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Abstract

This study aims at presenting fuzzy optimal production Q** and

shortage quantity b** for fuzzy production inventory with backorder
when setup, holding, and shortage costs are fuzzy. For this purpose,
two different fuzzy models, one of which includes crisp production
and crisp shortage quantity, and the other of which involves those that
are fuzzy, have been presented by making use of trapezoidal fuzzy
numbers. For each model, fuzzy total cost FTC has been attained via
function principle. In order to defuzzify the FTC, graded mean
integration method has been used, and as to solve inequality
constrained problems, extension of the Lagrangean method has been
applied.
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Nomenclature

0 Optimal production quantity
o** Fuzzy optimal production quantity
0 Production quantity

Q Fuzzy production quantity

b* Optimal shortage quantity

b** Fuzzy optimal shortage quantity
b Shortage quantity

b Fuzzy shortage quantity

Co Setup cost

50 Fuzzy setup cost

Cy Item holding cost

C h Fuzzy item holding cost

T Item shortage cost

T Fuzzy item shortage cost

P Production rate

D Demand rate

I max Maximum stock level

1. Introduction

In classical inventory models with backorder, orders are granted taking
the production capacity into consideration, and also shortage is allowed. In

Figure 1, it is shown that inventory increases in P-D rate during 77 period,

that production comes to a halt at the end of 77, that forthcoming demands
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are provided from stocks, that stock decreases to zero level at the end of 7,

period, that the demands cannot be met and clients are made to buy on credit

until the end of 73 period, and that production process restarts at the

beginning of 7, period. The assumptions of the model are as follows:

m The demand is crisp and constant in each period.
m Production rate is crisp in each period.
m Shortage is allowed.

m Production rate is greater than demand rate.

M Stock level

T

<

Figure 1. Classical production model with backorder.

In classical production model with backorder, all the parameters are crisp
numbers. Here are the optimal production and optimal shortage quantity that
minimize the total cost:

Q* - %Ch;n)’ (1)
Chﬂ'{l — Fj

D
2copci{1- D)

b = n(Ch+m) @
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According to the traditional decision making theory, all the parameters
affecting the models are either certain or those that involve vagueness are
made certain via possibility theory. In accordance with the modern decision
making theory, on the other hand, vagueness exists in every aspect of real
world. Since the beginning of the early 1950’s, uncertainties in inventory
systems are fit into a model through possibility theory. Inventory control
model is a part of material flow system, which is one of the subsystems of
supply chain. Zarandi et al. [1] suggest that it is functional to use fuzzy set
theory since all activities and their network contain a high degree of
imprecision. It may not be probable to explain all uncertainties, which exist
in inventory system as a subsystem of supply chain, by randomness.
Therefore, as uncertainties cannot be prevented, models that take the

imprecision of the environment into account produce more valid results.

In 1982, Kacpryzk [2] proposed using fuzzy set theory in inventory
problems. Making use of the fuzzy set theory in 1987, Park [3] was to first to
identify the term fuzzy inventory cost, and he found fuzzy optimal order
quantity using extension principle. In 1996, Chen [4] presented fuzzy
inventory model with backorder employing function principle. Previously,
Chen [5] also introduced second function principle. Similarly in 1996, Yao
and Lee asserted inventory model with backorder [6] through extension
principle [7]. In 1999, Chang [8] put forward the membership function of
FTC for fuzzy production model using the extension method, and attained
optimal order quantity via centroid method. Additionally, Chen and Hsieh [9,
10] developed inventory models with trapezoidal fuzzy numbers. Petrovic et
al. [11] studied on supply chain in fuzzy environments. In 2002, Chiang and
Hsu [12] presented single-period inventory model with fuzzy demand, as
Chih [13] presented single-period production model. In 2005, Dutta [14]
developed single-period inventory model in an imprecise environment. In

2006, Li and Zhang [15] optimized fuzzy inventory model with backorder.

In this study, fuzzy setup, fuzzy inventory, and fuzzy shortage costs are
assumed as fuzzy trapezoidal numbers; and hence, fuzzy optimal order
quantity and fuzzy optimal shortage quantity are obtained. In fuzzy
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arithmetical operations, Chen’s function principle [16], and in defuzzification
of fuzzy total cost Chen’s and Hsieh’s graded mean method [17] were used.
Besides, extension of Lagrangean method was applied in order to obtain
results when production quantity and shortage quantity are fuzzy. Fuzzy

production inventory with backorder was explained by an example.
2. Methodology

2.1. Fuzzy arithmetical operation under function principle

For operations with fuzzy trapezoidal numbers, Chen developed function
principle [16]. Some basic arithmetical operations with function principle are
shown below:

Let A =(ay, ar, a3, aq) and B = (b, by, by, by) be two fuzzy
trapezoidal numbers. Thus,
1. The additionof A and B; A® B = (ay + by, ay + by, a3 + by, ay +by),

where ay, ay, a3, ay, by, by, by, and by € R.

