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Abstract

This paper discusses about the properties between complete fuzzy
graph and some operations on fuzzy graph like Cartesian product,
symmetric difference, complement, conjunction, disjunction and
rejection.

1. Introduction

Zadeh [12] introduced fuzzy sets in 1965 to represent/manipulate data
and information possessing non-statistical uncertainties. It was, particularly,
designed to mathematically represent uncertainty and vagueness and to
provide formalized tools for dealing with the imprecision intrinsic to many
problems. But it was Rosenfeld [10] who considered fuzzy relations on fuzzy
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sets and developed the theory of fuzzy graphs in 1975. Rosenfeld has
obtained the fuzzy analogues of several basic graph-theoretic concepts like
bridges, paths, cycles, trees and connectedness and established some of their
properties. There are several operations on G; and G, which result in a

graph G whose set of points is the Cartesian product V4 xV,, where V; xV,
is the point set of G; xG,. These include the Cartesian product, the

composition and the tensor product. Other operations of this form are
developed in Harary and Wilcox [3] and they investigated some invariant
properties of them. Operations on (crisp) graphs such as conjunction,
disjunction, rejection and symmetric difference were extended to fuzzy
graphs and a methodology is proposed to find the resulting fuzzy graphs of
the same operations using adjacency matrices of G; and G, [7]. Bhutani [1]
introduced the notion of weak isomorphism and isomorphism between fuzzy
graphs. Nagoorgani and Malarvizhi [8] discussed the order, size and degree
of the vertices of the isomorphic fuzzy graphs. Nagoorgani and Latha [6]
introduced neighbourly irregular fuzzy graphs and highly irregular fuzzy
graphs and a comparative study between them had been analyzed. In the
paper, properties between complete fuzzy graph and some operations like
Cartesian  product, symmetric difference, complement conjunction,
disjunction and rejection of fuzzy graphs G; : (o1, n1) and G, : (o5, py)
are discussed.

2. Preliminaries

A fuzzy subset of a nonempty set S is a mapping o : S — [0, 1]. A fuzzy

relation on S is a fuzzy subset of S x S. If u and v are fuzzy relations, then
wo v(u, w) = Sup{u(u, v) Av(v, w):v e S} and

1 (u, v) = Supfp(u, u) A p(uy, up)
Ap(ug, Uz)A ... Ap(ug_q, V) iU, Uy, ..., Ug_q € S},

where ‘A’ stands for minimum. A fuzzy graph is a pair of functions
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c:V —[0,1] and pu:V xV —[0,1], where for all u, v in V, we have
w(u, v) < o(u) A o(v).

Definition 2.1 [4]. The underlying crisp graph of a fuzzy graph G =
(o, u) is denoted by G* = (c™, u*), where ¢* = {u e V/o(u) > 0} and p* =
{(u, v) eV xV /u(u, v) > 0}.

Definition 2.2 [4]. A fuzzy graph G = (o, u) is a complete fuzzy graph
if u(x, y)=o(x)Ao(y) forall x, y e "

Definition 2.3 [4]. A fuzzy graph G is said to be a strong fuzzy graph if
u(x, y) = o(x) A o(y) forall (x, y) in p*.

Definition 2.4 [5]. Let G = (o, u) be a fuzzy graph. Then the degree of
avertex uis dg(u) = d(u) = > wu, v) = Z(u,v)eE u(u, v).

Definition 2.5 [5]. Let G = (o, 1) be a fuzzy graph. Then G is irregular,
if there is a vertex which is adjacent to vertices with distinct degree.

Definition 2.6 [5]. Let G = (o, u) be a connected fuzzy graph. Then G
is said to be a neighbourly irregular fuzzy graph if every two adjacent
vertices of G have distinct degree.

Definition 2.7 [11]. The complement of a fuzzy graph G : (o, p) is a
fuzzy graph G : (G, it), where G = o and 1i(u, v) = o(u) A o(v) — u(u, v),
Yu,veV.

Definition 2.8 [6]. An isomorphism of neighbourly irregular fuzzy
graphs h: G —» G' isamap h:V — V' which is bijective that satisfies
(i) o(u) = c'(h(u)), Yu eV and (ii) w(u, v) = w'(h(u), h(v)), Yu,ve V. It
is denoted by G = G".

