F \  Far East Journal of Mathematical Sciences (FIMS)
© 2015 Pushpa Publishing House, Allahabad, India
y q'p ) Published Online: June 2015

' _4 http://dx.doi.org/10.17654/FIMSJul2015_573 582

ALLAHABAD « A _ _

EIEEIREY 1 ime 97, Number 5, 2015, Pages 573-582 ISSN: 0972-0871

CYCLOTOMIC POLYNOMIALS OF THE
SECOND KIND. PART 2

Javier Gomez-Calderon

Department of Mathematics

The Pennsylvania State University
New Kensington, Pennsylvania 15068
U.S. A

e-mail: jxgll@psu.edu

Abstract

In this paper, we continue our work in [3]. For a primitive dth root of
unity ¢q, we define the polynomial

[(d-1)/2] _ .
Ri) = J] (x-c4-s3")
(i,d)=1
and then show that

fg_1(x)+ fq_3(x) if d is odd > 3,

2 2
Ra(X) =
2£[\d ) fg—2(x) if d is even > 2,

2
where fq(x) denotes the well-known Dickson polynomial of the

second kind. For an odd prime p, we also show that Q(gpn + g;}]) N

B = Z[gpn + g‘}] ], where B denotes the ring of algebraic integers.
p
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Introduction

Let gq(x) and f4(x) denote the Dickson polynomials of the first and
second kind, respectively, defined by

[d/2] :
d (d-—i i d-2i
9g(x) = Zﬁ( i j(—l)lxd 2
i=0
and
[d/2] -
d-—i i d_2i
ZOEDY L i
i=0
where [ ] denotes the greatest integer function. Dickson polynomials have

been extensively studied by many authors and an excellent survey of their
properties has been written by Lidl et al. in [5]. Further related results can
also be found in [1-3] and [4].

Alternatively we can also define gq(x) by
9a(X) = Xgg-1(x) = gg—2(X),
where gg(x) = 2 and g;(x) = x. Similarly, we can define f4(x) by
fa (x) = xfg 1 (%) = fg_2(x),

where fp(x) =1 and f;(x) = x. Hence, there are functional equations for

both g4(x) and fy(x) given by the following lemma.

Lemmata
Lemma 1.
d+1 -d-1
U =Y it x=u+ulz+2
u—ut _ _
(@ fg(x)=+<d +1 if x=12and d is even,

+(d+1) if x==2and d is odd,
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(b) gq(x) = W +udifx=u+ul

Proof. A proof of part (a) can be found in [3, Lemma 1]. For (b) we
consider the formal power series

p(z) = go(X) + G1(X)Z + Qo (¥)2° + g3(x) 2> +---.
Then

(L-xz+2%)p(2) = go(x) + G1(x)2 - xgo(X)

# 2 (n(¥) = Xgn_1(0) + p_2(x))2"
n=2

2 — Xz 2 — Xup 1 2 — XUy 1
p(z) = — =| = — |+ | —— — |,
2 —-xz+1 W —-Uz2/\Z-U U —Up J\Z—-Up

where z% —xz +1=(z - Uy)(z — uy). Hence,
__1 N DA I
p(Z) - 1_ UZZ + 1—Ulz - r;)(UZ + ul )Z :
Therefore, gq(x) = ud +udif x=u+u
d i —i
Lemma 2. fq(x)=]](X~c2d:2 —c2d+2)-
i=1
Proof. See [3, Lemma 2].
[(n-1)/2] . .
Corollary. fq(x)= ] Re(x), where Ry(x)= ] (x-cn-cn')
2<e|(2d+2) (i,n)=1

for n > 2.

For the purpose of completeness we also define Rj(x) = x — 2 and R,(X)

=X+ 2.

Lemma 3. The minimum polynomial of ¢4 + gal over Q is Ry (x).
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Proof. See [3, Lemma 3].

Lemma 4.

@ fg1(x)+ fg_3(x)= J]Re(x)ifdisodd >1
2 2 2<e[d

(b) fg_o(x)= J]Re(x) ifdiseven > 2
- 2<ed

(©) Ryg(x) = (- D*DR, (=x) if d is odd.

(d) H R (=x)= +[H R (x)—2f IOnl(x)J if p is an odd prime.

2

(e) gkn + g"; is unit in B n Q(c on T g_%]), where B denotes the ring
p p p

of algebraic integers and p does not divide k.
Proof. (a)
fa-1(sa +ca')+ fa-3(sa +ca')
2 2

ggwuyz_g?muyz+gg¢4yz_g?w4yz

Sd ~Sd

4 —Sd

=0,

where ¢ +cg' # c) +¢g) foralli= j,1<i, j< dz‘l = deg[fd_l(x)}
v
Hence,

[(d-1)/2] _ _
fga00+ fas)= [] (x-ch-ci) =[] Rel0.

