ) ( )yxyTxhThhDG GG +φ=φ∗=φ ,,,,  

( ) ( )
( )

( )( )∑
∞

=α

α
α

α φ
α

−=
0

!, xGixh  

( )
( )

( ) ( )∑
∞

=α
α

αα
α

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
φ

∂
∂−

α
−=

0
,! xxh

x
Gi  

( ) ., φ= hDG  (3) 
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If ( )( )N
LpU Rω′∈ ,D  and ( )( ),,

N
LqV Rω′∈ D  ,111 =+ qp  then there 

exist elliptic ultradifferential operators ( ),1 DG  ( )DG2  of ( )ω -class and 

,qLf ∈  pLg ∈  such that ( ) fDGU 1=  and ( ) .2 gDGV =  Hence, we see 

from (3) that 

 ( ) ( ) ( )gfDGDGVU ∗=∗ 21  in ( )( ).NRωD  (4) 

We now consider Fourier transform of ( )( ),,
N

Lp Rω′D  1=p  or ≤2  

.∞<p  From the proof of Proposition 2.9 in [1], we know the following: 

( )( ) ( )( )N
L

N RR ωω ⊂′ ,1DS  with continuous and dense inclusion, 

consequently, each element of ( )( )N
L Rω′ ,1D  can be considered as an element 

of ( )( ).NRω′S  Then, if ( )( ),,1
N

LT Rω′∈ D  then the Fourier transform ( )TF  

is given by 

( ) ( )( ).,ˆ,, NTT Rω∈φφ=φ SF  

By Theorem 2.5 in [1], there exist ( )NLf R∞∈  and an elliptic 

ultradifferential operator ( )DG  such that ( ) .fDGT =  Then it follows     

that ( ) ( ) ( )ttGT FF −=  on ( )( ).NRωD  We note that if ( )( ),,
N

LpT Rω′∈ D  

,2 ∞<≤ p  is represented as ( ) ,fDGT =  ( ),N
qLf R∈  where qp 11 +  

,1=  then ( ) ( ) ( ).ˆ ξξ−= fGTF  

Now we will find the conditions under which ( )( )N
LU Rω′∈ ,2D  is 

represented as the boundary value of the Cauchy integral ( ),; zUC  =z  

CTiyx ∈+  of U corresponding to C in tube when .,0 Cyy ∈→  

Lemma 2. Let ( )NRS  be the set of all ∞C  functions polynomially 
rapidly decreasing at infinity with the appropriate semi-norms in the            

sense of Schwarz. Then ( )NRS  is contained in ( )( ),,1
N

L RωD  hence in 

( )( ),,
N

Lp RωD  .1≥p  
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Proof. It suffices to show the results in one dimensional Euclidean space 
.R  Let ( ).RS∈φ  By the facts for Fourier transform, for every ,N∈n  

( )( ) ( ) ( ) ( ) ( )∫ φ−−=φπ− −
R

dyeyiynnxx ixynn ˆ12 22  

( ) ( )∫ φ′+ −
R

dyeyiyin ixyn ˆ2 1  

( ) ( )( )∫ φ+
R

.ˆ 2 dyeyiy ixyn  (5) 

Since ( ) ( )knkn ∗ψ  is decreasing and goes to 0 as n goes to ∞  for 

every ,N∈k  

 ( ) ,, N∈ψ< ∗ nknkn  (6) 

for every .N∈k  From (2), (3), and the fact that ( ),ˆ RS∈φ  we have that for 

every ,N∈k  

( )( ) ( ) ,,2 N∈≤φ
∗ψ

φ neCxx knkn  

where φC  is a constant depending on .φ  Thus, ( )( ).,1 Rω∈φ LD   

Theorem 7. Let C be a regular cone in .NR  Let U be a convolutor in 

( )( )N
L Rω,2D  and [ ]VU F=  in ( )( )NRω′S  for ( )( )N

LV Rω′∈ ,2D  with 

( ) ∗⊂ CVsupp  and ( ),; zUC  ,CTiyxz ∈+=  be the Cauchy integral of  

U corresponding to C. Then there exist an entire function ( )zG  with 

( ) ( )( )zOzG ω=log  as ∞→z  and 2Lf ∈  such that 

 ( ) ( )xfxGV ˆ=  in ( )( )NRω′S  (7) 

and 

 ( ) Ctzi TiyxzeVzUC ∈+== π ,,; ,2  (8) 
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as elements of ( )( )NRω′S  and 

 ( ) UzUC →;  in ( )( )NRω′S  as .,0 Cyy ∈→  (9) 

Proof. Since [ ]VU F=  in ( )( )NRω′S  and F  defines an automorphism 

of the strong dual ( )( ),NRω′S  [ ]UV 1−= F  in ( )( ).NRω′S  From the 

representation theorem of U in ( )( ),,2
N

L RωD  we let ( ) ,fDGU =  where 

( )DG  is a strongly elliptic ultradifferential operator and ( )( ).,2
N

Lf Rω∈ D  

Then if ( )( ),NRω∈ϕ S  we see from Theorem 1(iv) that ϕ,V  is well-

defined and 

( ) ( ) ( ) ( )[ ]txtUxxV ;,, 1 ϕ=ϕ −F  

( ) ( ) ( )[ ]txDGtf ;, 1 ϕ= −F  

( ) ( ) ( )[ ]txtfxG ;, 1 ϕ= −F  

( ) ( ) ( ) ,,ˆ xxfxG ϕ=  

hence (7) is satisfied. 