2. The multiplication of Aand B; A® B = (¢1, €9, €3, C4), where T =
{aiby, aiby, aghy, agbs}, Ty = {aghy, azbs, azby, azbs}; ¢ = minT, c; =
min7j, c3 =max7T, ¢4 = max71]. If ay, ap, a3, a4, b, by, by and by
are positive real numbers, the multiplication of A and B is A®B =
(ayby, agby, azby, asby).

3. The subtraction of A and B; —B =(-by, —bs, —by, —by), then
ASB =(a; — by, ay — by, a3 — by, ay — by), where ay, ay, a3, ag, by, by,
b3, by € R.

4. 1/B = BV = (1/by, 1/by, 1/=by, 1/=by), where by, by, by and by
are positive real numbers. If a;, ap, a3, a4, b, by, by, by are all

nonzero positive real numbers, then the division of A and B is AQB =

(a1/by, ay /by, a3 /by, aq[by).



78

Ozer Oztiirk, Yavuz Gazibey and Orhan Gerdan

5.Let oo € R. Then

a.a>0,a®4 = (aq, aay, aaz, 0ay),

b.

a<0,0®A= (aay, 0as, aay, aap).

2.2. Graded mean integration representation method

In order to defuzzify fuzzy numbers, Chen and Hsieh developed graded
mean method [17]in 1999.

Let 4 = (a, b, ¢, d) be a fuzzy trapezoidal number as shown in Figure

2. The real numbers set is defined in R. The specifications of membership

function (n ) provide the following:

1.

2.

6.

Hy 1s a continuous mapping from R to the closed interval [0, 1],

pzzo,—oo<x£a,

. 1y = L(x) is strictly increasing on [a, b],

ugzwA,beSc,

. 1y = R(x) is strictly decreasing on [c, d],

“ZZO’ d <x <o, where 0 < wy <1, and a, b, c and d are real

numbers.

Fuzzy trapezoidal numbers can generally be expressed as: A=

(a, b, ¢, d; wy); - When upper value of membership function w, =1, the

fuzzy trapezoidal number can be expressed more simply as A= (a, b, ¢, d).
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A
A
Wa
L(x) R(x)
h
0 a L' b hL'(h)+Rh)Y2 ¢  R'(h) d -

Figure 2. The graded mean of A= (a, b, c,d; wy);p-

In Figure 2, it is illustrated that L' and R7! are inverse functions of L
and R, and that the graded mean of A= (a,b,c,dywy)p is h(L_l(h)
+ R_l(h))/ 2 in h level. Consequently, the graded mean integration

representation of 4 P(A4) with grade w,

P(i) = J'OWA h[L_l(h) ; R_l(h)th/J‘OWA hah, 3)

where 0 < A <wy and 0 <wy < 1.

Let D be a fuzzy trapezoidal number and be shown as D=
(dy, dy, d3, dy). Therefore, by formula (3), the graded mean of D is given

below:

~ 1 — — 1
P(D)z‘[oh(d1+d4+(d2 2d1 d4+d3)hjdh/'|‘0hdh’

_d1+2d2+2d3 +d4
= c A

“)

2.3. Extension of the Lagrangean method

Taha [18] presented how non-linear models involving equality



80 Ozer Oztiirk, Yavuz Gazibey and Orhan Gerdan

constraints can be solved by Lagrangean method. This method is broadly

based upon the fact that optimal solution is on bounded constraint(s).

Let the model be:
Min y = f(x)
gi(x)20,i=1,2,..,m
x = 0.
The steps of Lagrangean method are given below:
Step 1. Solve the unconstrained problem
Min = f(x).

If optimal solution meets all constraints, stop. All constraints are redundant.
Otherwise, set £ =1 and go to Step 2.

Step 2. Activate any k constraints (i.e., convert them into equality) and

optimize f(x) subject to the k active constraints by the Lagrangean method.

If the resulting solution is feasible with respect to the remaining constraints,
stop; it is a local optimum. Otherwise, activate another set of k constraints
and repeat the step. If all sets of active constraints taken k at a time are
considered without encountering a feasible solution, go to Step 3.

Step 3. If & = m, stop. There is no feasible solution. If not, set k =
k +1 and go to Step 2.

3. Fuzzy Inventory Model with Fuzzy Setup, Fuzzy Inventory,
and Fuzzy Shortage Cost

Co =(Cor. Coz. Co3: Coa)» Cpp = (Ch1s Cpas Cpzs Cpa), T = (my, M,
T3, M4 ) are positive trapezoidal fuzzy numbers. @, ®, © and & sequentially

symbolize operations of fuzzy addition, fuzzy multiplication, fuzzy
subtraction and fuzzy division.