Definition 2.9 [5]. Let G = (o, u) be a connected fuzzy graph. Then G

is said to be a highly irregular fuzzy graph if every vertex of G is adjacent to
vertices with distinct degrees.
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Definition 2.10 [4]. Let o; be a fuzzy subset of V; and p; be a fuzzy
subset of X, i =1, 2. Define the fuzzy subsets c; x 6, of V and py x pp
of X as follows:

() (o1 x02)(uy, Uz) = min{oy(uy), oa(uz)}, V(wy, Uuz) €V,
(i) (g xp2)((u, up), (U, v2)) = min{oy(u), po(up, v2)}, Vu € Vg and
(U, v2) € X,
(iii) (g xp2)((ug, w), (v1, w)) = min{op(w), py(ug, vi)}, Yw €V, and
(Ug, V1) € Xy.
Then the fuzzy graph G = (o1 x 65, g x 1) is said to be the Cartesian
product of Gy : (o7, 1) and G : (o2, 1a).

Definition 2.11 [4]. Let G;[G,] denote the composition of graph G; =
(V]_, Xl) with G2 = (V2, Xz) Now Gl[GZ] = (Vl ><V2, XO), where XO =
X U {((ug, up), (v, v2))/(ug, vi) € Xq, Uy # Vo} and where X is defined as

in the case for G; x G,. Let oj be a fuzzy subset of V; and p; be a fuzzy

subset of Xj, i=1, 2. Define the fuzzy subsets o1 c 6, and pq o, of

V; xV, and XO, respectively, as follows:
(i) (o1 007)(uy, Up) = min{oy(uy), o2(up)}, V(U Up) € Vg xVy,

(i1) (ug ©p2)((u, up), (u, vo)) = min{oy(u), po(uy, vo)}, Yu €Vy and
(Uz, Vo) € Xy,

(iii) (ug © pp)((Ug, Up), (v, Vo)) = min{oy(Uz), o2(Va), my (U1, 1)},

V(U up), (v, v2)) € X° - X.

The fuzzy graph G = (o7 © 69, 11 © 1y) is the composition of Gy : (o1, )
and G2 :((52, },lz).

Definition 2.12 [7]. Let o; be a fuzzy subset of V; and p; be a fuzzy
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subset of X;, i =1, 2. Define the fuzzy subsets o1 A 5, of V =V; xV, and
py A pp of Xas follows:

(i) (o1 A o2)(ug, vp) = minfoy(uy), oa(v)}, Vuy, vy €V,

(i) (ua A p2) (g, Vi), (Ug, Vo)) = minfpy (g, Up), po(vy, Vo)l
VU]_, us EV]_, (Ul, U2) € Xl and Vi, Vo €V2, (V]_, V2) € X2.

Then G; A G, = (o1 A 59, 11 A lp) is said to be the conjunction of G; :
(o1, m1) and Gy : (o2, M)

Definition 2.13 [7]. Let o; be a fuzzy subset of V; and p; be a fuzzy
subset of X;, i =1, 2. Define the fuzzy subsets c1|c, of V =V; xV, and

Hypp of
X ={(ug, v1), (ug, v2)/ug € Vg, (v, V2) & X3}
U {(up, ), (U2, vi)/vg €V, (U, Up) & Xy}
U {(ug, va), (uz, v)/ug, Up €V, Up = Up, vy, Vp €V,

Vi # Vo, (Ug, Ug) & Xy, (W, Vo) & Xp}

as follows:
(i) (o1lo2)(ug, vp) = min{oy(uy), o2(vp)}, YUy € Vg, vy € Vs,

(i1) (uglp2)((ug, vi), (Ug, v2)) = min{oy (1), o2(v), o2(V2)}, Vug €Vy,
(vi, Vo) & X,

(i) (nglp2)((ug, vp), (U2, vp))=min{o(v1), o1(uy), o1(uz)}, Vvi € Va,
(ug, uz) & Xy,

(iv) (malp2)((ug, V1), (uz, v2)) = min{oy(uy), o1(Uz), 62(V1), G2(V2)},
V(ug, up) & Xq and (v, vp) & Xo.

