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Abstract

Investigating the expression (n +1)P —nP for natural n and prime p

we will show some interesting properties of divisibility of integers and
a way to follow up a simple idea, to obtain nice generalisations while
teaching elementary algebra. We will make use of some theorems
suitable for secondary school mathematics teaching.

The Story of the Problem

While teaching mathematical induction in a secondary vocational school,
one of the students, Attila Nemes has “discovered” the following interesting

3

property: if a number of the form (n + 1)3 —n~ is divided by 3, the remainder

always will be a multiple of 3 plus 1, in other words congruent to 1 mod 3. |
have shown him the proof, he got disappointed, but continued his
“investigations™ using a pocket calculator. We worked similarly about three-
four weeks, discovering, and finding the proof of some properties, which are
equivalent to the so-called Fermat little theorem. In the following, | will sum
up our findings, which finally appeared in a joint paper [1].
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Divisibility Properties of Positive Integers
Proposition P.1. For any p > 3 prime, and n € N, we have:
(n+1)° —=nP = p-M, +1, where M, € Z and n(n +1)|M,.

Remark R.1. If p > 5, then in the above proposition, we will have:

2
(N +n+1)|M, aswell.

Proof. Let p > 3 be a prime and n be an arbitrary natural number. We

have
P_nP_c0np 1.p-1 20p-2 p-1 p_np
(N+D)F —nF =Cpn® +Cpn" = +Cyn" " + -+ Cyn+Cp —nP.
In other words,
(n+1P —nP =cpnPt+ConP 2+ v Chln+ L 1)

It is easy to see that

_p(p-D(p-2)--(p-k+1)
Ch = Kk-D(k-2)-321 Pt 1sk<p

where Ly is an integer as the binomial coefficients C'l[‘J are integers and the
factor p is a prime, 1<k < p, so it has no divisors, while the possible

simplifications are done. Summing up:
CE: p-Ly, 1<k<p and Ly € Z
Let us introduce the notation Lkn'["k = Ly € Z inrelation (1):
(n+1)P —nP = plg + pLy + -+ pLpy +1
=p(L{ + Ly +--+ Lpg) +1,
hence

(n+1)P -nP=p-My+1 where Mp = { + L+ +Lpg €Z (2
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Now we need to show n(n +1)|M ,, and if p >5, then (n2 +n+1)[My.
(a) First, based on the relation (1), we can see

M. (3)

(b) We can express p- M, from the relation (2): p-M, = (n+ P -

nP —1, in other words, p - M p is a polynomial in n. Let us denote it
f(n)=p-Mp=(n+1)P —nP -1.

Using the Bézout theorem for f(n), we will show that (n+1)| f(n).
Indeed, f(-1)=0p—-(-1)—-1=0 (as p >3 is prime, so p =2k +1),
hence (n +1)| f(n), in other words, (n+1)[p- M, and as p is a prime, we

finally have:

(n+1)|M,. )
(c) If p =5, then we need to show (n2 +n+1)[M,.

Let us consider again the polynomial f(n) introduced in before, and use

again the Bézout theorem to show that (n—ny)| f(n) and (n—ny)| f(n),

where ny and n, are the complex roots of the quadratic polynomial n® +n

+1 ie,
1 .3 2n . . 2¢
nl——§+lT—COS?+ISIn?,
n ——i—iﬁ—cosﬂﬂsinﬂ
2= 2~ 3 3"

Remark R.2. Considering divisibility by 6 the prime p > 5 can belong
only to the residue classes 6k +1 or 6k + 5, as all other 6k, 6k + 2, 6k + 3,

6k + 4 are divided by 2 or 3. Consequently, let us consider the following
two cases:
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(cy) Ifthe prime p > 5 has the form 6k +1, k € Z, then
f(nl) _ (nl n 1)6k+l _ n]f-ik-kl -1

and we know that

nl—coszn+isin27T
= cosTgHisingn
1 .43 T .. T
and we compute iy +1 = = +i—— = coS+ + isin . Hence,
2 2 3 3
(ng) = cos (6k ;-1)7'[ ~isin (6k +)m cos (6k +31)27r
—isin(6k+1)2n—1
3
= COS, 2kn+£3+isin 2k + =
- 3 3
— COS 4kn+ﬁ —isin 4kn+ﬁ -1
3 3
B T, T 2n . .21
f(nl)_cos§+|sm§—cos?—|sm?—1
—1+i£+1—i£—1—0
-2 2 2 2 -
f(n) = 0, consequently, (n—ny)| f(n).
Similarly, for n,, we have
1 .43 Ar . . 4¢ 5t . . 5m
Ny = -5 —l—-=C0s—+isin—= and n, +1_cos?+|sm?.

