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Abstract 

In this paper, we establish common fixed point results for mappings 
satisfying new contractive conditions in partially ordered b-metric-like 
space. These results extend, generalize and improve many existing 
results in the literature. Also, some examples are given here to 
illustrate the usability of obtained results. 

1. Introduction 

Fixed point theory is one of the most powerful tools in nonlinear 
analysis. Its core is concerned with the conditions for the existence of one or 
more fixed points of mapping T from a topological space X into itself;       
that is, we can find Xx ∈  such that .xTx =  Recently, many researchers 
have focused on different contractive conditions in complete metric spaces, 
ordered b-metric spaces and obtained many fixed point results in such 
spaces. 
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Alghamdi et al. [1] introduced the concept of b-metric-like space. Since 
then, several papers dealt with fixed point theory for single valued and 
multivalued in b-metric space [14, 15, 17-19, 23, 25, 27]. For more details on 
the fixed point results, their applications, comparison of different contractive 
conditions and related results in ordered metric spaces, we refer the reader to 
[3, 4, 24, 8-10, 13, 20, 24]. 

In this paper, we have proved some common fixed point results for        
g-weakly isotone increasing mappings satisfying new contractive conditions 
in partially ordered b-metric-like space. Our main results extend, generalize 
various well known results in literature. The paper is organized in four 
sections as follows: in Section 2, we give some required definitions and 
results related with b-metric-like space. Sections 3 and 4 accomplish the 
lemmas and main results which are the generalization of some existing 
results. Also, some examples are provided for the existence of our results. 

2. Preliminaries 

In this section, we recall some of the metric spaces and mappings as 
follows: 

Definition 2.1 [1]. A b-metric-like on a nonempty set X is a function 
[ )∞+→× ,0: XXD  such that for all Xrqp ∈,,  and a constant 1≥K  

the following three conditions hold true: 

(D1) if ( ) ,0, qpqp =⇒=D  

(D2) ( ) ( ),,, pqqp DD =  

(D3) ( ) ( ) ( )( ).,,, qrrpKqp DDD +≤  

The pair ( )D,X  is called a b-metric-like space. 

Example 2.2 [1]. Let [ ).,0 ∞+=X  Define the function →2: XD  

[ )∞+,0  by ( ) ( ) ., 2qpqp +=D  Then ( )D,X  is a b-metric-like space with 

constant .2=K  Clearly, ( )D,X  is not a b-metric or metric-like space. 
Indeed, for all ,,, Xrqp ∈  
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( ) ( ) ( )22, qrrpqpqp +++≤+=D  

( ) ( ) ( ) ( )qrrpqrrp ++++++= 222  

[( ) ( ) ]222 qrrp +++≤  

( ) ( )( )qrrp ,,2 DD +=  

and so (D3) holds. Clearly, (D1) and (D2) hold. 

Definition 2.3 [1]. Let ( )KX ,, D  be a b-metric-like space. Define :sD  

[ )∞→ ,02X  by 

( ) ( ) ( ) ( ) .,,,2, qqppqpqps DDDD −−=  

Clearly, ( ) 0, =ppsD  for all .Xp ∈  

Let ( ),x  be a partially ordered set and let f, g be two self-maps on X. 

We will use the following terminology: 

(a) elements Xqp ∈,  are called comparable if qp ≤  or pq ≤  holds; 

(b) a subset S of X is said to be well ordered if every two elements of S 
are comparable; 

(c) f is called nondecreasing w.r.t.  if qp  implies ;fqfp  

(d) [8] the pair ( )gf ,  is said to be weakly increasing if gfpfp  and 

fgpgp  for all ;Xp ∈  

(e) [22] f is said to be g-weakly isotone increasing if for all Xp ∈  we 

have .fgfpgfpfp  

If XXgf →:,  are weakly increasing, then f is g-weakly isotone 

increasing. Also, in (e), if ,gf =  then we say that f is weakly isotone 

increasing. In this case, for each ,Xp ∈  we have .ffpfp  
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Definition 2.4 [2]. Let ( ),X  be a partially ordered set and d be a 

metric on X. We say that ( )dX ,,  is regular if the following conditions 

hold: 

(1) if a non-decreasing sequence ,, ∞→→ nxxn  then xxn  for all n, 

(2) if a non-increasing sequence ,, ∞→→ nyyn  then yyn  for all n. 

3. Lemmas 

The following lemmas are required in the proof of our main results. 

Lemma 3.1 [1]. Let ( )KX ,, D  be a b-metric-like space and { }np  be a 

sequence in X such that ( ) .0,lim =
∞→

ppnn
D  Moreover, ,Xz ∈  we have 

( ) ( ) ( ) ( ).,,suplim,inflim,1 zpKzpzpzpK n
n

n
n

DDDD ≤≤≤
∞→∞→

 

Lemma 3.2. Let ( )D,X  be a b-metric-like space and let { }np  be a 

sequence in X such that 

( ) .0,lim 1 =+
∞→

nn
n

ppD  (3.1) 

If { }np  is not a b-Cauchy sequence, then there exist 0>ε  and two 

sequences ( ){ }km  and ( ){ }kn  of positive integers such that for the following 

four sequences ( ( ) ( ) ),, knkm ppD  ( ( ) ( ) ),, 1+kmkm ppD  ( ( ) ( ) )knkm pp ,1+D  

and ( ( ) ( ) ),, 11 ++ knkm ppD  it holds: 

( ( ) ( ) ) ( ( ) ( ) ) ,,suplim,inflim ε≤≤≤ε
∞→∞→

Kpppp jnjm
j

jnjm
j

DD  

( ( ) ( ) ) ( ( ) ( ) ) ,,suplim,inflim 2
11 ε≤≤≤ε
+

∞→
+

∞→
KppppK jnjm

j
jnjm

j
DD  

( ( ) ( ) ) ( ( ) ( ) ) ,,suplim,inflim 2
11 ε≤≤≤ε
+

∞→
+

∞→
KppppK jnjm

j
jnjm

j
DD  
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( ( ) ( ) ) ( ( ) ( ) ) .,suplim,inflim 3
11112 ε≤≤≤ε
++

∞→
++

∞→
Kpppp

K
jnjm

j
jnjm

j
DD  

Proof. If { }np  is not a Cauchy sequence, then there exist 0>ε  and 

sequences ( ){ }jm  and ( ){ }jn  of positive integers such that 

( ) ( ) ( ( ) ( ) ) ( ( ) ( ) ) ε≥ε<>> − jnjmjnjm ppppjjmjn ,,,, 1 DD  (3.2) 

for all positive integers j. Now, from (3.2) and using the triangle inequality, 
we have 

( ( ) ( ) ) [ ( ( ) ( ) ) ( ( ) ( ) )]jnjnjnjmjnjm ppppKpp ,,, 11 −− +≤≤ε DDD  

( ( ) ( )).,1 jppKK njn −+ε< D  (3.3) 

Taking the upper and lower limits as ∞→j  in (3.3), and using (3.1), we 

obtain that 

( ( ) ( ) ) ( ( ) ( ) ) .,suplim,inflim ε≤≤≤ε
∞→∞→

Kpppp jnjm
j

jnjm
j

DD  (3.4) 

Using the triangle inequality again, we have 

( ( ) ( ) )jnjm pp ,D  

[ ( ( ) ( ) ) ( ( ) ( ) )]jnjnjnjm ppppK ,, 11 ++ +≤ DD  

[ ( ( ) ( ) ) ( ( ) ( ) )] ( ( ) ( )).,,, 11
2 jnpKppppK jnjnjnjnjm ++ ++≤ DDD  

Taking the upper and lower limits as ,∞→j  we have 

( ( ) ( ) ) ε≤≤ε +
∞→

3
1,suplim KppK jnjm

j
D  

or 

( ( ) ( ) ) .,suplim 2
1 ε≤≤ε
+

∞→
KppK jnjm

j
D  

The remaining two conditions of the lemma can be proved in a similar way. 

