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Abstract

Estimation of flood magnitude is a crucial component in planning,
designing, and managing of water resources projects. The main
focus in hydrologic design is the estimation of high flow quantile.
L-moments, popular among hydrologist in flood estimation is known
to be oversensitive towards the lower part of the distribution and gives
insufficient weight to large sample values. As an alternative, the
method of partial L-moments (PL-moments) is proposed to give
weightage to the upper part of distribution and large values in
censored sample. In this paper, three widely used distributions are
selected namely; generalized extreme value (GEV), generalized
logistic (GLO) and generalized Pareto (GPA) distribution, for the
analysis of censored flood samples. Monte Carlo simulations are
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conducted to illustrate the performance of PL-moments compared to
simple L-moments in fitting each distribution to its samples. Finally,
both simple L-moments and PL-moments are used to fit the GLO
distribution to two data sets of annual maximum flow series of River
Ketil in Kedah and River Gemencheh in Negeri Sembilan, Malaysia.

Introduction

The purpose of analyzing hydrological extreme events such as annual
maximum series of floods is, in most cases, to predict magnitude of flood of
relatively large return period such as 100 years and above [1]. Hence, it is
actually advantageous to intentionally censor (or eliminate) low-value
observations because using only the larger value flood ensures that the
extrapolation to large return periods flood is carried out by exploring the
trend of these larger flows only. Cunnane [2] suggested that in such cases a
censored sample should be used and the analysis will be based on only those
floods whose magnitudes have exceeded a certain threshold.

Since L-moments were first introduced by [3] as a parameter estimation
method, it has been widely applied in many fields of hydrology. Although
L-moments result in quite efficient estimate in parameter estimation, this may
not be so for predicting large return period events. The question arose
whether L-moments are oversensitive to the lower part of distributions and
give insufficient weight to large data values that actually contain useful
information on the upper distribution tail [4, 5].

Partial L-moment (PL-moments) which are variant of L-moments and
analogous to partial probability weighted moments (PPWMs), were first
introduced by [1] to deal with censored samples. PL-moments are introduced
for characterizing the upper part of distributions and larger events in data.
Using PL-moments reduce undesirable influences that small sample events
may have on the estimation of large return period events. A number of
studies have used PL-moments in application of censored data [1, 6, 7, 8, 9,
11] and showed favorable results such that PL-moments could constitute a
valid tool.
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A long record of past data is able to well extrapolate the future events
and thus produce high accuracy of flood estimation. However, in relatively
young country like Malaysia, such hydrological data and information are
limited. The available streamflow records are all too often inadequate or

unavailable to allow for reliable flood estimation at a location of interest.

The simulation technique generates a series of data which imitate the
natural properties of the real world data structure using particular
mathematical modeling. In hydrology, Monte Carlo simulation techniques
were widely used to establish the properties of a frequency analysis
procedure, or to compare two or more procedures [11]. The Monte Carlo
simulation generates synthetic flows from various background distributions.

These samples were in turn fit with various assumed distributions.

In this paper, simulation study is carried out to investigate the sampling
properties of the proposed parameter estimation methods of L-moments and
PL-moments. PL-moments and L-moments are compared using both
simulated and real data to investigate their sampling properties and ability in
fitting GEV, GLO and GPA distributions. Then, two data sets of annual
maximum flow series of River Ketil in Kedah and River Gemencheh in
Negeri Sembilan, Malaysia are used as a case study.

Parameter Estimation using PL-Moments

L-moments are expressed by [3] as a linear combination of probability
weighted moments as follows

Br = | HF)IFTOF, n

where F = F(x), x(F) is an inverse distribution function or so-called

quantile function of random variables X and r is real number. [1, 6] extended

the concept of L-moments to PL-moments as follows:

ro_ 1 r
5, _jFO x(F)F"dF. @)
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However, [7] made a new modification on the former definition
introduced by [1]. The formally definition of PL-moments given by [7] as
follows:

ro_ 1 1 r

where r =0, 1, 2, ... denotes the order of PL-moments. When F, = 0, the
By becomes the ordinary B,. In general, the rth PL-moments can be written

in the term of B as

L k
o1 = Z(—l)r‘k@[r ) jﬁ’k. @
k=0

The PL-moment ratios are defined as ty = A} /A5 for r > 3.

The parameter estimation of GEV distribution is derived as follows:

GEV distribution
B'r = E.>+ G.H(r, F(), k)a (5)

where y[1 + k, —In(r + 1)(F;)] is the Incomplete Gamma function and

(6)

H(r. Fo. k) = Hl otk —(r + l)ln(FO)]}

(r+ )41 - (Fp)™"]

The first four PL-moments can be obtained by substituting equation (5) into

equation (4) yields
A =PBo =&+ aH (0, Fy, k),
Ay = af[H(L, R, k) = H(0, Fy, k)],
Ay = o[2H(2, Fy, k) = 3H(1, Ry, k) + H(0, Fy, k)],
My = o[5SH(3, Fy, k) —10H(2, Fy, k) + 6H(1, Fy, k) — H(0, Fy, k)]. (7)