The membership functions of fuzzy setup cost 50, fuzzy holding cost
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(N?h and fuzzy shortage cost T are as follows:

0, Co < Cor,
Co —Coi
Co2 — Coi ? o=
“GO(CO) =11, Coz = Cp < Cps,
Cos —Co
, Cp3z <Cp < Cpy,
Cos —Co3 @ mromTo
0, Cos < Co.
A
He,
I
0 Cor Cps Cos Coa

Figure 3. Fuzzy setup cost 50.

0, C, < Ch,
Cp = Cp
Cp2 —Cpy
ke, (Cr) =1L, Cha < Cpp < Cy3,
Cha — Gy
> Cp3 <C) < Cpy,
Cha — Cp3
0, Cha < C.
A
#(ﬁ:h
|
0 Chi Ciz Cis Cha

Figure 4. Fuzzy holding cost Eh.
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0, T < 1,
n—m
—, MW ST Wy,
T~
px(n) =11, ny, < < M3,
Ty — T
4 - 3 S TS Ty,
T4 — T3
0, Ty < T
A
Hy
1
>
0 T T T Ty

Figure 5. Fuzzy shortage cost 7.

In this model, the annual FTC is:

8 e

@[%g—g(})il)+%ﬂ. )

As a result of arithmetical operations by function principle [16], FTC will be

a positive fuzzy trapezoidal number as given below:
o] Cal Cublgfy D) 2(; 3
F_{QJer A% 21\P=D'D
2 2
TClDb 1 i C02D Cth _2 _ 1 L
720 (P—D+D)’ o "o |9V F) 7\ Pop D

i L
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i A L (2

20 \P-D D 0 20 P P-D D
n Db (1 1
+ 20 (—P - + Bﬂ (6)

Then, when FTC function is defuzzified through graded mean method [17],
graded mean of FTC will be:

04[5 2l 2) o (L

mDb? (1 s )+2C02D
20 \P-D" D 0

-8 Tl 2 )
22 P8 (o) B
2 -tz

; “422’32 (P L —+ %ﬂ %)

The production quantity that minimizes P(F; ) is optimal. If P(F}) is derived

with respect to O and is equalized to zero in order to find optimal production

quantity, the following equation is obtained:

oRF) _1 —(Co1 +2Cpy +2Cp3 + C04)£
o0 6 Qz
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D
1-=
P

+(Cpp +2Cyn +2Cy3 + Ch4)(—2) —(Cp +2Cp

2
+ 2Ch3 + Ch4 +m + 271',2 + 27[3 + 7'[4)b—D =0. (8)
20'(1-3)

The shortage quantity that minimizes P(F}) is optimal. If P(F) is derived
with respect to b and is equalized to zero in order to find optimal shortage

quantity, the following equation is obtained:

OP(F) 1 D
%0 "6 —(Co1 +2Cpy +2Cp3 + CO4)E

-2

P
+ (Chl + 2Ch2 + 2Ch3 + Ch4)T - (Chl + 2Ch2 + 2Ch3

2
+ Ch4 + T+ 27[22 +2TE3 + 7'[4)b— =0,
20'(1-3)
P
- (Ch +2Cpp +2C3 + Cpa) (1 _ 2) ©)
(Chl + 2Ch2 + 2C/13 + Ch4 +m + 27'C2 + 2TE3 + TC4) P/

When b stated in equation (9) is placed in equation (8), fuzzy optimal

production quantity Q™" is

2D(C01 + 2C02 + 2C03 + C04)
Q** _ '(Chl +2Ch2 +2Ch3 +Ch4 + T +2T52 +2TC3 +TC4)P (10)
B (Chl +2Ch2 +2Ch3 +Ch4)(751 +2TE2 +2TC3 +TE4)(P—D)'

When Q™ stated in equation (10) is placed in equation (9), fuzzy optimal
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shortage quantity ™" is

2D(C01 + 2C02 + 2C03 + C04)
(Cp1 +2Cpp +2Cy3 + Cpg) (P — D)
(TEI + 2752 + 27'53 + TE4)
. (Chl + 2Ch2 + 2Ch3 + Ch4 +m + 271:2 + 27‘C3 + TC4)P

b** —

e

4. Fuzzy Inventory Model with Fuzzy Production and
Fuzzy Shortage Quantity

In this model, in addition to the assumptions of the previous model,

production quantity and shortage quantity are taken as fuzzy numbers, and

hence fuzzy optimal production quantity O™ (g1, ¢5, ¢3. q4) and fuzzy

optimal shortage quantity »**(by, by, b3, by) are tried to be found

accordingly.

