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Abstract 

In this paper, we investigate the solvability of the Hermitian reflexive 
solution for a class of matrix equations. The findings of this paper 
extend some known results in the literature. 

1. Introduction 

Throughout, we denote the set of all nm ×  complex matrices by .nm×C  

For a matrix ,nmA ×∈ C  the symbols ( )ArAA ,, †∗  stand for the conjugate 

transpose, the Moore-Penrose inverse and the rank of A, respectively. If 

,∗= AA  then A is called Hermitian. The set of all nn ×  Hermitian matrices 
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is denoted by .nn×CH  Moreover, AR  and AL  stand for the two projectors 
†† AAIRAAIL AA −=−= ,  induced by A, where I denotes identity matrix 

with the appropriate size. 

As a generalization of centrosymmetric matrices, reflexive matrices were 
defined in [1, 2]. If a matrix A is reflexive and Hermitian, then A is called 
Hermitian reflexive matrix. It is noted that the Hermitian reflexive matrices 
have practical applications in information theory, linear system theory, linear 
estimate theory and numerical analysis (see, e.g., [1-4]). Therefore, there are 
lots of papers in which the aim is to find necessary and sufficient conditions 
for the existence of a solution X to some matrix equations such that X 
belongs to Hermitian reflexive matrix (see, e.g., [5, 6, 8, 11]). In [8] and [11], 
Xu et al. considered the Hermitian reflexive solutions to matrix equations 

BAX =  and matrix equations ,CAX =  ,DXB =  respectively. 

As a nontrivial generalization of above matrix equations, the matrix 
equations 

 bbbaaaa CXAADXBCXA === ∗,,  (1.1) 

is also studied by many authors. However, to our knowledge, there has been 
little information about the Hermitian reflexive solution of (1.1) at present. 
Motivated by the work mentioned above, we, in this paper, investigate the 
Hermitian reflexive solution to matrix equations (1.1). 

2. Hermitian Reflexive Solution to Matrix Equations (1.1) 

A matrix A is called reflexive with respect to the matrix P if ,PAPA =  

where P is the nontrivial generalized reflection matrix, i.e., IPP ≠= ∗  and 

.2 IP =  If A is reflexive and ,∗= AA  A is called a Hermitian reflexive 
matrix (associated with P). Put 

( ) { },PAPAAP nnnn
r =|∈= ×× CC  

( ) { }., ∗×× ==|∈= AAPAPAAP nnnn
r CCH  
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In this section, we consider Hermitian reflexive solution to matrix 
equations (1.1). We begin with the following lemmas. 

Lemma 2.1 [9]. Let ,, 22
nsCA ×∈ C  ,, 22

tnDB ×∈ C  ,, 33
pqCA ×∈ C  

,, 33
lpDB ×∈ C  ,4

nmC ×∈ C  ,4
pmD ×∈ C  mmA ×∈ CH4  be known and 

ppnn XX ×× ∈∈ CC 21 ,  be unknown. Set 
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and 

( ) ( ) ( ) ( ) ,, ∗∗∗∗∗∗∗∗ −+=ϕ−+=φ †††††††† GGHGGHHGEEFEEFFE  

,,,, 44 MCGE DLSDRMLDDLCC ====  

.44444
∗∗ ϕ−φ−= DDCCAA  

Then the following statements are equivalent: 

(a) The matrix equations 

,,,, 332323221212 DBXCXADBXCXA ====  

4424414 ADXDCXC =+ ∗∗  (2.2) 

have a pair of Hermitian solution ., 21
ppnn XX ×× ∈∈ CHCH  

(b) 

,0,0,, ==== ∗∗∗∗ HRFRHGGHFEEF GE  

.0,0 == DCCM ARRARR  (2.3) 

(c) 

[ ] ( ) [ ] ( ),,,,,, GrHGrErFErHGGHFEEF ==== ∗∗∗∗  
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In that case, the general Hermitian solution of the matrix equations (2.2) can 
be expressed as 

 ,, 2211 GGEE LVLXLVLX +ϕ=+φ=  (2.5) 

where 

( ) [ ( ) ]( )∗∗∗∗∗ +−== †††††† CSDIADMCCACVV 2
1

11  

( ) ( ) ( ) ,2
1

112 CC LWWLSCSUCDMCASDIC ∗∗∗ ++−+− ††††††  (2.6) 

( ) ( ) ( ) ( )∗∗∗ +++== †††††† MADSSISSIDAMVV 2
1

2
1

22  

,33112
∗∗ +++++ ULLULLUULLLUL DDMSSMMM  (2.7) 

where ,1W  ,1U  3U  and ∗= 22 UU  are arbitrary matrices over C  with 

appropriate sizes. 

Lemma 2.2 [7]. Let nnP ×∈ C  be a nontrivial generalized reflection 

matrix, i.e., ,∗= PP  .2
nIP =  Then there exists unitary matrix nnU ×∈ C  

such that 
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Lemma 2.3 [7]. A matrix ( )PA nn
r
×∈ C  if and only if A can be 

expressed as 
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where ( ) ( )rnrnrr AA −×−× ∈∈ CC 21 ,  and U is defined as (2.8). 

Now we consider the Hermitian reflexive solution to matrix equations 
(1.1). 

Theorem 2.4. Let ,, nm
aa CA ×∈ C  ,, tn

aa DB ×∈ C  ∈∈ ×
b

nk
b CA ,C  

kk×C  be known and ( )PX nn
r
×∈CH  be unknown; ,,,,,, 323232 BBCCAA  

,2D 4443 ,,, ADCD  be defined by (2.12)-(2.14). Then (1.1) has a solution 

∈X  ( )Pnn
r
×CH  if and only if ∗= 44 AA  and the equalities in (2.3) or (2.4) 

are all satisfied. 

In that case, the Hermitian reflexive solution X to matrix equations (1.1) 
can be expressed as 
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where 21, XX  are a pair of Hermitian solutions to (2.2), i.e., the expression 

of (2.5), where 21, VV  can be expressed as (2.6) and (2.7), respectively. 

Proof. It follows from Lemma 2.3 that nn
rX ×∈ CH  can be expressed as 
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where ,1
rrX ×∈ CH  ( ) ( )rnrnX −×−∈ CH2  and U is defined as in (2.8). 

Suppose that 

 [ ] [ ],,,, 3232 CCUCAAUA aa == ∗∗  (2.12) 
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[ ] ,,, 444 ACDCUA bb ==∗  (2.14) 
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where ,, 22
rmCA ×∈ C  ,, 22

trDB ×∈ C  ( ),, 33
rnmCA −×∈ C  ∈33, DB  

( ) ,trn ×−C  ,4
rkC ×∈ C  ( ),4

rnkD −×∈ C  .44
kkAA ×∗ ∈= C  Then (1.1) has     

a solution nn
rX ×∈ CH  if and only if (2.2) has a pair of solutions 

rrX ×∈ CH1  and ( ) ( ).2
rnrnX −×−∈ CH  In view of Lemma 2.1, we get       

Theorem 2.4. ~ 

3. Conclusion 

In this paper, we have derived the Hermitian reflexive solution to matrix 
equations (1.1). We point out that the results of this paper can be generalized 
to a general associative ring and a semiring under some assumptions. 
Moreover, in view of the definition and characterization of bisymmetric 
matrix given in [10], we can also consider bisymmetric solution to matrix 
equations (1.1) with similar approach. Motivated by the work in this paper, it 
would be of interest to investigate the least square solutions with Hermitian 
reflexive matrix and bisymmetric matrix to matrix equations (1.1). 
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