Then G; |Gy = (01|07, puy|up) is said to be the rejection of G; : (o1, 1)
and GZ 2(62, Mz)
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Definition 2.14 [7]. Let o; be a fuzzy subset of V; and p; be a fuzzy
subset of X;, i=1, 2. Define the fuzzy subsets o, ® 6, of V =V; xV, and

Hy © pp of
X ={(up, v1), (g, V2)/up € Vg, (vi, Vo) € X3}
U {(ug, 1), (U2, vi)/v1 €V, (U, Up) € Xq}
U {(ug, vp), (U2, v2)/ug, Uz € Vg, ug # Uy,
Vi, Vo € Vo, # vy either (ug, Up) € Xq or (v, Vo) € Xo}
as follows:
(i) (o1 ® 02)(ug, V) = min{oy(uy), oa(vi)}, Vup € Vi, vy € Vy,

(i) (ug @ po) (W, vp), (g, V2)) = min{oy(uy), po(vy, Vo), Yy €V,
(V1, V2) € Xy,

(i) (u1 ® pp)((uy, vp), (U, V1)) = min{op(vp), ua(ug, Up)}, WV € Vo,
(U, Up) € Xy,

(iv) (1g @ po)((u, vp), (Uz, v2))

min(oy (W), o1(up), na(vy, v2)), (Ug, Up) & Xq, (v, Vp) € X
=Jdor

min(oz(v1), 62(v2), my(Uy, Up)), (U, Up) € Xy, (v, V2) & Xo.

Then G; ® G, = (07 @ 65, 1y ® py) is said to be the symmetric difference
of Gy : (o1, uy) and G : (o2, pp).

3. Properties on Some Operations of Fuzzy Graphs

Theorem 3.1. If G; : (o1, 1) and G, : (o5, py) are strong fuzzy graphs,

then G; A G, is also a strong fuzzy graph.
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Proof. If VUl, us EV]_, (Ul, U2) € Xl and Vi, Vo EVZ, (Vl, V2) € X2,
then

(g A p2) (U, V1) (U2, V2)) = minfuy (Ug, Up), pa(ve, Vo))
= min{oy(u) A o1(U2), 62(v1) A G2(V2)},
since Gy and G, are strong fuzzy graphs
= min{oy () A o2(v1), o1(Uz) A o2(v2)}
= min{(cy A 62)(Ug, W), (61 A 52) (Uy, Vo))

Suppose (ug, up) ¢ X1 and (vg, vp) e Xy (or) (ug, up) e Xq and (vq, Vp)
¢ X,. Then in both cases, (1 A po)((ug, vi)(up, vo)) = 0. Thus, G; A Gy
is a strong fuzzy graph.

In the following example, it is shown that if G; and G, are not strong

fuzzy graphs, then G; A G, is not a strong fuzzy graph.

Example 3.2.
_ 5 . N 3 N .8 N
u1{.8) uz{.6) vi(.3) val.9) va(1)
G1 (o1, ) G : (O, o)
I.I1V1(.3) U1V2(.8) U1V3(.3}

uzva(.3) uav2(.6) uzva(.6}

G1aG2 1 (C1 AG2, L1 A N2)

Theorem 3.3. If Gy :(oq, uy) and G, : (o5, np) are complete fuzzy
graphs, then G; @ G, is a strong fuzzy graph.
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Proof. Let G ®G, =G =(o, u), where c=0;®0cy, and p=
w @ py and G* 1 (V, X), where V =V, xV, and

X = {((ug, v1), (g, v2))/ iy € V4, (i, V2) € X}
U{((ug, va), (U, w))/ vy € Va, (g, Up) € Xy}
U {((ug, va), (ug, v2))/un, g € Vg, g # U,
Vi, Vo € Vo, Vy # Vy either (Ug, Up) € Xy or (v, Vo) € X,
Case (i) Let e = ((ug, vp), (g, V2)), Vg €Vy, (W, Vp) € Xo. Then
(1 @ p2)((ug, vp), (ug, v2)) = min{oy(uy), ma(va, V2 )}
= 01(up) A [o2(v1) A 02(v2)],
since G, is a complete fuzzy graph
= [o1(u) A o2(V1)] A [o1(y) A 52(v2)]
= (01 ® 65)(ug, V) A (07 @ 59) (U, Vo).