The details of the estimation of GEV distribution and also other distributions
of GLO and GPA, can be found in [13].
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Simulation Study

A good parameter estimation technique for censored sample should yield
results in agreement with those obtained from the complete sample [12]. For
this purpose, Monte Carlo simulation is carried out to investigate the
sampling properties on different quantile estimators, X(F) obtained from the
method of PL-moments compared with those from L-moments. A total
number of 5,000 samples of size n =15, 30 and 50 are simulated to
represent small, medium and large samples of maximum stream flows data in

Peninsular Malaysia. The levels of censoring, F, being tested are in the
range of Fy = 0.0, 0.1, 0.2, 0.3, 0.4 and 0.5. PL-moments at zero censoring

(Fg = 0.0) are equivalent to the simple L-moments.

The performance of the estimation methods is assessed by evaluating the
relative bias (RBIAS), relative root mean square error (RRMSE) and mean
absolute error (MAE), as follows:

RBIAS = — NSim(X(F)f“ - X(F)CJ,

Nim g X(F)C
1 Nl x(F)S - x(F)° )
RRMSE = m c ,
Nsim m=1 X(F)
N .
MAE = S x(F)S, - x(F)° |
NSim m=1

where N, is the number of generated samples 5,000, X(F)ﬁ1 and X(F)C are

simulated and calculated quantiles of design floods, respectively; estimated at
different recurrence intervals of 20, 50, 100 and 200 years.

In practice, the true underlying distribution function that represents a
data series is never known. However, it is still valuable to investigate the

sampling properties on how quantile estimation is affected by different levels
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of censoring, F;, when the population distribution function is known.
Therefore in this study, three selected probability distribution functions
namely GEV, GLO and GPA distributions were chosen to represent the
known parent distribution. The parameters for each distribution are known as
€, o and k which represents location, scale and shape parameters of the
distribution respectively. The values of location and scale parameters are set

as £ =0 and a =1, respectively. In flood frequency analysis, the shape

parameter, K is usually in the range of —0.4 to 0.4 [1].
Results and Discussion

In estimating the bias of the estimators, the level of censoring plays an
important role since the results obtained at different censoring levels produce
different RBIAS value for the considered probability distribution.

Based on the analysis in Figures 1, the results indicate that using small
sample size lead to a greater RBIAS for all k values regardless whether
L-moments or PL-moments are used. Figures 1 (a)-(b) show that RBIAS on
the GEV quantile estimates obtained from PL-moments with level of

censoring of Fy < 0.3, for sample sizes of 15-50 are almost similar to that for

simple L-moments. In certain cases, PL-moments for the GEV distribution

with Fy < 0.3 produce smaller RBIAS compared to L-moments for negative
k value (k = —0.2). However, for the case of positive k value (k = +0.2),
only PL-moments with Fy = 0.3 lead to a smaller RBIAS than L-moments.
When the censoring level Ky > 0.3, the quantile estimator becomes more

negatively biased as K increases.

Results for GLO quantile estimator show that the RBIAS produced by
the method of PL-moments with the level of censoring up to 0.4 is very
similar to that of simple L-moments. However, using PL-moments at
Fo = 0.4 result in smaller RBIAS compared to L-moments regardless of the

k values. For the censoring level of Fy > 0.4, the negative values of RBIAS

from PL-moments increase appreciably with the increase in F.
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Based on Figures 1 (e)-(f), the lower RBIAS values can be produced by

using PL-moments with Fy < 0.2 compared to simple L-moments for all k

values are used. However for PL-moments with F, > 0.2, as noted above,

the negative value of bias increases sharply.
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Figure 1. RBIAS for (a)-(b) GEV, (c¢)-(d) GLO and (e)-(f) GPA quantile
estimators of X(F = 0.980) plotted against censoring level (Fy) for shape

parameter, kK = —0.2 and k = +0.2.
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The overall results show that at certain level of censoring, F,
PL-moments estimate are almost unbiased to that simple L-moments. In
summary, the RBIAS on quantile estimates obtained from PL-moments with
level of censoring of Fy < 0.3 for GEV distribution, Fy < 0.4 for GLO

distribution and F; < 0.2 for GPA distribution, exhibit almost similar
pattern to that for simple L-moments, for sample sizes: n =15, 30 and 50
and quantile estimates: X(F = 0.950), x(F = 0.980), x(F =0.990) and
X(F = 0.995), considered in this study. These observations reveal that the
method of PL-moments with censoring from left up to a certain level will not

practically add any bias over that by the method of simple L-moments and
even lead to a smaller bias at certain cases.

In order to obtain more comprehensive results for RRMSE and MAE, the
analyses focus up to certain censoring level of PL-moments (based on results
of RBIAS) estimated for different sample size n and quantiles for positive
and negative values of shape parameter k. The analysis for GEV distribution

from Fy = 0.1 to 0.3 yielded 48 combinations of 4 shape parameter values
(either positive k = 0.1, 0.2, 0.3, 0.4 or negative k = —0.1, 0.2, -0.3, -0.4)
and 4 quantiles function (F = 0.950, 0.980, 0.990, 0.995). For the GLO
distribution from Fy = 0.1 to 0.4 and GPA distribution from Fy = 0.1 t0 0.2,

analysis of 4 shape parameter values and 4 quantiles function yielded 64 and
32 combinations for the respective distributions.