 ~ 
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4. Main Results 

Let ( )D,,X  be an ordered b-metric-like space with 1>K  and :, gf  

XX →  be two mappings. For all ,, Xqp ∈  let 

( ) ( )( ) ( )( )




ψψ= ,,,,max, fppqpqpM s DD  

( )( ) ( ) ( )









 +ψψ K

fpqgqpgqq 6
,,,, DD

D  (4.1) 

and 

( )qpNs ,  

{ ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min fpqgqpgqqfpp ssss DDDD ψψψψ=  (4.2) 

where [ ) [ )∞→∞ψ ,0,0:  is a continuous function with ( ) tt <ψ  for each 

0>t  and ( ) .00 =ψ  

Theorem 4.1. Let ( )D,,X  be a complete partially ordered b-metric-

like space. Let XXgf →:,  be two mappings such that f is g-weakly 

isotone increasing. Suppose that for every two comparable elements qp,  

,X∈  we have 

( ) ( ) ( ) .2
,,,4 qpNqpMgqfpK ss +

≤D  (4.3) 

Then the pair ( )gf ,  has a common fixed point z in X if one of f or g is 

continuous. Moreover, the set of common fixed points of f and g is well 
ordered if and only if f and g have one and only one common fixed point. 

Proof. Let 0p  be an arbitrary point of X. Choose Xp ∈1  such that 

10 pfp =  and Xp ∈2  such that .21 pgp =  Continuing in this way, 

construct a sequence { }np  defined by: 

nn fpp 212 =+      and    1222 ++ = nn gpp  
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for all .0≥n  As f is g-weakly isotone increasing, we have 

.32021001 pfpfgfpxgxgfpfpp ==≤==≤=  

Repeating this process, we obtain .1,1 ≥∀≤ + npp nn  

We will prove the theorem in three steps: 

Step 1. First, we prove that ( ) .0,lim 1 =+
∞→

nn
n

ppD  

Suppose ( ) 0, 100 =+jj ppD  for some .0j  Then .100 += jj pp  In this 

case, .,2 1220 +== nn ppnj  We need to show that ,2212 ++ = nn pp  

( )2212
4 , ++ nn ppK D  

( ) ( ) ( ) ,2
,,, 122122

122
4 ++

+
+

≤= nnsnns
nn

ppNppMgpfpK D  (4.4) 

where 

( )122 , +nns ppM  

( )( ) ( )( ) ( ( ))


 ψψψ= +++ ,,,,,max 12,1222122 nnnnnn gppfpppp DDD  

( ) ( )









 +

ψ ++
K

fppgpp nnnn
6

,, 212122 DD
 

( )( ) ( )( ) ( )( )


 ψψψ= ++++ ,,,,,,max 2212122122 nnnnnn pppppp DDD  

( ) ( )









 +

ψ +++
K

pppp nnnn
6

,, 1212222 DD
 

( )( ) ( )( ) ( )( )


 ψψψ= ++++++ ,,,,,,max 221212121212 nnnnnn pppppp DDD  

( ) ( )









 +

ψ ++++
K

pppp nnnn
6

,, 12122212 DD
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( )( ) ( )( )


 ψψ= ++++ ,,,,max 22121212 nnnn pppp DD  

( ) ( ) .6
,, 12122212










 +

ψ ++++
K

pppp nnnn DD
 

By (D3), we have 

( ) ( ),,2, 22121212 ++++ ≤ nnnn ppKpp DD  

( ) ( ),,, 22122212 ++++ ≤ nnnn ppKpp DD  

( ) ( ) ( ),,3,, 221222121212 ++++++ ≤+ nnnnnn ppKpppp DDD  

( ) ( ) ( ) ,2
,

6
,, 221222121212 ++++++ ≤

+ nnnnnn pp
K

pppp DDD
 

( )122 , +nns ppM  

( ( )) ( ( )) ( ) .2
,,,,,2max 2212

22122212 













ψψψ≤ ++

++++
nn

nnnn
ppppppK D

DD  

Now, 

( ) { ( ( )) ( ( )),,,,min, 121222122 +++ ψψ= nn
s

nn
s

nns gppfppppN DD  

( ( )) ( ( ))}nn
s

nn
s fppgpp 212122 ,,, ++ ψψ DD  

{ ( ( )) ( ( )),,,,min 2212122 +++ ψψ= nn
s

nn
s pppp DD  

( ( )) ( ( ))}.,,, 1212222 +++ ψψ nn
s

nn
s pppp DD  

If ( ) ( ( )),,, 1212122 +++ ψ= nn
s

nns ppppN D  

( )1212 , ++ nn
s ppD  

( ) ( ) ( )121212121212 ,,,2 ++++++ −−= nnnnnn pppppp DDD  

clearly, ( ) ,0, 122 =+nns ppN  then from (4.3), we have 

( ) ( ) ( ) ,2
,,, 122122

2212
4 ++

++
+

≤ nnsnns
nn

ppNppMppK D  
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( ) ( ) ,2
0,, 122

2212
4 +

≤ +
++

nns
nn

ppMppK D  

( ) ( ) ,2
,, 122

2212
4 +

++ ≤ nns
nn

ppMppK D  (4.5) 

where 

( )122 , +nns ppM  

( ( )) ( ( )) ( ) .2
,,,,,2max 2212

22122212 













ψψψ≤ ++

++++
nn

nnnn
ppppppK D

DD  

If ( ) ( ( )),,2, 2212122 +++ ψ= nnnns ppKppM D  then from (4.5), we have 

( ) ( ( )) ( )
,

2
,2

,2, 2212
22122212

4 ++
++++ <ψ≤ nn

nnnn
ppK

ppKppK
D

DD  

( ) ( ) ,0,, 22122212
4 <− ++++ nnnn ppKppK DD  

( ) ( ) 0,1 2212
3 <− ++ nn ppkK D  

a contradiction. If ( ) ( ( )),,, 2212122 +++ ψ= nnnns ppppM D  then from (4.5), 

we have 

( ) ( )( ) ( ) ,2
,,, 2212

22122212
4 ++

++++ <ψ≤ nn
nnnn

ppppppK D
DD  

( ) 0,2
1

2212
4 <





 − ++ nn ppk D  

a contradiction. If ( ) ( ) ,2
,, 2212

122 





ψ= ++

+
nn

nns
ppppM D

 then from 

(4.5), we have 

( ) ( ) ( ) ,4
,

2
,, 22122212

2212
4 ++++

++ <





ψ≤ nnnn

nn
ppppppK DD

D  

( ) ,0,4
1

2212
4 <





 − ++ nn ppk D  

that is, .2212 ++ = nn pp  
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Similarly, if ,120 += nj  then 2212 ++ = nn pp  gives .3222 ++ = nn pp  

