B W Far East Journal of Mathematical Sciences (FIMS)
© 2015 Pushpa Publishing House, Allahabad, India

f q'p \ Published Online: May 2015

http://dx.doi.org/10.17654/FIMSMay2015_197_207

Volume 97, Number 2, 2015, Pages 197-207 ISSN: 0972-0871

APPROXIMATE ANALYTICAL SOLUTION OF A
HIGHER ORDER WAVE EQUATION OF KdV TYPE

Jaharuddin

Department of Mathematics

Bogor Agricultural University

Jalan Meranti, Kampus IPB Dramaga
Bogor 16680, Indonesia

e-mail: jaharipb@yahoo.com

Abstract

We consider a higher order of Korteweg-de Vries (KdV) equation
which is an important water wave model. We find the approximate
analytical solution of the proposed model by Exponential Homotopy
Analysis Method (EHAM). By using this method, we solve the
problem analytically and then compare the numerical result with
exact solution. Numerical results reveal that the EHAM provides
highly accurate numerical solutions for higher order KdV equation.
The EHAM solution includes an auxiliary parameter. This
parameter provides a convenient way of adjusting and controlling the
convergence region of solution series.

1. Introduction

There are many nonlinear partial differential equations which are quite
useful and applicable in engineering and physics such as the Korteweg-de
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Vries (KdV) equation. The KdV equation represents a first order
approximation in the study of long wavelength, small amplitude waves of
inviscid and incompressible fluids. Furthermore, if one allows the appearance
of higher order terms, then more complicated wave equations can be
obtained. The higher order of KdV equation is generally difficult to be
solved and their exact solutions are difficult to obtain. Marinakis [11]
showed that the higher order of KdV equation is integrable for a particular
choice of its parameters, since in this case, it is equivalent with an integrable
equation which has recently appeared in the literature. During the last
century, asymptotic method [7] has often been used to obtain approximate
analytical solution to these problems. These methods are typically dependent
on the presence of a small parameter, consequently, asymptotic methods
often fail to provide accurate results for large values of the parameters. In the
recent years, much effort has been spent on this task and many significant
methods have been established such as tanh-function method [5], integral
bifurcation method [13] and F-expansion method [3]. An extended F-
expansion method was proposed by Yomba in 2005 [2] by given more
solutions of the general subequation. Using the new method, exact traveling
solutions of higher order wave equation of KdV type are successfully
obtained [10]. A new analytic approach named Homotopy Analysis Method
(HAM) has seen rapid development. The basic idea of the HAM is to
produce a succession of approximate solution that tends to the exact solution
of the problem [9]. This method has been successfully applied to solve many
types of nonlinear problems in dynamical fluid by many authors. Liao and
Cheung [8] successfully applied HAM in fully analytical way to nonlinear
waves propagation in deep water and the HAM solution in finite water depth
was obtained by Tao et al. [6].

The goal of this paper has been to derive an approximate analytical
solution for the higher order wave equation of the KdV type. We have
achieved this goal by applying Exponential Homotopy Analysis Method
(EHAM). Results are compared with the exact solution.
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2. Evolution Equation

Based on the physical and asymptotic considerations, Fokas [1] derived
the following generalized KdV equations:

o, o, .0, g, 220 N B Kol
6t+8x+ n5X+65X3+plun 8X+u6p ox3 *P3 OX px?

0 2 & on % o)
+ p4u3n36—2 + M25[ psN aTn + pgn 62 2 pm(a—gj J =0 (D)

The function n(x, t) represents the amplitude of the fluid surface with
respect to its level at rest, while p and o characterize, respectively, the long
wavelength and short amplitude of the waves, compared with the depth of
the layer. Parameters pj, i =1, 2,3, 4,5, 6,7 are free parameters. Fokas

[1] assumed that O(3) is less than O(w). According to this assumption,
we know that O(28) < O(u?) and O(u26) < O(ud). Neglecting two high
order infinitesimal terms of O(u?’, uzé), equation (1) can be reduced to
another high order wave equations of KdV type as follows:

., n, o, g, 220N &°n a_na_n

ot T TN ax+83 +p1un ax+“6"2”a TPIE o2 =0.(2)
Equation (2) is a special case of equation (1) for ps = p5 = pg = p7 = 0.
If p1 = po = p3 =0, then equation (2) becomes the classical KdV equation.