The results are simplified in Table 1 in order to get a clear picture of
performances of PL-moments compared to L-moments based on RRMSE and
MAE values. In order to better illustrate the results, the cases of PL-moments

superior to L-moments are marked in bold.

From Table 1, it is shown that when the parent distribution is known,
PL-moments is outperformed L-moments for positive values of shape
parameter K, for most of sample sizes (15-50) based on RRMSE and MAE
values. However, as K goes negative, PL-moments results in greater RRMSE
and MAE than using L-moments method.
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Table 1. Performances of PL-moments compared to L-moments for
simulation of known parent distribution based on RRMSE and MAE

RRMSE MAE
k value k value
Dist. n k<-02 k=>0.2 k<-0.2 k>0.2
GEV (F;<£0.3) 15 19/48 16/48 14/48 17/48
30 7//48 25/48 9//48 28/48
50 7/48 26/48 6/48 28/48
GLO (F;£0.4) 15 19/64 34/64 18/64 18/64
30 16/64 34/64 12/64 37/64
50 13/64 36/64 14/64 38/64
GPA (Fy<0.2) 15 3/32 29/32 1/32 24/32
30 3/32 30/32 2/32 25/32
50 1/32 31/32 2/32 29/32
Case Study

To illustrate the application of fitting distribution to censored flood
samples using PL-moments approach, two sets of annual maximum flow
series are presented here. The first data comes from 5608418 River Ketil in
Kedah, Malaysia, with 30 annual maximum flows covering 1980-2009. The
station has a catchment area of 1000 km”. The second data comes from
2525415 River Gemencheh in Negeri Sembilan, Malaysia, with 32 annual
maximum flows covering 1961-1992. The station has a catchment area of
453 km®. The flood data were obtained from Department of Irrigation and
Drainage, Ministry of Natural Resources and Environment, Malaysia.

Among three distributions under study, GLO distribution appears to be
the best fitted distribution to both data series. Figure 2 shows the GLO
distribution curves fitted to the data series of 5608418 River Ketil by

L-moments and PL-moments at different censoring level, F, ranging from
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0.1 to 0.6. The observed data values are plotted against the corresponding

quantile for the 70% of highest quantile values.

From these fitted plots, it is generally observed that the frequency curves
obtained by L-moments are significantly influenced by small annual
maximum flows, leading to poor prediction of large return period events. In
contrast, the curves fitted by PL-moments method (Fy = 0.1 to 0.6) better
capture the trends shown by the high quantiles. However, with increasing F,
values from 0.5 to 0.6, the PL-moments results are getting poor in low
quantiles. Therefore, the PL-moments method with censoring threshold of
Fo = 0.1 to 0.4 are good enough to yield a satisfactory result that fitted the
observed data better than L-moments in high quantile estimation. This is in
agreement with the earlier results that PL-moments method of GLO

distribution with level censoring up to 0.4 lead to almost unbiased over that
the method of simple L-moments.
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Figure 2. Fitting the GLO distribution to annual maximum flows of 5608418
River Ketil (catchment area 1000 km?) for 70% of highest quantile values for
different censoring levels, F.
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(a) 5608118 River Ketil (b) 25254115 River Gemencheh
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Figure 3. Fitting the GLO distribution to annual maximum flows of (a) River
Ketil in Kedah (catchment area 1000 km?) for sample size, n = 30 and (b)
River Gemenceheh in Negeri Sembilan (catchment area 453 km?) for sample
size, n = 32.

Figure 3 shows the GLO distribution curves fitted to the both data series
of 5608418 River Ketil and 2525415 River Gemencheh by L-moments and
PL-moments at Fy = 0.4. From these fitted plots, the PL-moments (Fq = 0.4)

estimate of large return period events are less influenced by the small annual
maximum flows. This seems to suggest that the PL-moments method would

improve the estimation of floods of larger return periods.
Conclusion

For all three-parameter (GEV, GLO and GPA) distributions considered
in this study, the PL-moments with censoring from left up to a certain level
produce smaller bias compared to L-moments for any range of k values. By
censoring the sample from left, PL-moments approach eliminates some small
sample and gives more weight to the larger sample compared to L-moments
which encompass the entire sample. Thus, PL-moments may reduce the
influence of the small sample events might have when estimating the large
return period events.

Analysis of annual maximum streamflow series data shows that the
PL-moments approach is quite effective in fitting GLO distribution
(identified as best fit distribution in this case) to large flood data, and even

produces better performance than the simple L-moments method. Using
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PL-moments reduces the undesirable influences that the small events may
have on the estimation of large return-period events compared to using
L-moments. Our evaluations support the finding of previous studies (e.g. [2,
8]) that analysis of censored samples would improve the estimation of floods

of large returns periods.
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