Case (ii) Let e = ((ug, vp), (Up, vq)), ¥y € V5, (ug, Uy) € Xq. Then

(11 @ po)((ug, V), (uz, V1)) = min{oa(vy), py(uy, Up)}

o2(W) A [o1(Up) A o1(U2)],

since Gy is a complete fuzzy graph

[o1(up) A 52 (V)] A [01(u) A 02(v1)]
= (o1 ® 62)(ug, Vi) A (o1 @ 62)(Up, V).
Case (iii) Let e = ((ug, v), (up, v2)), YUy, Uy €Vq, vy, Vo € Vs.

(a) Suppose (u, Uy) ¢ Xq and (vq, Vo) € X,. Then
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(h1 @ p2)((ug, V1), (uz, v2)) = min(oy(uy), o(Uz), oy, V2))
= 01(tp) A o3(U2) A {o2(v1) A o2(V2)},
since G, is a complete fuzzy graph
= {o1(u) A o2 (V1)) A {o1(U2) A 62(v2)}
= (01 ® 02)(Ug, V1) A (01 @ o2) (U2, V7).
(b) Suppose (uq, Up) € Xq, (v, Vo) & X5. Then
(u1 @ p2) (U, V1), (Uz, v2)) = min(o2(v), 62(v2), py(ug, Uz))
= 02(v1) A 02(V2) A {o1(up) A o1 (Up)},
since G; is a complete fuzzy graph
= {o1(u) A o2 (V1)) A {o1(U2) A o2(v2)}
= (01 ® 02)(Ug, V1) A (01 @ 02) (U2, V7).
Thus, in all cases, it is true that G; @ G, is a strong fuzzy graph.

Example 3.4. This example illustrates that if G; and G, are not complete

fuzzy graphs, then G; @ G, is not a strong fuzzy graph.

_ 5 . ~ 3 . 9 R
ui(.8) U2(.6) vi(.3) va(.9) vs(1)
G : (01, p1) G2 : (O, Ya)
uivi(.3) 3 u1v2(.8) 8 u1va(.8)
3 ©
3 5
uzvi1(.3) 3 uzva(.6) 6 u2vs{.6)

GiP G2 : (01D o2, 1D )
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Theorem 3.5. If Gy :(oq, ug) and G, : (oy, up) are complete fuzzy

graphs, then G; o G, is also a complete fuzzy graph.
Proof. Let G; oG, =G = (o, 1), where 6 = 61065 and p = pg o py
and G : (V, X), where V =V; xV, and
X ={((ug, v1), (up, v2))/up € V1, (W, V) € X}
U (U, vo), (U2, )/ € Vo, (U, Up) € Xy
U {((ug, V1), (U2, v2))/(up, up) € X, vy # Vo .
Case (i)
(mg © p2) ((ug, vp), (U, V2)) = min{oy (), pa(va, V2)§
= 01(up) A [o2(v) A o2(V2)],
since G, is complete
= [o1(up) A o2 (V)] A [o1(ug) A ©2(v2)]
= (o1 2 02) (U, V1) A (07 © 52) (U, V2).
Case (ii)
(mg © p2)((ug, vp), (U2, V1)) = min{oa(vp), py(uy, Up)}
= 02(v) A [o1(Ug) A o1 (U2)],
since Gy is complete
= [o1(u) A o2(v)] A [o1(u2) A O2(v1)]
= (o1 2 62) (U, V1) A (07 52) (Uz, V).
Case (iii)
(mg © p2)((Ug, vp), (U2, V2)) = min(oz(vy), 02(V2), ma(Uy, U2))
= {o2(1) A 02(V2)} A {o1(Up) A o1 ()},

since G, is complete
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= {o1(W) A 52(V1)} A {o1(u2) A 62(v2)}
= (01 2 62) (U, V1) A (o1 © 52) (Ug, V).
Thus, it is clear that G; - G, is a complete fuzzy graph.