Equation (2) is studied by many researchers and some useful results are
obtained when pj, i =1, 2, 3 takes special values. Equation (2) was examined

in [4] and it was found that it possesses solitary wave solutions which for
small values of the parameters p and o, behave like solitons. As mentioned

in [12], equation (2) is, in general, nonintegrable in the sense that some of its
ordinary differential equation reductions do not possess the Painlevé property
and a Lax pair does not seem to exist. However, it was still found to possess
the traveling wave solution [10]:
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) = 126B,(A? — 4B;)sech?(y/By(x — Ct — Xg)) B
1(43pBy — 1)(A - 24/By tanh(y/By (x - Ct - xp)))?
when p; =0 and p3 = —2p,, where B, =B +%A2, C=1+40B;, A

and B are free constants, and Xy being the arbitrary location of the center

of the wave. Equation (3) can be written in the form of the well-known
sech?-soliton solution of the classical KdV equation:

n(x t) = p(—li(%c_—l)l)pz) sech{%,/%(x —-Ct - xo)j

which is exactly the one-soliton solution of the KdV if p, = 0 in which

case, equation (2) reduces exactly to the classical KdV equation [4]. By
setting po = 2py, p3 = —2p1, p1 # 0, the solution of (2) is

1268, (A% — 4B;)sech?(y/By (x — Ct-x))
o) = (A = 2,/B; tanh(y/B{(x — Ct — xp)))? @

3. Approximate Analytical Solution

In this section, we implement the EHAM to the higher order wave
equation of KdV type. Making a transformation n(x, t) = ad(¢), with ¢ =

x — Ct, equation (2) can be reduced to the following ordinary differential
equation:

_ ) 4o do _d) 2.2 do
1 C)d + pad €+8 i +pua(|) o

43
¢ do d%
+M5a(92¢ o *P3gr a2 J 0, ®)

where C is the wave velocity which moves along the direction of x axis and
C # 0. Suppose

¢(C) ~ Dexp(-AC) as € — oo, (6)
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where A > 0 and D are constants. Substituting equation (6) into equation (5)
and balancing the main terms, we have

c-1
A= 5

Defining & = AC, equation (5) becomes

-c-nR+c- 1)— + naggt + pytale?

d3 dd d?
+(C —1)ua(pz¢d—£+ pgd—ggﬂ ~0. @)

Assuming the nondimensional wave elevation ¢ arrives its maximum at

the origin, we have the boundary condition as follows:
do

Then the solution can be expressed by the base functions
{exp(-n&)In =1, 2,3, ..}
in the form
6(8) = D by exp(—ng), ©)
n=1

where by, is a coefficient to be determined. From equation (7), we define the

nonlinear operator N as

_ d d’o 252 A0
N(D, A)——(C—l)d +(C - 1)—+uaCD d§+p1uaCD 3

d3® dd d2®
+(C =Dpa| pr® —— + pg ot =
( )“ (pZ d 3 P3 d& d&zj
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and the linear operator L is chosen as

d3o  do

L(CD, A):d_gg_d_é

with the property L(C;exp(-§)+ C,exp(§) + C3) =0, where C;, C, and
C3 are constants. According to the boundary condition (8), the initial guess

is chosen as
Dy (&) = 2exp(-E&) — exp(-28).

The EHAM is based on a continuous transform (®(&, p), A(p)), as the
embedding parameter p increases from 0 to 1, (®(&, p), A(p)) varies from
the initial guess ®y(&) to the exact solution (¢(§), @). To ensure this, let

h = 0 denote an auxiliary parameter. We have the zeroth order deformation
equation

(L= p)L(D(E, p) - Dg(&)) = PhN(D(E, p), A(p)) (10)

subject to the boundary conditions
do
(D(O, p) =1, d—é(O, p) = 0, (D(OO, p) =0.