Now let ( ) ( )NCt R∞
ε ∈α  which is 1 on an ε-neighborhood of ∗C  and 

has support in a 2ε-neighborhood of .∗C  By Lemma 2, 

 ( ) ( ) ( )( ) ∞≤≤⊂∈α ω
π

ε pet N
L

Ntzi
p 1,,

,2 RR DS  (10) 

as a function of t for .CTz ∈  Then 

( ) ( ) ( ) tzitzi ettVetV ,2,2 ,, π
ε

π α=  

is well-defined from (10) and the fact that ( ) ∗⊂ CVsupp  and analytic in CT  

by Theorem 4.7.4 in [9]. If ( )( ),NRω∈ϕ S  then 
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( ) ( ) ( )( ) ( )( ) ,,ˆ ,
,2

2 Cytet N
L

Nty ∈⊂∈ϕα ωω
π−

ε RR DS  

hence ( ) ( ) ( )tettV ty ϕα π−
ε ˆ, ,2  is well-defined. 

Since ( )tG  satisfies ( ) ( )( )zOzG ω=log  and ( ) 0lim =ω∞→ ttt  from 

[Remark 1.2, 11], ( ) ( ),2
,2 Nty LetG R∈π−  .Cy ∈  Since ( ),2

NLf R∈  we 

see that ( )NLf R2
ˆ ∈  by Parseval’s identity. Hence, ( ) ( ) ( ) tyettftG ,2ˆ π−

εα  

( ).1
NL R∈  By change of order of integration that if ( )( ),NRω∈ϕ S  then 

( ) ( ) ( ) ( ) ( )xettVxetV tzitzi ϕα=ϕ π
ε

π ,,,, ,2,2  

( ) ( ) ( )tettV ty ϕα= π−
ε ˆ, ,2  

[ ( ) ( ) ( ) ] ( ) ,,,2 xettItV ty
C

ϕα= π−
ε∗F  (11) 

where CTiyxz ∈+=  and ∗C
I  is the characteristic function of .∗C  On the 

other hand, for ( )( )NRω∈φ S  and ,Cy ∈  by change of order of integration, 

[ ] [ ] φα∗ ⋅π−
ε∗ ,,2 y

C
eIV FF  

( )[ ] [ ( ) ( ) ] ( )xxxettIxtV ty
C

′+φ′α= π−
ε∗ ,;,; ,2FF  

( ) ( ) ( ) ( )xxeettIetV xitty
C

xti ′+φα= ′−π−
ε

−
∗ ,,,, ,,2,  

( ) ( ) ( ) ( )tettItV ty
C

φα= π−
ε∗

ˆ,,2  

[ ] ( ) .,,2 ⋅φα= ⋅π−
ε∗

y
C

eVIF  (12) 

Since ( )
( )( )∫ ∗ ω

η+π ∈η∗
C

N
L

iyxi deU R,
,2

2D  by (1) and hypothesis on 

U and ( )( ) ( )( ) ( )( ),,, 22
N

L
N

L
N RRR ωωω ′⊂⊂ DDS  we see that 
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( ) ( )∫ ∗ ϕη∗ η+π
C

iyxi xdeU ,,2  

is well-defined for ( ) ( )( ).Nx Rω∈ϕ S  From (11) and (12), we have that for 

( ) ( )( ),Nx Rω∈ϕ S  

( ) ( )xetV tzi ϕπ ,, ,2  

( )[ ] [ ( ) ( ) ] ( )xxettIxtV ty
C

φα∗= π−
ε∗ ,;; ,2FF  

( ) ( )∫ ∗ ϕη∗= η+π
C

iyxi xdeU ,,2  

( ) ( ) ,,,; CyxiyxUC ∈ϕ+=  (13) 

hence (8) is satisfied. 

Since ( ) ( ) ( ) ( )tttet ty ϕα→ϕα ε
π−

ε ˆˆ,2  in ( )( )NRωS  as ,0→y  ,Cy ∈  

we see from (11), (13), and the continuity of ( )( )N
LV Rω′∈ ,2D  that for 

( ) ( ),ω∈ϕ Sx  

( ) ( ) ( ) ( )xetVxiyxUC tzi ϕ=ϕ+ π ,,,; ,2  

( ) ( ) ( )tettV ty ϕα= π−
ε ˆ, ,2  

( ) ( ) ( )tttV ϕα→ ε ˆ,  

ϕ=ϕ= ,,ˆ UV  

as ,0→y  .Cy ∈  Thus, (9) is satisfied.  
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