Consequently, the sequence { }kp  becomes constant for 0jj ≥  and { }0jp  is 

a coincidence point of f and g. For this, let .20 nj =  Then we know that 

.22122 ++ == nnn ppp  Hence 

.12222122 +++ ==== nnnnn gppfppp  

This means that .122 += nn gpfp  Now, since ,122 += nn pp  we have =nfp2  

.2ngp  

In the other case, when ,120 += nk  similarly, it can be easily shown 

that 12 +np  is a coincidence point of the pair ( )., gf  

Suppose now that ( ) 0, 100 >+jj ppD  for each .0j  We claim the 

inequality 

( ) ( )121 0000 ,, +++ ≤ jjjj pppp DD  (4.6) 

holds for each ....,2,10 =j  

Let nj 20 =  and for ,0≥n  

( ) ( ) .0,, 1222212 >> +++ nnnn pppp DD  (4.7) 

Then, as ,122 +≤ nn pp  using (4.3), we obtain that 

( )2212
4 , ++ nn ppK D  

( ) ( ) ( ) ,2
,,, 122122

122
4 ++

+
+

≤= nnsnns
nn

ppNppMgpfpK D  

where 

( )122 , +nns ppM  

( )( ) ( )( ) ( )( )


 ψψψ= +++ ,,,,,,max 121222122 nnnnnn gppfpppp DDD  

( ) ( ) ,6
,, 212122










 +

ψ ++
K

fppgpp nnnn DD  
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( ) ( )( ) ( )( )


 ψψ= ++++ ,,,,max, 2212122122 nnnnnns ppppppM DD  

( ) ( )









 +

ψ +++
K

pppp nnnn
6

,, 1212222 DD
 

and 

( ) .0, 122 =+nns ppN  

If ( ) ( )( ),,, 2212122 +++ ψ= nnnns ppppM D  then from (4.5), we have 

( ) ( ( )) ( ) ,2
,,, 2212

22122212
4 ++

++++ <ψ≤ nn
nnnn

ppppppK D
DD  

( ) ( ) ,02
,, 2212

2212
4 <− ++

++
nn

nn
ppppK D

D  

( ) 0,2
1

2212
4 <





 − ++ nn ppk D  

a contradiction. If ( ) ( ( )),,, 122122 ++ ψ= nnnns ppppM D  then from (4.5), 

we have 

( ) ( ( )) ( ) ,2
,,, 2212

1222212
4 ++

+++ <ψ≤ nn
nnnn

ppppppK D
DD  

( ) 0,2
1

2212
4 <





 − ++ nn ppk D  

a contradiction. If ( ) ( ) ( ) ,6
,,, 1212222

122 





 +

ψ= +++
+ K

ppppppM nnnn
nns

DD
 

then from (4.5), we have 

( )2212
4 , ++ nn ppK D  

( ) ( )






 +

ψ≤ +++
K

pppp nnnn
6

,, 1212222 DD
 

( ) ( )
K

pppp nnnn
12

,, 1212222 +++ +
<

DD
 

( ) ( ) ( )
12

,2,, 22122212122 +++++ ++
≤ nnnnnn pppppp DDD
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( ) ,3
, 2212 ++< nn ppD

 

( ) .0,3
1

2212
4 <





 − ++ nn ppk D  

That is, .2212 ++ = nn pp  Hence, (4.7) is false, that is, ( ) ≤++ 2212 , nn ppD  

( )122 , +nn ppD  holds for all n. Therefore, (4.6) is proved for .20 nj =  

Similarly, it can be shown that 

( ) ( ).,, 22123222 ++++ ≤ nnnn pppp DD  

Hence, { ( )}100 , +jj ppD  is a nondecreasing sequence of nonnegative real 

numbers. 

We claim that ( ) .0,lim 100
0

=+
∞→

jj
j

ppD  

Assuming that ( ) ,,lim 100
0

rpp jj
j

=+
∞→
D  where ,0>r  we have 

( ) ( )( ) ( )( )


 ψψ≤ +++++ ,,,,2max, 22122212122 nnnnnns ppppKppM DD  

( )









ψ ++

2
, 2212 nn ppD

 (4.8) 

and ( ) .0, 122 =+nns ppN  

Now, taking the upper limit as ∞→n  in (4.8), we obtain 

( ) .,suplim 122 rppM nns
n

≤+
∞→

 

Taking the upper limit, we have 

( ) ( ) ( ) ,2
,,, 122122

122
4 ++

+
+

≤ nnsnns
nn

ppNppMppK D  

,2
4 rrK ≤  
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02
14 ≤




 − rK  

a contradiction. Hence, 

( ) .0,lim 100
0

== +
∞→

jj
j

ppr D  

Step 2. Next, we show that { }np  is a b-Cauchy sequence in X. That is, 

for every ,0>ε  there exists N∈J  such that for all ,, Jnm ≥  ( )nm pp ,D  

.ε<  

Assume to contrary, that { }np  is not a b-Cauchy sequence. Then, from 

Lemma 3.2, there exists 0>ε  for which we can find subsequences { ( )}jmp  

and { ( )}jnp  such that ( ) ( ) jjmjn ≥≥  and: 

(a) ( ) tjm 2=  and ( ) ,12 +′= tjn  where t and t′  are non-negative integers, 

(b) ( ( ) ( ) ) ε≥jnjm pp ,D  and 

(c) ( )jn  is the smallest number such that the condition (b) holds; i.e., 

( ( ) ( ) ) ., 1 ε<−jnjm ppD  Then we have 

( ( ) ( ) ) ,,suplim ε≤≤ε
∞→

Kpp jnjm
j

D  

( ( ) ( ) ) ,,suplim 2
1 ε≤≤ε
+

∞→
KppK jnjm

j
D  

( ( ) ( ) ) ,,suplim 2
1 ε≤≤ε
+

∞→
KppK jnjm

j
D  

( ( ) ( ) ) .,suplim 3
112 ε≤≤ε
++

∞→
Kpp

K
jnjm

j
D  

Since ( ) ( ),jmjn >  we have ( ) ( ),jnjm pp ≤  

( ( ) ( ) ) ( ( ) ( ) )jnjmjnjm gpfpKppK ,, 4
11 DD4 =++  

( ( ) ( ) ) ( ( ) ( ) ) ,2
,, jnjmsjnjms ppNppM +

≤  
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where 

( ( ) ( ) )jnjms ppM ,  

( ( ( ) ( ) )) ( ( ( ) ( ) )) ( ( ( ) ( ) ))


 ψψψ= ,,,,,,max jnjnjmjmjnjm gppfpppp DDD  

( ( ) ( ) ) ( ( ) ( ) )











 +
ψ K

fppgpp jmjnjnjm
6

,, DD
 

( ( ( ) ( ) )) ( ( ( ) ( ) )) ( ( ( ) ( ) ))


 ψψψ= ++ ,,,,,,max 11 jnjnjmjmjnjm pppppp DDD

 

( ( ) ( ) ) ( ( ) ( ) )