0 = (1> 92 43- 44) b = (b1, b2, b3, by), Co = (Cor, Con» Coss Cos)s
Ch = (Cpt» Cho» Chzs Cpg) and T = (my, w5, 73, 74)

are positive trapezoidal fuzzy numbers.

Subjectto 0 < by < by < b3 < by < q| < gy < q3 < q4, FTC function is:

~ [CoD cth[ [ D) T( 1 1)
FZ_{ a2 TR PoD D

+n1Db12 N
2q4 \P-D D)

CooD cth[ ( Dj T( 1 1) nszzz( 1 1)
a 2g 1B R) 2 Pop D) o D)

C03D Ch3D|: (_D)_ :|2( 1 1) TC3Db§( 1 1)
o 2g, |2\ \PoD D) 2, \P-D D)
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CosD CpyD ( D) 2( 1 L)
a2 1P (P2 D

2
TE4Db4( 1 1)
Tabaf L ) 12
"2 \P-D'D (12)

Then, when FTC function is defuzzified through graded mean method [17],
graded mean of FTC will be:

~. 1/CoD  CyD D) _ T( 1 i)
P(Fz)—6|: d4 + 26]4 (]41 P bl P—D+D

2
n TElDbl ( 1 n Lj n 2C02D
25 \P-D D)7 g3

CpoD D 2r 1) nszf( 1 1)
2 le(1-5)-0 ] (5 ) 2 (5

2
, 2Co3D | CjaD [qz(l _2) _b3} ( 1 1 )

o 1 P P-D'D
2 2
TE3Db3 ( 1 1 ) C04D Ch4D ‘: ( D) :l
+ — |+ T g1 -2 -
@ \P-D D) q 2 | "P)*
1 1 +—n4Db‘% 1 +ij (13)
P-D D 2¢¢ \P-D D)J|

0<by by £b3 <by <qp < gy g3 < g4 inequality can be converted into:
bz—bIZO, b3—b220, b4—b320, ql—b4>0, Q2—ql20, q3 — 47
>0, Q4—Q3208,1'1db1>0.

Finding b, by, by, by, ¢y, G2. 43, q4 that minimize the P(F,) by
Lagrangean method [18] is explained below:

Unconstrained problem is solved. When the function is derived with

respect to g, ¢», ¢3, g4 and is equalized to zero in order to find the
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production quantity that minimizes P(fz ), the following equalities hold:

OP(Fy) _ CosD

D

uf1-2) :
N P) (Cpa+ma)by _

oq, q12

OP(F,) _ 2Cp3D

2 2 D
2gi|1-=
{12

2
N ChS(l _Qj _(Cpz +m3)by

8(]2 2 P 2 D
q> -
93 (1 P
~ 2
OP(F,) __2CpyD L C (1 _2) (Cpp + )by
%43 g SN 2(1 _D
q3 P
~ C (1 _ 2) )
oP(F,) _ ColD N hl P) (Cp +m)bi _ 0
! .
044 a3 2 2q£(1 = %

(14)

(15)

(16)

(17

When the function is derived with respect to by, by, b3, by and is

equalized to zero in order to find the production quantity that minimizes

P(F,), the following equations hold:

oP(Fy) _
ob; ’
oP(Fy) _
ob, :
oP(Fy) _ 0
oby :
OP(Fy) _ 0
oby

D
Ch194(1 - ?j

then b = Co v
D
ChZ‘IS(l - 7)
then b2 = W
D
Ch3Q2(1 - 7)
then b3 = W
D
Ch4‘11(1 - ﬁ)
then by = ——— "+ 7

Cha + 14

(18)

(19)

(20)

e2y)
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When b, in equation (21) is placed in equation (14),

2C04D(Cpy + my)
D
Ch47t4(1 - Fj

When b5 in equation (20) is placed in equation (15),

q = holds. (22)

_ [2Co3D(Cy3 + m3)
Ch3TE3(1 — Fj

When b, in equation (19) is placed in equation (16),

holds. (23)

2C0rD(Cpp + m7)

q3 =
D
ChZTCZ(l - F)

When b; in equation (18) is placed in equation (17),

holds. (24)

2Co1D(Cyy + 1)

q4 = o) holds. (25)
Chlnl(l - —)
P
When ¢, in equation (25) is placed in equation (18),
2Co1DCy1 (P - D)
= holds. (26)
’ \/ 1 (Cpy + m)P

When g3 in equation (24) is placed in equation (19),

by, = holds. 27
2 \/ my(Cphp + )P 7

When ¢, in equation (23) is placed in equation (20),

2Cp3DCy3(P - D)
b, = holds. 28
3 \/ n3(Cy3 + m3)P (28)
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When ¢ in equation (22) is placed in equation (21),

2Cp4DCpy(P — D)
by = holds. 29
4 \/ m4(Cpa + m4)P (29)

These solutions show the possibility of 0 > by > by, > by > by > q; > qr >
g3 > q4 and they do not satisfy the 0 < b <by < b3 <by <gq; <gp <
g3 < g4 constraint. P(F,) has to be optimized subject to g, — gy = 0.