Theorem 3.6. If G;: (o1, ng) and G, : (oy, uy) are complete fuzzy
graphs, then G, o G, = Gy o G,.
Proof. Let G; oGy, =G = (o, u), where 6 = o106 and pu=pg oy

and G* : (V, X), where V =V, xV, and
X = {((ug, ), (ug, v2))/ug € Vg, (v, vp) € Xp}
U{((u1, 1), (g, i)V € Va, (g, Up) & Xy}
U {((ug, va), (ug, v2))/(ug, Uz) € Xg, v # Vol
To prove (o3 ° 6) (Uv) = (01 ° 52) (Upva),
(07 0 65) (W) = (o1 © 65)(Ugvy ), by definition of complement
= o1(U) A 62(V1)
= o1(y) A o(v1)

= (01 0 5,) (Ugvy).

Now to prove G; oG, = G, « G, for all edges X, obtained by joining the

vertices of V; and V5.
Case (i) If forall u; € V4, (v, vo) € X5, then
(ug © p2) ((Ug, V1), (g, V2)) = min{oy(Uy), pa (v, Vo)l
Therefore,
(g © p2) (upwy), (Upv2))

= (o1 2 62) (Uv) A (01 © 52) (Ugv2) = (kg © pp) (L), (Ugv2))
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= [o1(u1) A o2(V1)] A [o1(Up) A 62(v2)] = [o1(Ug) A B2 (Vy, V2)]
= [o1(up) A 02(V1) A 02(V2)] = [o1(U1) A 02(V1) A 02(V2)]
-0,
(1 © ) (L), (upv2))
= o1(U) A Ha(Vy, Vo) = 0, since Gy iscomplete.
Case (i) If for all vy €Vy, (U, Up)e X, then (ug o pp)((ug, vp),
(U2, vi)) = min{oy(vy), py(uy, Up)},
(g ° 12) (upvy), (upvy))
= (o1 0 52)(Upv) A (07 © 62) (UgVy) — (g © w2 ) ((Ugve), (Ugvy))
= [o1(up) A o2 (V)] A [o1(Up) A o2(v)] = [2(v1) A py(uy, Up)]
= [01(up) A o1(U2) A 52(v)] = [o1(Uy) A 61(U2) A S2(v1)],
since G; is complete
=0,
(11 © 12) (ug, ), (U2, W)
= 53(Wy) A my(Uy, Up) = O, since Gy iscomplete.
Case (iii) If for all (ug, up) e Xg, v #Va, then (pgopp)((uvy),
(Uv2)) = min{op(v), o2(v2), y(u)),
(i > 1) (Uyvy), (Ug¥p)
= (010 02)(Uv) A (01 ° 02) (UaV2) — (kg o 12) ((Uve), (U2V2))
= {o1(Up) A (W)} A {o1(Up) A G2(v2)]
—{o2(V1) A 02(v2) A 61(Up) A 03 (U2)}, since Gy is complete

=0,
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(1 © 1) (), (Upv2))
= 6,5(y) A 62(Vo) A pg(ly, Uy) = 0, since G, is complete.
Thus, in all cases, it follows that m = G_l ° G_2

In the above discussion of all the cases, it is clear that the vertices in
Gy oG, and G_loG_2 are isolated. This implies that no two vertices are

adjacent. Therefore, they are neighbourly irregular fuzzy graphs.

Theorem 3.7. If Gy :(oq, ug) and G, : (oy, np) are complete fuzzy

graphs, then G, |G, = G, |G,.

Proof. Let G;|G, = (o, ), Where 6 =04|c5, 1 =p|uy, G :(V, X),

where V. =V; xV,,
X ={(ug, v), (ug, vo)/ug €Vy, (v, Vo) & X3}
Uf(ug, vi), (uz, vi)vp €V, (ug, up) & Xy}
Ui(ug, vi), (U2, v2)/ug, up €V, g = Uy,
Vi, Vo € Vo, vy # Vs, (Ug, Up) & Xq, (V1, Vo) & X5}
To prove (o1 o7)(Uvy) = (01]052) (vy),
(01]02) (W) = (o1 ]065) (U ), by definition of complement
= 01(tg) A o2(v1)
= o1(uy) A 5(v)
= (o107 (uvy).

Now to prove G;|G, = G;|G, for all edges X, obtained by joining the

vertices of V; and V5.

Case (i) By definition, Yu; € Vi, (v, Vo) & Xo,



14 A. Nagoorgani and S. R. Latha

(g [12) ((ug, vp), (ug, Vo)) = min{oy(uy), 62(v), o2(v2)}-

Since G, is complete, (v1, Vo) € X5. Therefore, (ug|py)((ug, v1), (U, v2))
=0.