 +
ψ ++

K
pppp jmjnjnjm

6
,, 11 DD

 

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )


< ++ ,,,,,,max 11 jnjnjmjmjnjm pppppp DDD  

( ( ) ( ) ) ( ( ) ( ) )
.6

,, 11











 + ++
K

pppp jmjnjnjm DD
 

Taking the upper limit as ,∞→j  we have 

( ( ) ( ) )jnjms
j

ppM ,suplim
∞→

 

( ( ) ( ) ) ( ( ) ( ) )






≤ +
∞→∞→

,,suplim,,suplimmax 1jmjm
j

jnjm
j

pppp DD  

( ( ) ( ) ),,suplim 1+
∞→

jnjn
j

ppD  

( ( ) ( ) ) ( ( ) ( ) )














 + ++

∞→ K
pppp jmjnjnjm

j 6
,,

suplim 11 DD
 

.6,0,0,max
22

ε=






 ε+εε≤ KK

KKK  
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Similarly, 

( ( ) ( ) )jnjms ppN ,  

{ ( ( ( ) ( ) )) ( ( ( ) ( ) )),,,,min jnjn
s

jmjm
s gppfpp DD ψψ=  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}jmjn
s

jnjm
s fppgpp ,,, DD ψψ  

{ ( ( ( ) ( ) )) ( ( ( ) ( ) )),,,,min 11 ++ ψψ= jnjn
s

jmjm
s pppp DD  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}.,,, 11 ++ ψψ jmjn
s

jnjm
s pppp DD  

Now, 

( ( ) ( ) )1, +jnjn
s ppD  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )111 ,,,2 +++ −≤ jnjnjnjnjnjn pppppp DD-D  

( ( ) ( ) ) ( ( ( ) ( ) ) ( ( ) ( ) ))111 ,,,2 +++ +≤ jnjnjnjnjnjn pppppp DD-D  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ) .,2,, 111 +++ −+≤ jnjnjnjnjnjn pppppp DDD  

By (D3), 

( ( ) ( ) ) ( ( ) ( ) ),,2, 1+≤ jnjnjnjn ppKpp DD  

( ( ) ( ) ) ( ( ) ( ) ),,2, 111 +++ ≤ jnjnjnjn ppKpp DD  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,4,, 111 +++ ≤+ jnjnjnjnjnjn ppKpppp DDD  

( ( ) ( ) ) ( ) ( ( ) ( ) ) ,,24, 11 ++ −≤ jnjnjnjn
s ppKppD  

( ( ) ( ) ) ( ) ( ( ) ( ) ) ,,suplim24,suplim 11 +
∞→

+
∞→

−≤ jnjn
j

jnjn
s

j
ppKppD  

clearly, ( ) ( )( ) .0, =jpjpN mns  
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Hence, by taking the upper limit as ,∞→j  we have 

( ( ) ( ) )11
4 ,suplim ++

∞→
jnjm

j
ppK D  

( ( ) ( ) ) ( ( ) ( ) )
,2

,suplim,suplim jnjms
j

jnjms
j

ppNppM
∞→∞→

+

≤  

( ( ) ( ) ) ε≤ε≤++
∞→

KKppK jnjm
j 2,suplim 11

4 D  

which implies that ( ( ) ( ) ) 2311,suplim
KK

pp jnjm
j

ε<ε<++
∞→
D  a contradiction 

to (4) property proving above. Hence { }np  is a b-Cauchy sequence. 

Step 3. In this step, we will show that f and g have a common fixed 
point. Since { }np  is a b-Cauchy sequence in the complete b-metric-like 

space X, there exists Xz ∈  such that 

( ) ( ) ( ) .0,lim,lim,lim 2122 ===
∞→

+
∞→∞→

zfpzpzp n
n

n
n

n
n

DDD  (4.9) 

By the triangle inequality, we have 

( )zfz,D  

( ) ( )[ ] ( ) ( )[ ].,,,, 12222 zpfpfzKzfpfpfzK nnnn ++=+≤ DDDD  (4.10) 

Suppose that f is continuous. Letting ∞→n  in (4.10) and applying (4.9), 
we have 

( ) [ ( ) ( )] 0,lim,lim, 22 =+≤
∞→∞→

zfpfpfzKzfz n
n

n
n

DDD  

which implies that .zfz =  

Let ( ) .0, >gzzD  As z and gz are comparable by (4.3), we have 

( ) ( ) ( ) ( ) ,2
,,,, 44 zzNzzMgzfzKgzzK ss +

≤= DD  (4.11) 
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where 

( )zzM s ,  

( )( ) ( )( ) ( )( ) ( ) ( ) .6
,,,,,,,,max







 





 +ψψψψ= K

fzzgzzgzzfzzzz DD
DDD  

By the triangle inequality, we have 

( ) ( ),,2, gzzKzz DD ≤  

( ) ( ),,, gzzKgzz DD ≤  

( ) ( ) ( ),,3,, gzzKgzzzz DDD ≤+  

( ) ( ) ( )( ) ,2
,

6
,, gzz

K
gzzzz DDD ≤+  

( )zzM s ,  

( )( ) ( )( ) ( )( ) ( )




 





ψψψψ≤ 2

,,,,,2,,2max gzzgzzgzzKgzzK D
DDD  

( ).,2 gzzKD<  

Similarly, 

( ) { ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min, fzzgzzgzzfzzzzN ssss
s DDDD ψψψψ=  

( ) ( ) ( ) ( ) .0,,,2, =−−= zzzzzzzzs DDDD  

Clearly, ( ) .0, =zzNs  

Hence, (4.11) gives ( ) ( ),,,4 gzzKgzzK DD <  which is a contradiction. 

Thus, ( ) .0, =gzzD  Similarly, if g is continuous, then the desired result is 

obtained. ~ 

Theorem 4.2. Let ( )D,,X  be a complete partially ordered b-metric-

like space. Let XXgf →:,  be two mappings such that f is g-weakly 

isotone increasing. Suppose that for every two comparable elements qp,  

,X∈  we have 
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( ) ( ) ( ) .2
,,,4 qpNqpMgqfpK ss +

≤D  (4.12) 

Then the pair ( )gf ,  has a common fixed point z in X if X is regular. 

Moreover, the set of common fixed points of f and g is well ordered if and 
only if f and g have one and only one common fixed point. 