Expanding ®(&, p) and A(p) in Taylor series with respect to p, we have

D& p) = Do(&)+ ) dm(E)p",

m=1

Ap) =39+ D app™,

m=1

where

m
¢m(‘t-.~) = %&%p)bzol
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_13"A(p)
m _ﬁdp—m|p:0-

Note that equation (10) contains the auxiliary parameter h, so that
®(&, p) and A(p) are dependent on h. Assuming that h is so properly

chosen that the series is convergent at p =1, we obtain

9(8) = D(E, 1) = Dg() + D (),

m=1

[ee)
a=Al)=a+ ) ap.

m=1

Differentiating equations (10) m times with respect to p, then setting
p = 0 and finally dividing them by m!, the mth order deformation equation

is
L(0m (&) = xmdm-1(&)) = hRy, ((T)m’ dm) (11)
subject to the boundary conditions
om0 = 20— ) =0 12)

where yy, =1 for m>1, x; =0 and

m-1—i

doy_i
"‘PlPl2 [E d:jaj E ardj_ rJ{ E Otdm-1-i t}
i j r=0
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m-1 i 3 do;_: 2 )
+H(C1){Zzaj(f)2¢ij d(l)gg?’l—l +p3 (I;éj d igz'lj].

i=0 j=0

The solution of equation (11) is
dm(&) = Crexp(-&) + Co exp(&) + Cg + O (2),

where $m(f—,) is a special solution of equation (11) with the unknown terms

am—1. According to the boundary condition (12) and equation (9), we have
~ ~ A (0
Co=Cs=0, Ci=-dn(0) and G0+ D0 g
which determine ay,_j.

4. Result and Discussion

Suppose given the following data [4]: u=1 & =0.01, C =1.024,
p1 =0, pp =1 p3=-2py,. By using equations (11), (12) and (13), we

successively obtain:
&y = by(h)e ™ + by(h)e ™25 + by(h)e™3 + by(h)e ™S
0y = dy(h)e S + dy(h)e 25 + dg(h)e 35 + dy(h)e ™
+ dg(h)e ™5 + dg(h)e %
ap = 0.4741833513
a = 0.0774935614h — 1.240779767 x 102

a, = 0.0002959256h% + 0.001665576212h + 1.975763962 x 10~ °

and so on. In the same manner, the rest of the components can be obtained
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using the symbolic package. According to the EHAM, we can obtain the
solution in a series form as follows:

P(&) = (&) + 91(8) + §2(8) + 93(E) + ¢4(8) + -+,
a=ay+a +ay+ag+ag+--. (14)

The above series (14) contains the auxiliary parameter h which influences the
convergent region. For different values of h, a converges to the same value -
the approximation of the exact solution. It can be seen in Figure 1, the nearly
horizontal line segments of a —h curves correspond to the convergence
regions of the h values. The valid region of h in this case is -2 < h < -1/2

as shown in Figure 1. The convergence region enlarges as more high order
terms are included in the series. Based on the above arguments, the auxiliary
parameter is chosen as h = —0.9 for all the EHAM solutions presented in
this section.

— 3" prder -1 -
..41.h

order

Figure 1. The h-curves of a by EHAM.
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The comparison of the EHAM solution and the exact solution is shown
in Figure 2. It can be seen in Figure 2 that the present EHAM solution is
almost identical with the exact solution. There exists a very good agreement
between EHAM solution and exact solution.

04+
0.3
0.2

0.1

Figure 2. Comparison of the exact solution with the 6th order EHAM
solution of n.

5. Conclusions

In this paper, EHAM has been successfully applied to find the
approximation analytical solution of the higher order wave equation of
Korteweg-de Vries. The convergence region is controlled by the non-zero
parameter, providing us a simple way to adjust convergence. The present
method holds promise in providing traveling wave solution for more
complicated wave equations.
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