(6k 4:-31)575 isin (6k 4:-31)575 ~ cos (6k +1)4n

f(ny) = cos 3

(6k +1)4n

3 1

—isin

(®)



About a Divisibility Property of Integers 19

5i .. 51
= CO0S 10kn+? +isin 10kn+?

- cos(8kn + 4—“) _ isin(Skn + 4—“) 1

3 3
5t . . bmn A . . Arn
f(n2)_cos?+|sm?—cos?—|sm?—l
1 .43 1. .43

=yl i 1=0

f(ny) =0, thus (n—ny)| f(n). (6)

(co) If the prime p has the form 6k + 5, with k € Z, and we know that:

2n . . 2% T .. T
= risin== and n +1=coso+ising,

ny = cos 3

respectively,

Ny, = cosﬂJrisinA'—TE and ny, +1= cos5—n+ isin5—7T
2= 3 3 2 = 3 3
Thus,
f(ny) = cos (6k + 5)5n +35)5n +isin {8k +5)5m _ o (Bk + 5)dn +35)4n
_isin (6k +5)4n 1
3
= cos(lOkn + Zi?’n) +i sin(lOkn + z%n) - cos(Skn + %n)
- isin(8kn " 20—“) 1,
3
f(ny) = cos= + isin® - cos 2™ _jsin2® _1 = 0,

3 3 3 3
f(ny) =0, and thus (n —ny)| f(n). (6")
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Similarly, for ny,

f(n;) = cos

(6k ; 5)n +—iSh1(6k ; 5)n __COS(Gk +55)2n

_igin 6k +5)2n

3 1

= cos(an + 5—“) + isin(an + S—RJ - cos(4kn + lo—nj

3 3 3
- isin(4kn " 10—”) -1,
3
507 . . bmn A . . 4x;
f(n)= €08 == +18in == — cos == — |sm?—1_ 0,
f(n) =0, thus (n —ny)| f(n), too. (5)

Based on (5), (6), respectively, on (5'), (6'), it is clear that
(n2 +n+1)] f(n). @)
The given property can be generalized if taking n + k instead of n +1.

Proposition P.2. If p > 3 is a prime, n and k are natural numbers, then

n+k)P-nP=p.-n-k(n+k)-M +kP, where M ¢ Z.
Proof. Let p > 3 be a prime, n and k be two natural numbers.

One can write:

(n+k)P —nP = anp +C%np‘1k +Cf,n'°‘2k2 +---+C|[|‘))‘lnk'°‘1
PP _ P
+Cpk" —nt,
(n+k)P —nP =CpnP Tk +CInP72%k% + -+ CH kP 4+ kP (8)

From the previous proof, we know that ck = p- L andtake Ly = Lknp‘k.
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n+k)P —nP = pLk + pLok? + -+ pLy_1kPL + kP,
( pLik + pL3 PLp1
thus (n+k)P —nP =p-M, +kP, where M, = Lk + Lok? +++ Ly kP!
€ 7.
We need to prove that
@ n|Mp (b) (n+ k)M, (c) kIM,.
According to the relation (8),
(n+k)P —nP = Ctnp‘lk + Cf,n“)‘zk2 +o Cg‘lnk P~ 4 kP
=p-Mp +kP
or
C%,np‘lk + Clgn'["zk2 +oe Cg‘lnk P-1l_p. Mp

and because p is a prime, it follows that
n|M, and kM. )
(b) Let us denote now p- M, = f(n) = (n+k)P —nP —kP.
According to the Bézout theorem,
f(—k) = 0—(=k)? —kP =0, we have (n + k)| f(n),
thus (n + k)| M . (10)

Another possible generalization of Proposition P.1 is the following:

Proposition P.3. If p > 3 is a prime, respectively, n and k are positive
integers, then

(n+k)p—np=p-l\7p+k, where I\TpeZ.