Proof. Following the proof of Theorem 4.1, there exists Xz ∈  such that 

( ) .0,lim =
∞→

zpn
n

D  

Now, we prove that z is a common fixed point of f and g. Since zp n →+12  

as ∞→n  from regularity of ., 12 zpX n ≤+  Therefore, from (4.3), we have 

( ) ( ) ( ) ,2
,,, 1212

12
4 ++

+
+

≤ nsns
n

pzNpzMgpfzK D  (4.13) 

where 

( ) ( )( ) ( )( ) ( )( )




ψψψ= ++++ ,,,,,,max, 12121212 nnnns gppfzzpzpzM DDD  

( ) ( ) .6
,, 1212










 +

ψ ++
K

fzpgpz nn DD  

Taking the limit as ∞→n  in (4.13) and using Lemma 3.1, we obtain that 

( )zfzK ,3D  

( ) ( )12
44 ,suplim,1

+
∞→

≤= n
n

gpfzKzfzKK DD  

( ) ( )

2

,suplim,suplim 1212 +
∞→

+
∞→

+
≤

ns
n

ns
n

pzNpzM
 

( ) ( ) ( )

( ) ( ) ( )

2

,suplim6
,,suplim

,,suplim,,suplim,,suplimmax

12
1212

121212

+
∞→

++

∞→

++
∞→∞→

+
∞→

+


+





=
ns

n

nn

n

nn
nn

n
n

pzNK
fzpgpz

gppfzzpz

DD

DDD
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( ) ( ) ( ) ( ) ( )




 +≤ K

zzfzzzzfzzzz 6
,,,,,,,,max2

1 DD
DDD  

( ).,suplim 12 +
∞→

+ ns
n

pzN  

By the triangle inequality, we have 

( ) ( ),,2, fzzKzz DD ≤  

( ) ( ),,, fzzKfzz DD ≤  

( ) ( ) ( ),,3,, fzzKfzzzz DDD ≤+  

( ) ( ) ( )( ) ,2
,

6
,, fzz

K
fzzzz DDD ≤+  

( )zzM s ,  

( )( ) ( )( ) ( )( ) ( )( )




 





ψψψψ≤ 2

,,,,,2,,2max fzzfzzfzzKfzzK D
DDD  

( ).,2 fzzKD<  

Similarly, 

( ) { ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min, fzzgzzgzzfzzzzN ssss
s DDDD ψψψψ=  

( ) ( ) ( ) ( ) .0,,,2, =−−= zzzzzzzzs DDDD  

Clearly, ( ) .0, =zzNs  

Hence, by (4.13), we have 

( ) ( ) ,2
0,2,4 +< fzzKfzzK D

D  

( ) ( ) ,02
0,2,4 <+− fzzKfzzK D

D  

( ) ( ) 0,13 <− fzzKK D  

a contradiction, this implies that .zfz =  

Similarly, it can be shown that z is a fixed point of g. ~ 
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Corollary 4.3. Let ( )dX ,,  be a complete partially ordered b-metric 

space. Let XXgf →:,  be two mappings such that f is g-weakly isotone 

increasing. Suppose that for every two comparable elements Xyx ∈,  and a 

constant ,1>s  we have 

( ) ( ).,,4 yxMgyfxds s≤  (4.14) 

Then the pair ( )gf ,  has a common fixed point z in X if one of f or g is 

continuous. Moreover, the set of common fixed points of f and g is well 
ordered if and only if f and g have one and only one common fixed point. 

Corollary 4.4. Let ( )dX ,,  be a complete partially ordered b-metric 

space. Let XXf →:  be a mapping such that f is weakly isotone 

increasing. Suppose that for every two comparable elements Xyx ∈,  and a 

constant ,1>s  we have 

( ) ( ),,,4 yxMgyfxds s≤  

where 

( )yxM s ,  

( )( ) ( )( ) ( )( ) ( ) ( ) .2
,,,,,,,,max







 





 +ψψψψ= K

fxydfyxdfyydfxxdyxd  

Then f has a fixed point z in X if either: 

(a) f is continuous or 

(b) X is regular. 

Moreover, the set of fixed points of f is well ordered if and only if f has one 
and only one fixed point. 

Theorem 4.5. Let ( )dX ,,  be a complete partially ordered b-metric-

like space with .1>K  Let XXgf →:,  be two mappings such that f      

is g-weakly isotone increasing. Suppose that for every two comparable 
elements ,, Xqp ∈  we have 
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( ) ( ) ( ) ,2
,,,4 qpNqpNgqfpK s+

≤D  (4.15) 

where 

( ) ( )( ) ( )( ) ( )( ){ ,,,,,,max, gqqfppqpqpN DDD ψψψ=  

( )( ) ( )( )}fpqgqp ,,, DD ψψ  (4.16) 

and 

( )qpNs ,  

{ ( ( )) ( ( )) ( ( )) ( ( ))}fpqgqpgqqfpp ssss ,,,,,,,min DDDD ψψψψ=  (4.17) 

and [ ) [ )∞→∞ψ ,0,0:  is a continuous function with ( ) K
tt 2<ψ  for each 

0>t  and ( ) .00 =ψ  Then the pair ( )gf ,  has a common fixed point z in X 

if one of f or g is continuous. Moreover, the set of common fixed points of f 
and g is well ordered if and only if f and g have one and only one common 
fixed point. 

Proof. Let 0p  be an arbitrary point of X. Choose Xp ∈1  such that 

10 pfp =  and Xp ∈2  such that .21 pgp =  Continuing in this way, 

construct a sequence { }np  defined by: 

nn fpp 212 =+      and     1222 ++ = nn gpp  

for all .0≥n  As f is g-weakly isotone increasing, we have 

.32021001 pfpfgfpxgxgfpfpp ==≤==≤=  

Repeating this process, we obtain .1,1 ≥∀≤ + npp nn  

We will prove the theorem in three steps: 

Step 1. First, we prove that ( ) .0,lim 1 =+
∞→

nn
n

ppD  

Suppose ( ) 0, 100 =+jj ppD  for some .0j  Then .100 += jj pp  In this 
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case, ,20 np =  .122 += nn pp  We need to show that .2212 ++ = nn pp  If 

( ) ,0, 2212 >++ nn ppD  then, from (4.15), we have 

( )2212
4 , ++ nn ppK D  

( ) ( ) ( ) ,2
,,, 122122

122
4 ++

+
+

≤= nnsnn
nn

ppNppNgpfpK D  (4.18) 

where 

( )122 , +nn ppN  

{ ( ( )) ( ( )) ( ( )),,,,,,max 121222122 +++ ψψψ= nnnnnn gppfpppp DDD  

( ( )) ( ( ))}nnnn fppgpp 212122 ,,, ++ ψψ DD  

{ ( ( )) ( ( )) ( ( )),,,,,,max 2212122122 ++++ ψψψ= nnnnnn pppppp DDD  

( ( )) ( ( ))}1212222 ,,, +++ ψψ nnnn pppp DD  

{ ( ( )) ( ( )) ( ( )),,,,,,max 221212121212 ++++++ ψψψ= nnnnnn pppppp DDD  

( ( )) ( ( ))}12122212 ,,, ++++ ψψ nnnn pppp DD  

{ ( ( )) ( ( ))}.,,,max 22121212 ++++ ψψ= nnnn pppp DD  

By (D3), we have 

( ) ( ),,2, 22121212 ++++ ≤ nnnn ppKpp DD  

( ) { ( ( )) ( ( ))}22122212122 ,,,2, +++++ ψψ≤ nnnnnn ppppKppN DD  

( ( )).,2 2212 ++ψ= nn ppKD  

Now, 

( ) { ( ( )) ( ( )),,,,min, 121222122 +++ ψψ= nn
s

nn
s

nns gppfppppN DD  

( ( )) ( ( ))}nn
s

nn
s fppgpp 212122 ,,, ++ ψψ DD  
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{ ( ( )) ( ( )),,,,min 2212122 +++ ψψ= nn
s