Lagrangean function is as follows:

L(q1, 42, 43» G4 bys by, b3, by, M) = P(Fy) = Mgy — q))-

If L(q1, 92, 43, 44, D1, by, b3, by, 1) is derived with respect to g1, g,
q3, 44, by, by, b3, by and A, and is equalized to zero in order to be

minimized, the following equations hold:

~ c (1 - 2) 2
8P(F2) _ C04D + h4 P _ (Ch4 + TE4)b4 +A=0 (30)
P B 2 2 2 D -
q1 q1 2q1 (1 - Fj
- 2
OP(Fy) _ 2Cg3D c,,{l ~ 2) G rm)bs 31)
P 7 ) g (1 - 2)
P
- 2
OP(F,) _ _2CpyD +Ch2(1_2j_M:0’ (32)
T O (B
P
3 c (1 2) )
OP(Fy) _ CoD | " P) (Cu+mbi _ 0 (33)
2 b
044 qi 2 243 (1 - %j
~ Chl‘]4(1 - —)
OP(F3) =0, then b, = P (34)
ob, Cpi +m
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D
C 1-=
hZ‘IS( P)

OP(F)
) _ 0, th -
8b2 O’ en b2 Ch2 + Ty
D
= Ch342 (1 - —)
—8P(F2) = 0, then b3 = B N )
8b3 Ch3 + T3

Craq (1 D)

N ha4q1| * —

OPUEL) _ 0, then by = —— L)
Oby Chg + T4

OP(F,)

B = O, then q1 = 4»>.

When b4 in equation (37) is placed in equation (30),

D ) D
Co4D Ch4(1 - 7) Ch4(1 - F)
—_ + —_
qlz 2 2(Ch4 + TC4)

When b5 in equation (36) is placed in equation (31),

+ Ch3(1 — F

If equations (39) and (40) are added and rearranged,

g3 (Cpz +73)

2D(2C03 + C04)(2Ch3 + Ch4 + 27'53 + TE4)

q1 = 49> = holds.

(2Cy3 + Cpa) (273 + n4)(1 - %)

When b, in equation (35) is placed in equation (32),

2DCpy(Cpp + 1)

q3 = o) holds.
Chzﬂz(l - F)

+ A = 0 holds.

0,33(1—2j
_EL;D D)_—P—A:Oholds.

(35)

(36)

(37

(3%)

(39)

(40)

(41)

(42)
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When b; in equation (34) is placed in equation (33),

gy = [PPCo1Cn T M) gy 43)

D
1-=
Chlﬁl( P)

These solutions show the possibility of ¢; = g > g3 > g4 and they do not

satisfy the ¢; < g, < g3 < g4 constraint. P(F,) has to be optimized subject

to g —¢q; = 0 and g3 — g5 = 0. The new Lagrangean function is as follows:
L(q1> 92, 435 94 b1> by, b3, ba, Ay, hy)

= P(Fy) = h(q2 — q1) = 2a(q3 — q2)-
If L(q1, 42, 43> 94, by, by, b3, by, Ay, Xy) is derived with respect to ¢y, ¢»,

43, 44, by, by, b3, by, Ay and A,, and is equalized to zero in order to be

minimized, the following equations hold:

D
~ Ciall——=
oP(Fy) _ _CoaD | h4( P) _ (Cpa +ma)b3 I — (44)
o 2 2 2(,_D o
q1 A 2q1 (1 - Fj
- 2
OP(Fy) _ 2Co3D | Ch3[1 _ 2) Gz rmbs 5 Co 4s)
0q; 4> P qg(l - 2)
P
- 2
OP(F,) __2CpD + Chz(l _ 2) _(Crp +ma)by Ay =0, (46)
oq3 g3 P qg(l - 2)
P
_ c (1 D j )
OP(F,) __CoD N M P) (Cp +m)bi -0 47)
2 b
I R
~ Chl‘]4(1 - —j
OP(F) =0, then b, = F (48)
abl Chl +m
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D
C 1-=
hz%( P)

%}}) =0, then b, = Crp + 75 (49)
D

%’L}) = 0, then by = %:jj (50)
D

%fz) =0, then by = %infj 1)

%}?) =0, then q; = ¢q», (52)

M =0, then ¢, = g3. (53)

ok,

When b4 in equation (51) is placed in equation (44),

D ) D
Co4D Cha (1 - 7) CM(I - 7)
—_ + —
qlz 2 Z(Ch4 + TE4)

+ A; = 0 holds. (54)

When b5 in equation (50) is placed in equation (45),
D
Chl1-=
2Cp3D ( D) h3( P)
- —=—+Cp|l-=|-————-A; + Ay =0 holds. (55)
qs PUTP) (Catmy) T