Proof. Let us apply Proposition P.1 for the integers n, n+1, .., n+k
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—1, n + k, consequently, we will have respectively,
(n+)P —nP=p-My;+1,
M+2)P —(n+)P =p-Mp o +1, ..,
(N+k-)P —(n+k-2)P =p-M, 1 +1
n+k)P—(+k-1P =p-M, | +1.

Summing up all, we have
(N+k)P =nP=pMp1+Mpo+Mpg+-+Mpyg+Mpy)+k
(11)

and thus

(n+k)p—np=p*l\7p+k.

Applications

(1) As a simple consequence of Proposition P.3, it follows the Fermat’s

little theorem.

If we put n=0 and k = a, then according to P.3, aP —0=p- I\7p
+a, hence aP —a=p- I\7IO (Fermat’s little theorem).

(2) Based on Propositions P.2 and P.3, we can prove the same theorem in

another way as well:

FromP.2, we have (n+a)® —nP = p- M, +aP (k = a).

Il
o
<
o
+
QD
~
=
I
QD
~

From P.3, we have (n + a)P —nP
Their difference is 0=p-M'+aP —a, and thus aP —a=p*M’,

where M'=Mp—MpeZ.
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The Follow Up of the Story, or Does Computer Algebra Help?

Propositions P.1-P.3 were presented in the Self Made Mathematics
Group organized for talented secondary school students, and we have used
computer algebra tools to check the validity of the properties. While
factoring the polynomial f(n) = (n+1)P — nP —1 for different values of the
prime p, we did observe that it works indeed for all primes we checked,
moreover for some of the primes, the polynomial is divided not only by the
guadratic factor n? +n+1, but even its square, (n2 +n+ 1)2 appears as a

factor. We became excited, and we continued the factoring, just as in the case
with the pocket calculator, but now we used the power of computer algebra.
We did the checking up the computer slowed down, and even more, and soon
we did formulate a new “conjecture”. From the series of checking, it seemed
that the new property is valid only for the upper pair of twin primes over 5,
like for 7, 13 or 19.

Proposition P.4. For any p > 7, prime, such as p — 2 is prime as well,

and n € N, we have
(n+1)P —nP = p-Mp+1 where M, € Z and n(n+l)(n2+n+1)2|Mp.

Proof. If p > 7 is such a prime, it can be only of the form 6k +1, as
p—2 can be only of the form 6k —1, equivalent to 6k + 5. Take now
the derivative of the polynomial f(n)=(n+1)? —nP —1 will be f'(n) =

p(n +1)P2 = pnP~L We have to show that both f'(ny) and f'(n,) are 0,

for n =—1+i£=cosz—n+isinﬁ and n =—l—i£=cosﬂ+
1=727° 72 3 3 2 2 2 3
isinﬂ
3
Indeed, as before, we compute ny +1 = %4— ig = cos% + isin% and
n +1—l—i£—0055—n+isin5—Tc
2TET T T 3 3"



24 Péter Kortesi

For p = 6k +1, we have p —1 = 6k, and thus
t'(ng) = p(ng + 1P~ - pnP ™

6k 6k
=pcos£+isinE —pcos—n+isinﬁ
3 3 3 3

= p(cos 2kr + isin 2kr) — p(cos 4kn + isin4kn) = p— p = 0.

Similarly,

f'(ng) = p(np +1)P 1 — pnft

= 0035—n+isin5—nGk— cosﬂ+isinﬂsk
= P e0s3 3 e 3

= p(cos10kn + isin10kr) — p(cos8kr + isin8kn) = p — p = 0.

As we have proven that both the polynomial and its derivative are
divided by n—ny and n — n,, this means that both (n — n1)2 and (n— n2)2,

and thus (n? + n +1)% is a factor of f(n)=(n+1)? —nP —1.
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