nn
s pppp DD  

( ( )) ( ( ))}.,,, 1212222 +++ ψψ nn
s

nn
s pppp DD  

If ( ) ( ( )),,, 1212122 +++ ψ= nn
s

nns ppppN D  then 

( )1212 , ++ nn
s ppD  

( ) ( ) ( ) ,,,,2 121212121212 ++++++ −−= nnnnnn pppppp DDD  

clearly, ( ) ,0, 122 =+nns ppN  then from (4.15), we have 

( ) ( )( ) ( )( ) .4
,2,2, 2212

22122212
4

K
ppKppKppK nn

nnnn
++

++++ <ψ≤
D

DD  

Hence, [ ] ( ) ,0,12 2212
4 <− ++ nn ppK D  which is a contradiction, so =+12np  

.22 +np  

Similarly, if ,120 += nj  then 2212 ++ = nn pp  gives .3222 ++ = nn pp  

Consequently, the sequence { }kp  becomes constant for 0jj ≥  and { }0jp  is 

a coincidence point of f and g. For this, let .20 nj =  Then we know that 

,22122 ++ == nnn ppp  hence 

.12222122 +++ ==== nnnnn gppfppp  

This means that .122 += nn gpfp  Now, since ,122 += nn pp  we have =nfp2  

.2ngp  

In the other case, when ,120 += nj  similarly, it can easily be shown 

that 12 +np  is a coincidence point of the pair ( )., gf  

Suppose now that ( ) 0, 100 >+jj ppD  for each .0j  We claim the 

inequality 

( ) ( )121 0000 ,, +++ ≤ jjjj pppp DD  (4.19) 

holds for each ....,2,10 =j  
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Let nj 2=  and for an ,0≥n  

( ) ( ) .0,, 1222212 >> +++ nnnn pppp DD  (4.20) 

Then, as ,122 +≤ nn pp  using (4.15), we obtain that 

( )2212
4 , ++ nn ppK D  

( ) ( ) ( ) ,2
,,, 122122

122
4 ++

+
+

≤= nnsnn
nn

ppNppNgpfpK D  (4.21) 

where, by the definition, clearly, ( ) 0, 122 =+nns ppN  and 

( )122 , +nn ppN  

{ ( ( )) ( ( )) ( ( )),,,,,,max 121222122 +++ ψψψ= nnnnnn gppfpppp DDD  

( ( )) ( ( ))}nnnn fppgpp 212122 ,,, ++ ψψ DD  

{ ( ( )) ( ( )),,,,max 2212122 +++ ψψ= nnnn pppp DD  

( ( )) ( ( ))}1212222 ,,, +++ ψψ nnnn pppp DD  

{ ( ( )) ( ( )),,,,max 2212122 +++ ψψ≤ nnnn pppp DD  

( ( )) ( ( ))}.,2,, 122222 ++ ψψ nnnn ppKpp DD  

If ( ) ( ( )),,, 2212122 +++ ψ= nnnn ppppN D  then from (4.21), we have 

( ) ( ( )) ( )
K

ppppppK nn
nnnn 4

,,, 2212
22122212

4 ++
++++ <ψ≤

D
DD  

a contradiction. If ( ) ( ( )),,, 222122 ++ ψ= nnnn ppppN D  then from (4.21), 

we have 

( )2212
4 , ++ nn ppK D  

( ( )) ( )
K
pppp nn

nn 4
,, 222

222
+

+ <ψ≤
D

D  

( ) ( )[ ] ( )22122212122 ,,,2
1

+++++ <+≤ nnnnnn ppppppKK DDD  
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a contradiction. If ( ) ( ( )),,, 122122 ++ ψ= nnnn ppppN D  then from (4.21), 

we have 

( )2212
4 , ++ nn ppK D  

( ( )) ( ) ( )
K

pp
K

pppp nnnn
nn 4

,
4
,, 2212122

122
+++

+ <<ψ≤
DD

D  

a contradiction. If ( ) ( ( )),,2, 122122 ++ ψ= nnnn ppKppN D  then from (4.21), 

we have 

( )2212
4 , ++ nn ppK D  

( )( ) ( ) ( )
2
,

4
,2,2 2212122

122
+++

+ <<ψ≤ nnnn
nn

pp
K

ppKppK DD
D  

a contradiction. 

Hence, (4.20) is false, that is, ( ) ( )1222212 ,, +++ ≤ nnnn pppp DD  holds 

for all n. Therefore, (4.19) is proved for .20 nj =  Similarly, it can be shown 

that 

( ) ( ).,, 22123222 ++++ ≤ nnnn pppp DD  

Hence, { ( )}100 , +jj ppD  is a nondecreasing sequence of nonnegative real 

numbers. We claim that ( ) .0,lim 100
0

=+
∞→

jj
j

ppD  

Assume that ( ) ,,lim 100
0

rpp jj
j

=+
∞→
D  where ,0>r  then we have 

( )122 , +nn ppN  

{ ( ) ( ) ( )}2222212122 ,,,,,2max2
1

++++≤ nnnnnn ppppppKK DDD  (4.22) 

{ ( ) ( ) ( )1222212122 ,,,,,2max2
1

++++≤ nnnnnn ppKppppKK DDD  

( )}2212 , +++ nn ppKD  (4.23) 

and ( ) .0, 122 =+nns ppN  
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Now, taking the upper limit as ∞→n  in (4.23), we obtain 

( ) { } .2,max2
1,suplim 122 rKrrKppN nn

n
=≤+

∞→
 (4.24) 

Taking the upper limit as ∞→n  in (4.21) in (4.23), we have .4 rrK ≤  

Therefore, ( ) 014 ≤− rK  a contradiction with .1>K  Hence, 

( ) .0,lim 100 == +
∞→

jj
n

ppr D  (4.25) 

Step 2. We show that { }np  is a b-Cauchy sequence in X. That is, for 

every ,0>ε  there exists N∈J  such that for all ( ) .,,, ε<≥ nm ppjnm D  

Assume to contrary, that { }np  is not a b-Cauchy sequence. Then, from 

Lemma 3.2, there exists 0>ε  for which we can find subsequences { ( )}jmp  

and { ( )}jnp  such that ( ) ( ) jjmjn ≥≥  and: 

(a) ( ) tjm 2=  and ( ) ,12 +′= tjn  where t and t′  are non-negative 

integers, 

(b) ( ( ) ( ) ) ε≥jnjm pp ,D  and 

(c) ( )jn  is the smallest number such that the condition (b) holds; i.e., 

( ( ) ( ) ) ., 1 ε<−jnjm ppD  Then we have 

( ( ) ( ) ) ,,suplim ε≤≤ε
∞→

Kpp jnjm
j

D  

( ( ) ( ) ) ,,suplim 2
1 ε≤≤ε
+

∞→
KppK jnjm

j
D  

( ( ) ( ) ) ,,suplim 2
1 ε≤≤ε
+

∞→
KppK jnjm

j
D  

( ( ) ( ) ) .,suplim 3
112 ε≤≤ε
++

∞→
Kpp

K
jnjm

j
D  
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Since ( ) ( ),jmjn >  we have ( ) ( ),jnjm pp ≤  

