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Abstract 

In this paper, we continue our work in [3]. For a primitive dth root of 
unity ,dς  we define the polynomial 
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where ( )xfd  denotes the well-known Dickson polynomial of the 

second kind. For an odd prime p, we also show that ( ) ∩ς+ς −1
nn

ppQ  

[ ],1−ς+ς= nn
ppZB  where B denotes the ring of algebraic integers. 
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Introduction 

Let ( )xgd  and ( )xfd  denote the Dickson polynomials of the first and 

second kind, respectively, defined by 
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where [ ]  denotes the greatest integer function. Dickson polynomials have 

been extensively studied by many authors and an excellent survey of their 
properties has been written by Lidl et al. in [5]. Further related results can 
also be found in [1-3] and [4]. 

Alternatively we can also define ( )xgd  by 

( ) ( ) ( ),21 xgxxgxg ddd −− −=  

where ( ) 20 =xg  and ( ) .1 xxg =  Similarly, we can define ( )xfd  by 

( ) ( ) ( ),21 xfxxfxf ddd −− −=  

where ( ) 10 =xf  and ( ) .1 xxf =  Hence, there are functional equations for 

both ( )xgd  and ( )xfd  given by the following lemma. 
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(b) ( ) dd
d uuxg −+=  if .1−+= uux  

Proof. A proof of part (a) can be found in [3, Lemma 1]. For (b) we 
consider the formal power series 
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2 uzuzxzz −−=+−  Hence, 

( ) ( ) .1
1

1
1

0
12

12
n

n

nn zuuzuzuzp ∑
∞

=
+=

−
+

−
=  

Therefore, ( ) dd
d uuxg −+=  if .1−+= uux  
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Proof. See [3, Lemma 2]. 
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For the purpose of completeness we also define ( ) 21 −= xxR  and ( )xR2  

.2+= x  

Lemma 3. The minimum polynomial of 1−ς+ς dd  over Q is ( ).xRd  
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Proof. See [3, Lemma 3]. 

Lemma 4. 
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Hence, 
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Theorem 2. Let B denote the ring of algebraic integers. Then 
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