When b, in equation (48) is placed in equation (47),

c2(1-2
2C,D D R\""p ~
7 + Chz(l F) m 7\.2 = 0 holds. (56)

If equations (54), (55) and (56) are added and rearranged,

2D(2C02 + 2C03 + C04)
. (2Ch2 + 2Ch3 + Ch4 + 27'[2 + 27[3 + TE4)

D

holds.
(2C/12 + 2Ch3 + Ch4)(27[:2 + 27’[3 + TC4)(1 - Fj

9 =492 =493 =

(57)
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When b; in equation (49) is placed in equation (48),

2DCo(Cpy + my)

q4 =
D
Chl“l(l - F)

These solutions show the possibility of ¢; = g5 = g3 > g4 and they do not

holds. (58)

satisfy the ¢ < ¢y < g3 < g4 constraint. P(F,) has to be optimized subject
tog, —q1 =0, g3 —go = 0and g4 — g3 = 0. The new Lagrangean function

is as follows:
(a1, 2, 43, 44, b1, by, b3, by, My, Ay, A3)
= P(F)) = M(g2 — 1) = Ma(a3 — 42) = 23(q4 — g3).
If L(q1, 425 935 94, by> by, b3, ba, A1, Ay, A3) is derived with respect to gy,

92, 43, 94, by, by, b3, by, Ay, Ay and Aj3, and is equalized to zero in order

to be minimized, the following equations hold:

D
~ C (1 - —j 2
OP(F,) _ Co4D N hd P _ (Cha +14)b5 +2 =0 (59)
o 2 2 2 D e
91 g 2gj (1 - 7)
- 2
OP(Fy) _ _2Co3D | C;B(l _ 2) _(Cny +m3)b5 Mtk =0, (60)
04, g3 P qg(l - 2)
P
- 2
OP(Fy) _ 2CoaD | Chz(l _ 2) _(Cup +ma)by Ay +13 =0, (61)
aq; 3 P qg(l - 2)
P
: of1-2) :
8P(F2) _ COID N hl P _ (Chl + nl)bl — % =0 (62)
o - 2 2 2 D 3T
~ Cnaa|l -+
oP(F,) M ( Pj
= h =
b, 0, then b; Co + 7 (63)
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D
~ Ciogs| 1 - =
OP(F, ) h2 ( p )
——== =0, th =—— 2 4
8b2 0, then b2 Ch2 + Ty ’ (64)
D
OP(F,) _ " ( P)
W = 0, then b3 = W (65)
D
= Ch4Q1(1 - —j
OPUD) _ 0, then by = —\_P) (66)
8b4 Ch4 + Ty
OP(F) _ _
8—7\,1 = O, then q = 492, (67)
oP(F
6(T22) = 0, then q> = 43, (68)
M =0, then g3 = g4. (69)
Oh3

When b, in equation (66) is placed in equation (59),

D ) D
_CosD | Ch4(l } 7) CM(l } 7)

qlz 2 2(Ch4 + TE4)

+ A; = 0 holds. (70)

When b5 in equation (65) is placed in equation (60),

D C}%s(l—%)
+ c,,3(1 ——) N B 5 4 =0 holds.  (71)

2Cp3D
2 (Cpz + m3)

q2

When b, in equation (64) is placed in equation (61),

c? (1 D)
n\tT 5
_ 2CpyD n Chz(l _ 2) ___\ P) Ay + A3 =0 holds. (72)

93 (Cpz +m2)
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When b; in equation (63) is placed in equation (62),

D 2 D
_CoaD | Chl(l _Fj Chl(l _Fj

q‘% 2 B 2(Chl + TCI)

— A3 = 0 holds. (73)

If equations (70), (71), (72) and (73) are added and rearranged,
Q**(ql*, 6]3, q; qf{) holds as follows:

sk

=4 =q3 =q4 =0

2D(C01 + 2C02 + 2C03 + C04)
. (Chl + 2Ch2 + 2C/13 + Ch4 + T+ 27'[2 + 27[3 + 7'[4)P
(Chl + 2Ch2 + 2Ch3 + Ch4)(“1 + 27!2 + 2TE3 + 7'[4)(P - D) ’

(74)

It is concluded that the feasible solution converges in a single point.
Additionally, shortage quantity that minimizes P(F,) has to be found. by,
by, by and b4 in equations (26), (27), (28) and (29) do not satisfy b; <
b, < by < by constraint. For this reason, P(F,) has to be optimized subject

to by — by = 0 constraint. The Lagrangean function is as follows:

L(q1, 925 43 G- bys by, by, by, 1) = P(Fy) = M(by — by).