( ( ) ( ) )11
4 , ++ jnjm ppK D  

( ( ) ( ) )
( ( ) ( ) ) ( ( ) ( ) ) ,2

,,
,4 jnjmsjnjm

jnjm
ppNppN

gpfpK
+

≤= D  

where 

( ( ) ( ) )jnjm ppN ,  

{ ( ( ( ) ( ) )) ( ( ( ) ( ) )) ( ( ( ) ( ) )),,,,,,max jnjnjmjmjnjm gppfpppp DDD ψψψ=  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}jmjnjnjm fppgpp ,,, DD ψψ  

{ ( ( ( ) ( ) )) ( ( ( ) ( ) )) ( ( ( ) ( ) )),,,,,,max 11 ++ ψψψ= jnjnjmjmjnjm pppppp DDD  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}11 ,,, ++ ψψ jmjnjnjm pppp DD  

{ ( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,,,,,max2
1

11 ++< jnjnjmjmjnjm ppppppK DDD  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}.,,, 11 ++ ψψ jmjnjnjm pppp DD  

Taking the upper limit as ,∞→j  we have 

( ( ) ( ) )jnjm
j

ppN ,suplim
∞→

 

{ ( ( ) ( ) ) ( ( ) ( ) ),,suplim,,suplimmax2
1

1+
∞→∞→

≤ jmjm
j

jnjm
j

ppppK DD  

( ( ) ( ) ) ( ( ) ( ) ),,suplim,,suplim 11 +
∞→

+
∞→

jnjm
j

jnjn
j

pppp DD  

( ( ) ( ) )}1,suplim +
∞→

jmjn
j

ppD  

{ } .2,,0,0,max2
1 22 ε=εεε≤ KKKKK  
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Similarly, 

( ( ) ( ) ) { ( ( ( ) ( ) )) ( ( ( ) ( ) )),,,,min, jnjn
s

jmjm
s

jnjms gppfppppN DD ψψ=  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}jmjn
s

jnjm
s fppgpp ,,, DD ψψ  

{ ( ( ( ) ( ) )) ( ( ( ) ( ) )),,,,min 11 ++ ψψ= jnjn
s

jmjm
s pppp DD  

( ( ( ) ( ) )) ( ( ( ) ( ) ))}.,,, 11 ++ ψψ jmjn
s

jnjm
s pppp DD  

Now, 

( ( ) ( ) )1, +jnjn
s ppD  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) )111 ,,,2 +++ −≤ jnjnjnjnjnjn pppppp D-DD  

( ( ) ( ) ) ( ( ( ) ( ) ) ( ( ) ( ) ))111 ,,,2 +++ +−≤ jnjnjnjnjnjn pppppp DDD  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ) .,2,, 111 ++++≤ jnjnjnjnjnjn pppppp D-DD  

By (D3), 

( ( ) ( ) ) ( ( ) ( ) ),,2, 1+≤ jnjnjnjn ppKpp DD  

( ( ) ( ) ) ( ( ) ( ) ),,2, 111 +++ ≤ jnjnjnjn ppKpp DD  

( ( ) ( ) ) ( ( ) ( ) ) ( ( ) ( ) ),,4,, 111 +++ ≤+ jnjnjnjnjnjn ppKpppp DDD  

( ( ) ( ) ) ( ) ( ( ) ( ) ) ,,24, 11 ++ −≤ jnjnjnjn
s ppKppD  

( ( ) ( ) ) ( ) ( ( ) ( ) ) ,,suplim24,suplim 11 +
∞→

+
∞→

−≤ jnjn
j

jnjn
s

j
ppKppD  

clearly, ( ) ( )( ) .0, =jpjpN mns  

Hence, by taking the upper limit as ,∞→j  we have 

( ( ) ( ) )11
4 ,suplim ++

∞→
jnjm

j
ppK D  

( ( ) ( ) ) ( ) ( )( )
,2

,suplim,suplim jpjpNppN nms
j

jnjm
j ∞→∞→

+

≤  
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( ( ) ( ) ) ε≤ε≤++
∞→

KKppK jnjm
j 2,suplim 11

4 D  

which implies that ( ( ) ( ) ) 2311,suplim
KK

pp jnjm
j

ε<ε<++
∞→
D  a contradiction 

to (4) property proving above. Hence { }np  is a b-Cauchy sequence. 

Step 3. In this step, we will show that f and g have a common fixed 
point. 

Since { }np  is a b-Cauchy sequence in the complete b-metric-like space 

X, there exists Xz ∈  such that 

( ) ( ) ( ) .0,lim,lim,lim 2122 ===
∞→

+
∞→∞→

zfpzpzp n
n

n
n

n
n

DDD  (4.26) 

By the triangle inequality, we have 

( ) ( ) ( )[ ]zfpfpfzKzfz nn ,,, 22 DDD +≤  

( ) ( )[ ].,, 122 zpfpfzK nn ++= DD  (4.27) 

Suppose that f is continuous. Letting ∞→n  in (4.27) and applying (4.26), 
we have 

( ) [ ( ) ( )] 0,lim,lim, 22 =+≤
∞→∞→

zfpfpfzKzfz n
n

n
n

DDD  

which implies that .zfz =  

Let ( ) .0, >gzzD  As z and gz are comparable by (4.15), we have 

( ) ( ) ( ) ( ) ,2
,,,, 44 zzNzzNgzfzKgzzK s+

≤= DD  (4.28) 

where 

( )zzN ,  

( )( ) ( )( ) ( )( ) ( )( ) ( )( ){ }.,,,,,,,,,max fzzgzzgzzfzzzz DDDDD ψψψψψ=  
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By the triangle inequality, we have 

( ) ( ),,2, gzzKzz DD ≤  

( ) ( )( ) ( )( ) ( )( ){ ,,,,2,,2max, gzzgzzKgzzKzzN DDD ψψψ≤  

( )( ) ( )( )} ( ).,,2,, gzzgzzKgzz DDD <ψψ  

Similarly, 

( ) { ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min, fzzgzzgzzfzzzzN ssss
s DDDD ψψψψ=  

( ) ( ) ( ) ( ) .0,,,2, =−−= zzzzzzzzs DDDD  

Clearly, ( ) .0, =zzNs  

Hence, (4.28) gives ( ) ( ) ,2
,,4 gzzgzzK D

D <  which is a contradiction. 

Thus, ( ) .0, =gzzD  Similarly, if g is continuous, then the desired result is 

obtained. ~ 

Theorem 4.6. Let ( )D,,X  be a complete partially ordered b-metric-

like space with .1>K  Let XXgf →:,  be two mappings such that f is   

g-weakly isotone increasing. Suppose that for every two comparable 
elements ,, Xqp ∈  we have 

( ) ( ) ( ) ,2
,,,4 qpNqpNgqfpK s+

≤D  (4.29) 

where 

( ) ( )( ) ( )( ) ( )( ){ ,,,,,,max, gqqfppqpqpN DDD ψψψ=  

( )( ) ( )( )}fpqgqp ,,, DD ψψ  (4.30) 

and 

( )qpNs ,  

{ ( ( )) ( ( )) ( ( )) ( ( ))}.,,,,,,,min fpqgqpgqqfpp ssss DDDD ψψψψ=  (4.31) 
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Then the pair ( )gf ,  has a common fixed point z in X if X is regular. 

Moreover, the set of common fixed points of f and g is well ordered if and 
only if f and g have one and only one common fixed point. 