Hence,
(n12) (V) (V)
= (o1]02) (1) A (01]02) (Urv2) = (g [p2) ((upva), (Ugv2))
= [o1(u) A o2 (V)] A [o1(ug) A 2(v2)] - 0
= [o1(up) A 02(V1) A 02(v2)],
([ 2) (V) (Uv2))
= 61(U) A 52(V1) A 52(V2) = G3(Up) A 52(W) A 5(V,),
since G, is complete.
Case (ii) By definition, Vv € V,, (uf, Uy) & Xy,
(1 lm2) (upve), (uzvp)) = min{o1(uy), o1(uz), o2(v)}-
Since Gy is complete, (uy, Up) € Xy. Therefore, (ug[pz)((Upvy), (Upvy)) =0.
Hence,
(na12) (Upva), (uzv))
= (o1]02) () A (o1]02) (Ugve) — (g [m2) ((Upva), (Ugwe))
= [o1(up) A o2(vi)] A [o1(U2) A G2(v1)] - 0
= [o1(up) A o1(U2) A o2(v)],
(1 112) ((ugvy), (upv))
= o1(U) A 61(Uz) A 52 (W) = o3(ty) A G1(Up) A 5(W),

since Gy iscomplete.
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Case (iii) By definition, V(uj, uy) ¢ Xq and (v, v») ¢ X,

(m1[p2) ((ug, V1), (U2, v2)) = min{o1(uy), o1(Uz), o2(v1), 52(v2)}-
Since G; and G, are complete, Vuj, us €Vy, (u, Uup) e Xq and v, Vs
€Vy, (v, Vo) € X Therefore, (g [pp)((ug, vp), (uz, v2)) = 0.

Hence,

(e [12) (U, W), (U, v2))
= (o1]02) (Uv1) A (o1]62) (UaV2) — (g [12) ((Upv), (uzve))
= [o1(u) A o2(V1)] A [o1(U2) A 02(v2)] - 0
= [o1(u1) A 01(U2) A 02(v1) A o2(v2)],
(| 12) (), (Ug,))
= 01(Uy) A 61(Up) A 52(V) A Gp(V2)
=061(U) A o1(Us) A o(V) A 62(V5), since Gy and G, are complete.

Thus, for all the cases, it follows that G, |G, = G_1|G_2

In general, G;|G, # G_1|G_2 This is shown in the following example

where G; or G, is not complete.

Example 3.8.
5 3 Y | B
= 8) ux6) | *
ui(.8) u2A.6) va(.3) va(.9) . . vi(.3) va(.9)
G1 : (04, W) G2 : (O3, [2) G1 : (o ) Gz (2, Ha)
I.||V1.(.3) .uwz(.S) urvi(-3) 3 u1vz(.8) uvi(3) o uva(8)
3 3 —
3 6
. L ]
uzva(.3) uzv2(.6) wwi(3) 3 uzv2{.6) . .
uzv4(.3) uzv2(.6)
G1]| Gz : (G1] Oz, P M) Gi| Gz : (Ci|oz, pilp2)

GG : (G110, i)
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Theorem 3.9. If Gy :(oq, ug) and G, : (oy, up) are complete fuzzy

graphs, then G, ® G, = G, |G,.
Proof. Let G, ® G, = (o, 1), where 6 =01 ® oy, p=p ®p, and
G*:(V, X), where V =V; xV, and
X ={(ug, V1), (ug, v2)/up € Vi, (v, V2) € X3}
U {(ug, vp), (U2, vi)/vp €V, (g, Up) € Xq}
U {(ug, vi), (U2, v2)/ug, up €V, Up # Up, vy, Vo € Vs,
v # Vo either (ug, up) e Xq or (v, Vo) € X}

Since G; and G, are complete fuzzy graphs,
pa(Ug, Up) = 0, ¥(ug, Up) = Xg and  pp(vg, V) = 0, V(vg, V) = Xy
To prove (o1 @ o) () = (o1]02) (Lyvy),
(61 ® 02) (Uyvy) = o1(Ug) A 5(vy)
= o1(Uy) A 65(v1), by definition of complement
= (o102) (Uy)-

Now to prove G_l @ G_2 = G1 |G, for all edges joining the vertices of V;
and V.