If L(q1, 92, 935 94, by, by, b3, by, 1) is derived with respect to q1, g2, ¢3,

44, by, by, b3, by and A, and is equalized to zero in order to be minimized,

the following equations hold:

o can D) o
OP(F3) _ _CosaD | MU P) (Chat+ma)by _ 0 (75)
2 b
01 qi 2 2q%(1——€;j

> 2
6P(F2) _ 2C023D n Ch3(1 _2] _ (Ch3 + 7'C3)b3 _ O, (76)

0 P 2 D
q> q5 a3 (1 _ F)
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~ 2
oP(Fp) _ 2CpyD L C (1 _2) _(Cpp +m)by 0 77
943 7 wUop qz(l D) ’
22
P

e, S08) ey
OP(Fy))  CoD M P) (Cp +m)bi _ 0 73
o g2 2 q2(1-2) o
ai1-3)
o) _ 0, then —Cj,; + Cub__, _mb | A =0, (79)
Oby qs| 1 ——= qq| 1 - D
P o
9PF) _ 0, then —2Cj,» + 2iby Ty A =0, (80
ob, D D
q3 P q3 P
OPUD) _ o then —2Cyy +—2Ci303 _ 2mabs (81)
EEe
q2 P 92 P
OPU2) _ 4, then Oy +—2Chabs_ Tabs (82)
ENE
all-%5| a(l-3
OPU2) _ 0, then by = by, (83)
oy

When ¢4 in equation (78) is placed in equation (79), g3 in equation (77) is
placed in equation (80), and these two obtained equations added and
rearranged,

2(Co1 +2C2)D(Chy +2Cy2) (P = D)
(TEI + 2T52)(Ch1 + 2Ch2 + | + 27'(32)P

bl = b2 = holds. (84)

When ¢, in equation (76) is placed in equation (81),

b, = holds. 85
3 \/ n3(Cp3 + m3) P (83)
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When ¢ in equation (75) is placed in equation (82),

2C4DCiy(P — D)
by = holds. 86
N \/ n4(Cpg + m4) P (86)

These solutions show the possibility of b = by > b3 > by and they do not

satisfy the b; < b, < by < by constraint. P(F,) has to be optimized subject

to by —b; =0 and b3 — b, = 0. The new Lagrangean function is as follows:
L(q1, 92, 93> 94> b1, b2, b3, by, hys Ay)
= P(Fy) = M(by = by) = hy(bs = by).

If L(CII, 92> 43> 44, bla bza b39 b4’ }\‘19 7\’2) is derived with reSpeCt to q1> 92
q3, 94, b1, by, b3, by, Ay and A,, and is equalized to zero in order to be

minimized, the following equations hold:

~ C (1 - QJ 2
8P(F2) _ C04D + k4 P _ (Ch4 + T[Z4)b4 =0 (87)
aql 2 2 2 D ’
q -5
- 2
8P(F2) :_2C03D +C 3(1_2)_@:0’ (88)
04> a3 P 2(1 - 2)
q> P
~ 2
OP(Fy) _ 2CosD | chz(l _ 2) G +m)by _ (89)
%3 9 P 2(1 - 2)
q3 P
~ C (l—gj 2
OP(F,) __CoD N M P) (Cp +m)bi —0 (90)
oq.4 2 2 2 D ’
q —_——
4 293 (1 Pj
51;(:2) =0, then —Cy,; + Cinb + T +A =0, D
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a];(bF 2) _ 0, then ~2C), + 2Ch2bé + “2sz — A+ Ay =0, (92)
: o(1-2] a1-2)
P P
%Fz) = 0, then —2C)3 + 2Ch3bg + 2“3b3D —hy =0, (93)
3 I
P P
a];(bF 2) _ 0, then —Cpy + 2Ch4bg + “4b4D = 0, (94)
‘ a(1-2) a1-2)
P P
OP(F
—8(7\,12) = 0, then bl = bz, (95)
OPUL) _ 0, then by = by, (96)
o,

When ¢4 in equation (90) is placed in equation (91), g3 in equation (89) is
placed in equation (92), and ¢, in equation (88) is placed in equation (93)

and these three obtained equations added and rearranged,

by =by =3
| 2Coy +2Cpy +2Cp3)D(Cyy + 2Cyy + 2Cy3) (P - D) holds
- (TCl + 27'[2 + 2TE3)(Ch1 + 2Ch2 + 2Ch3 + ™ + 2T52 + 2TC3)P )
7

When ¢ in equation (87) is placed in equation (94),

2C4DCha(P - D)
by = [|~—04—hd holds. 98
¥ \/ n4(Chg + m4) P %)