Proof. Following the proof of Theorem 4.5, there exists Xz ∈  such that 

( ) .0,lim =
∞→

zpn
n

D  

Now, we prove that z is a common fixed point of f and g. Since zp n →+12  

as ∞→n  from regularity of ., 12 zpX n ≤+  Therefore, from (4.3), we have 

( ) ( ) ( ) ,2
,,, 1212

12
4 ++

+
+

≤ nsn
n

pzNpzNgpfzK D  (4.32) 

where 

( ) ( )( ) ( )( ) ( )( ){ ,,,,,,max, 12121212 ++++ ψψψ= nnnn gppfzzpzpzN DDD  

( )( ) ( )( )}.,,, 1212 fzpgpz nn ++ ψψ DD  

Taking the limit as ∞→n  in (4.32) and using Lemma 3.1, we obtain that 

( )zfzK ,3D  

( ) ( )12
44 ,suplim,1

+
∞→

≤= n
n

gpfzKzfzKK DD  

( ) ( )

2

,suplim,suplim 1212 +
∞→

+
∞→

+
≤

ns
n

n
n

pzNpzN
 

{ ( ) ( ) ( )

( ) ( )} ( )

K

pzNfzpgpz

gppfzzpz

ns
n

n
n

n
n

nn
nn

n
n

4

,suplim,suplim,,suplim

,,suplim,,suplim,,suplimmax

121212

121212

+
∞→

+
∞→

+
∞→

++
∞→∞→

+
∞→

+
=

DD

DDD

 

( ( ) ( ) ( ) ( ) ( ){ }fzzzzzzfzzzzK ,,,,,,,,,max4
1

DDDDD≤  

( )).,suplim 12 +
∞→

+ ns
n

pzN  
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By the triangle inequality, we have 

( ) ( ),,2, fzzKzz DD ≤  

( ) ( ),,, fzzKfzz DD ≤  

( ) ( )( ) ( )( ) ( )( ){ ,,2,,,,2max, fzzKfzzKfzzKzzN DDD ψψψ≤  

( )( )( )} ( ).,2, fzzKfzz DD <ψ  

Similarly, 

( ) { ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min, fzzgzzgzzfzzzzN ssss
s DDDD ψψψψ=  

( ) ( ) ( ) ( ) .0,,,2, =−−= zzzzzzzzs DDDD  

Clearly, ( ) .0, =zzNs  

Hence, by (4.32), we have 

( ) ( ) ,4
0,2,4

K
fzzKfzzK +< D

D  

( ) ( ) ,02
0,,4 <+− fzzfzzK D

D  

( ) 0,2
14 <




 − fzzK D  

a contradiction. This implies that .zfz =  

Similarly, it can be shown that z is a fixed point of g. ~ 

Example 4.7. Let [ )∞= ,0X  be equipped with the b-metric-like ( )qp,D  

,2qp +=  ,, Xqp ∈  where 2=K  according to Example 2.2 and define 

a relation  on X by qp  iff ,pq ≤  where ≤  is the usual ordering on  

.R  Define function XXgf →:,  by 

9
pfp =      and     .7

pgp =  

Define [ ) [ )∞→∞ψ ,0,0:  by ( ) .2
tt =ψ  Then we have the following: 
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(1) ( )D,,X  is a complete partially ordered b-metric-like space. 

(2) f is g-weakly isotone increasing with respect to .  

(3) f and g are continuous. 

(4) For every two comparable elements ,, Xqp ∈  the inequality (4.3) 

holds, where ( )qpM s ,  and ( )qpNs ,  are given by (4.1), (4.2), respectively. 

Proof. Step 1. The proof of (1) is clear. 

Step 2. To prove (2), for each ,Xp ∈  ppfp <= 9  and .7 ppgp <=  

Thus, for each ,Xp ∈  we have fpppggfp ≤=




= 639  and 





= 63

pffgfp  

,567 gfpp ≤=  i.e., .fgfpgfpfp  Thus, f is g-weakly isotone increasing 

with respect to .  

Step 3. To prove (3), it is easy to see that f and g are continuous. 

Step 4. To prove (4), assume Xqp ∈,  with ,qp  i.e., ,pq ≤  

( ) ( ) ( ) ,2
,,,4 qpNqpMgqfpK ss +

≤D   (4.33) 

where 

( )qpM s ,  

( )( ) ( )( ) ( )( ) ( ) ( ) ,6
,,,,,,,,max





 





 +ψψψψ= K

fpqgqpgqqfppqp DD
DDD  

( )qpM s ,  

(( ) ) .6
97,7,9,max

22
22

2









































 ++





 +

ψ












 +ψ













 +ψ+ψ= K

pqqpqqppqp  
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We have the following cases: 

Case 1. If ,97
pq ≤  then we have 

( )qpM s ,  

,6
99,9

8,9
10,9

7max

22
222









































 ++





 +

ψ












ψ













ψ













 +ψ≤ K

pqpppppp  

( )qpM s ,  

.972
164,9

8,9
10,9

16max
2222

















ψ













ψ













ψ













ψ≤ pppp  

Clearly, ( )
2

9
16

2
1, 





= pqpM s  and 

( )qpNs ,  

{ ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min fpqgqpgqqfpp ssss DDDD ψψψψ=  

( )qpNs ,  

,9,,7,,7,,9,min




 





 





ψ





 





ψ





 





ψ





 





ψ= pqqpqqpp ssss DDDD  

( ) 




 ≤≤≤





 ppqppqp ss

97,7, ∵DD  

( ) ( ) ( )pppppp ,,,2 DDD −−=  

.0=  

Clearly, ( ) .0, =qpNs  Then, by (4.33), 

.481
1616

9
21699167,916

222

×
××=





≤





 +≤





 ppppqp
D  
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Clearly, ( ) ( ) .2
,,

7,916 qpNqpMqp ss +
≤





D  

Case 2. If ,79
qp <  then we have 

( )qpM s ,  

,12
777

9

,7
8,7

10,7
9max

22
222









































 ++





 +

ψ












ψ













ψ













 +ψ≤

qqqq
qqqq  

( )qpM s ,  

.588
164,7

8,7
10,7

16max
2222

















ψ













ψ













ψ













ψ≤ qqqq  

Clearly, ( )
2

7
16

2
1, 





= qqpM s  and 

( )qpNs ,  

{ ( ( )) ( ( )) ( ( )) ( ( ))},,,,,,,,min fpqgqpgqqfpp ssss DDDD ψψψψ=  

( )qpNs ,  

,9,,7,,7,,9,min




 





 





ψ





 





ψ





 





ψ





 





ψ= pqqpqqpp ssss DDDD  

( ) 




 ≤≤≤





 qqpqqpq ss

79,9, ∵DD  

( ) ( ) ( )qqqqqq ,,,2 DDD −−=  

.0=  
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Clearly, ( ) .0, =qpNs  Then, by (4.33), 

.449
1616

7
21677167,916

222

×
××=





≤





 +≤





 ppqqqp
D  

Clearly, ( ) ( ) .2
,,

7,916 qpNqpMqp ss +
≤





D  

By combining all cases together, we conclude that f, g and ψ satisfy all 
the hypotheses of Theorem 4.1 and hence f and g have a common fixed point. 
Indeed, 0 is the unique fixed point of f and g. ~ 
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