2 2 i=1 2<e|d
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(b) fg_2(x)= J]Re(x) by Lemma 2.
2

2<e|d
©
[(2d-1)/2] _ _
Rag()= [ (x—cha —c2a)

(i,2d)=1

(d-1)/2 _ _
= (M2 TT (x=cl —c3) = ()" /2Ry (—x)

(i,d)=1

(d) Combine (a) and (c).

n
kK, —ky_ o
() N(Gpn + C,:pn) = R n(0). On the other hand, ERF’I (0)=fu_,(0)
2
+ fpn_3 (0) = +1. Therefore, an (0) = +1.
2

Lemma 5. Let p denote an odd prime. Then 2 -¢ - g_%] divides 2 —
p p

K —cXinz[g  —¢1]forallintegersnand k > 1.
p p p p

Proof. g, (1+17%) = 1% +17K = 2. Hence, (x = 2)h(x) = gy (x)—2 for

some polynomial h(x) e Z[x]. Therefore, (c_;pn + g‘}] - 2)h(gpn + g‘}]) =
p p
-1 k —k
9k (S pn +9pn)— 2=¢n*tSn 2
Main Results

Theorem 1. disc(c on * ¢ 1) divides pn¢(p”)/2_
p

n n

n n up _u—p
Proof. f , 1(X)=HR i T R, i(X) = —————, where x =u
P- izl P P u-u-

+ u_l.
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Hence,

f;)n_l(gpn +€;}1)
1 n-1 1 n 1
= Ron(gpn + q;n)g Ri(gn + q;n)g Ry pi (Gpn S n)
n-1 n
= +R1n (g o +g;1”)g R i (5 pn +@;1n)g Ry (e =6 1)
n-1
= £Rn(Gn + q;ln)l:! Ry + len)

n
_ -1 1
HRpI(Gpn +€pn)+2fpn_1(€pn +€pn)
= 2

p+1 _p+l
' N 1 g|onz o i
p i=1 p gpﬂ _g n
p
= ¥R’ +g” Ri(gn+¢ : 1
pn(gpn Qpn)g pl(gpn Qpn) oh 1 _pn+1 1)
Syt TS’
p"_-p" 2p" _
On the other hand, f , .(x) = u u - u 1 , Where x =
p-1 u-— u_l upn+l _ upn—l

u+u~L Hence, differentiating and then evaluating,

f[')n—l(x) =
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N n_ n_ n n n_
P —uP ) 2pmuP ) - @ (" + DuP” - (p" —uP )
P Py

-1 n_-1
(qpn —c;pn)(Zp gpn)‘ G n

, 1y _ p
fP"—l(gP”Jrgp”)_ (glon—g;])2 c;pn—@;
:L_ 2)
(6 n —q; ?
Combining (1) and (2),
R (c +g‘1)ﬁR-(@ +573) 2
PRSI T 2 T I
Gpn +gp”
p"+1 p"+1
c;pnz +c;;n2 p"

n-1
—p! -1 -1 -1,2
=7FR + | |R - + -
+ pn(Gpn Gpn)i:1 pl(Qpn Qpn)(gpn Gpn)

Taking norms,

(D) (p"HPV2 = xdise(e o + < LIN(@)

n-1
where o =[] Rpi (gpn + g_}] ) (g on g_}] )2 is an algebraic integer and so
i=1 P P

N(a) € Z.
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Theorem 2. Let B denote the ring of algebraic integers. Then

Z[g , + g‘}]] =B Q(g on T g‘}]) for all odd prime p and integer n > 1.
p p p
Proof. Since Z[g on T g;]] =27Z[2- Spn ~ g;\], it will be enough if we

show that Z[2-¢ |, +g_}]]= BmQ(gpn +g‘}]). If p" =3, then ¢35 +
p p p

ggl = -1 and the result is trivial. It is also clear that disc(c on Tt g_%‘) =
P

disc(2 — ¢ , —g_l)andthat Z[2-¢ —g_l]gBmQ(g n +g_1)=S.
p p" p p" p p"

-1

Assume that Z[2 — Spn =6 - ]1# S. So, assume that there is an element § in
p

S of the form
N —1.i+l
m|(2—€pn _gpn)l+mi+1(2_gpn _gpn)l+
_ _ —1yo(p"y2-1
T md)(lo")/Z—l(2 >p" gp“)

p= D ,

where m; € Z is not divisible by p. Then

pp
1
(Z_Gpn S0

)i+1

m:
2_ -
gpn gpn

_ _ —1e(p"y2-i-2
On the other hand,

n

fna @+ fa @ =]]R;®

n
Ny N4 n-1 (p-1)2 B
P +1+ 2 +1=||Ri(2) || (2-¢%, - 7)
2 2 EHLAE S
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n

-1
L QICRCE

i=1

(2=
where by Lemma 5,

(p"-1)2 ) )
H (2 - gpn - G;n )
(k, p")=1

o= e’ +ct
P
p p"

n
pa— —_— n —_— — .
Now, Rp(2) = f,_4(2)=p and p" = fpn_l(2)+ fpn_3(2) _ERp.(Z).
2

So, one easily sees that Rpk (2) = p forall k.

Therefore,

p
_ _ —1\e(p™)/2
(2 S pn @pn)

=a€Z[qpn +q;1n]- (2)

Hence, combining (1) and (2),
m; -1
i . :keZ[gpn+gpn].

9 _ -
gpn gpn

Taking norms,
N(m;) = N(2—gpn —g;ﬁ)N(X)
m(®(p")-1)/2 R n(2)N(2) = pN(2),

where N(A) e Z. Since this last result provides a contradiction, then

-1
Z[z_gpn _gpn]zs
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