These solutions show the possibility of b = by = b3 > by and they do not

satisfy the b; < b, < by < b, constraint. P(F,) has to be optimized subject

to by —b =0, b3 —by, =0 and by — by = 0. The new Lagrangean function
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is as follows:
L(g15 925 43> 44 D1s by, b3, by, Ay, Ay, A3)
= P(F) = Mi(by = by) = g (b3 = by) = h3(by = b3).
If L(qy, 92, 93> qa, by, by, b3, by, Ay, Ay, A3) is derived with respect to g,

92, 93, 94, by, by, by, by, My, Lo and A3, and is equalized to zero in order

to be minimized, the following equations hold:

~ C (1 - 2) 2
6P(F2) _ C04D + h4 P _ (Ch4 + TC4)b4 =0 (99)
aql 2 2 2 D ’
q —_—
1 2af{1-3)
~ 2
OP(Fy) _ _2Co3D . (1 DY _(Ciz+m3)by _ (100)
a - 2 h3 P D ?
q2 ) qz(l — —)
20
~ 2
6P(F2) _ 2C02D i C 1_2 _ (ChZ + Tcz)bz =0 (101)
a - 2 h2 P D -
. 0-5)
3\
~ C (1 —2) 2
OP(F5) __CoD . h P) (Cpi +m)bi ~0 (102)
0q4 7 2 2( D) ’
q _—
4 2q4 1 P
—BP(Fz) =0, then —-Cy; + Cinb + by +A =0, (103)
0by 1= 2 1- 2)
q4 P q4 P
—af;(bi 2) _ 0, then —20; + 2C”2b12) + nzsz ~ M+ =0, (104)
43(1 - 7) ‘B(l - 7)
—62552) =0, then —2Cj3 + 2C3bs + 2133 — Ay + 243 =0, (105)

w(1=7) (-7
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%Fz) = 0, then —Cq + 2Ch4b$ + “41’4D — % =0, (106)
. a(1-2) a1-2)
P P
OP(F
a(le) = 0, then by = by, (107)
oPFy) _ 0, then b, = bs, (108)
oy
9PF) _ 0, then by = by. (109)
7

When ¢, that provides equation (102) is placed in equation (103), g3 that
provides equation (101) is placed in equation (104), g, that provides
equation (100) is placed in equation (105), ¢; that provides equation (99) is
placed in equation (106), and these four obtained equations are added to each
other and reorganized, fuzzy optimal shortage quantity b (bl* , b;, b;, bZ)

holds as follows:

b =by =by =by =b™

2D(C01 + 2C02 + 2C03 + C04)
_ (Cp1 +2Cpp +2Cy3 + Cpg ) (P = D) (110)
(nl + 27[2 + 2TE3 + TC4) )

. (Chl + 2Ch2 + 2C/13 + T+ 27'(32 + 27’[3 + 7'[4)P

It is concluded that the optimal result occurs at a single point. Moreover, it

has been observed that O** and »™ are the same.

5. Example

In this example, an item whose annual demand is 3650 and whose daily

production rate is 20 is given. As shown in Table I, the item’s inventory costs

are assumed crisp and fuzzy. In this regard, Q*, Q**, b*, b** are calculated
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and given in Table 11, and so are total cost (TC) and fuzzy total cost (FTC) in
Table III.

Table I. Crisp and fuzzy inventory costs

PLAN 1 PLAN 2
Crisp inventory costs Fuzzy inventory costs
Co (8) 1000 50 3% (900, 950, 1100, 1200)
C,, ($/item year) 12 C, ($/item year) (8,9,11,13)
7 ($/item year) 55 T ($/item year) (40, 45, 55, 60)

Table I1. Optimal production and shortage quantities

PLAN 1 PLAN 2

0" 1217, 42 o 1336, 28
b* 109, 02 b* 112, 90

Table I11. Crisp and fuzzy total costs

Total setup cost Total holding cost Total shortage Annual total ~ Graded annual
$) ($/item year) cost ($/item year) cost ($) total cost ($)

Cos Cy; U
Co(Cors Cozs Coss Cos)  Cy(Chy Cras Cazs Cpa) (s Ty T3, Ty)

PLAN 1 2998, 14 2461, 17 536,95 5.996, 26 5.996, 26
(4729.62,
(2698.33,2848.24, (1640.78, 1845.88, (390.51, 439.32, 5133.44,

PLAN 2 5.671, 38
3297.95, 3597.77) 2256.08, 2666.27) 536.95, 585.76) 6090.98,
6849.80)

6. Conclusion

Decision makers may not be sure of the factors that affect their decisions.
In such cases, it is practical and useful to make use of basics and principles of
fuzzy logic. In this study, two cases in which fuzzy logic is applied in
inventory models that are subsystems of supply chain are presented. The

same results are obtained in both cases. Additionally, an example is given in
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order to clarify the models. Consequently, it has been observed that outputs,

attained through models with fuzzy parameters instead of those that are crisp,

are closer to real-world since the models include vagueness.
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