Case (i)
(1 @ po)((ug, V), (g, v2)) = min{oy(ug), pa(ve, V)i,
\V/Ul EV]_, (Vl, V2) € Xz.

Therefore, (u ® py)((UVy), (Uyv,)) = o1(Up) A pa(Vy, Vo) = 0, since G, is

complete and (pq|po)((ug, V1), (ug, Vo)) =0, since (vq, Vo) € X5.
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Case (ii)
(11 ® u2)((ug, V1), (uz, V1)) = min{o(vy), pa(uy, uz)},

VV]_ €V2, (Ul, U2) S Xl'

Therefore, (1 ® py )((Ug, V), (U, V1)) = 62(Vy) A g Uy, Uy) = 0, since G;
is complete and (pq |po)((ug, V1), (up, v1)) = 0, since (ug, Uy) e Xy.

Case (iii) If (ug, Up) & Xq, (v, Vo) € X5, then
(11 @ po)((ug, V), (up, v2)) = min(oy(wy), o1(uz), ra(vy, V).

Therefore, (1 @ 1) ((Ug, V), (Uz, V2)) = 51(Ug) A 52(V) A o (v, V) = 0 and

(b1 [12) ((ug, V1), (Uz, Vo)) = 0, since (vi, V2) € Xo.
Case (iv) If (u, up) € Xy, (v1, Vo) & X5, then
(g ® p2) (U, W), (U2, V2)) = min(op(V), o2(V2), Ma(Uy, Up)),
(11 ® 1) (g, W), (Uz, V2)) = 02(v1), 02(V2) A (g, Up) = 0
and
(ma [12) (g, vp), (U2, V7)) = 0, since (g, Up) € X;.
Thus, in all cases, it follows that G; ® G, = G;|G,.

In the discussion of the above theorem, it is clear that the vertices in
G, ® G, and G, |G, are isolated. Therefore, they are neighbourly irregular
fuzzy graphs as no two vertices are adjacent.

In general, G, ® G, # G;|G,. This is illustrated in the following

example:
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Example 3.10.
5 - 3 _ 7 _
u1(-=8) u:(.G) vi(-3) v2{.9) vs(1)
G1 {01, ) G2 : (O2, )
3
iy - * /_l.
us(.8) _ _ uz{.6) wi3) vi.9) wlt)
Gy - & _ _
s G2 : (C2, 12}

3
3

) ) ety T w2 TN
. ol

A

A ’ A

®. 3
””“"W’s(.s) . uzvel.6) Uzvs(.6)

3
3

G1] G : (G1] G2, | pa) GiDG: : (01D G2, 1D )

Theorem 3.11. If Gy : (oq, 1) and G, : (oo, np) are complete fuzzy
graphs, then G; @ G, = G x G,.

Proof. To prove (61 @ 65)(u1vq) = (61 x 69) (Upvp),
(01 ® 52)(uvy) = o1(Up) A o2(V1), YUy € Vg, v € Vs
= (01 x 52) (Uvy).

Now, for all edges (e), obtained by joining the vertices of V; and V,, it
suffices to prove that (1 @ py)(e) = (g x no)(e).

Case (i) If forall u; e Vq, (vq, vp) € X5, then
(g ® p2) (W, V), (Ug, Vo)) = min{oy(uy), ua(ve, V2 )}

= (g x po) ((Ug, Vi), (Ug, V).
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Case (ii) If forall v, € Vo, (uq, Uy) € X4, then

(11 @ po)((ug, V), (uz, V1)) = min{oo(vy), py(ly, Up)}

(bg x 12) ((Ug, ), (Uz, W)

Case (iii) Now consider the edge e = ((uy, vq), (Up, V5)), Ug, Uy €V,

Up # Uy, Wy, Vo €Vo, V| # V,.

@) If (u, up) & X1, (v, Vo) € Xy, then

(m1 @ p2)((ug, Vi), (Up, V2)) = min(oy(uy), o1(uz), na(vy, V2)) =0,
since (ug, Up) € Xq as Gy is complete.

(b) If (ug, Up) € Xq, (vq, Vo) & X5, then

(u1 @ p2)((ug, i), (uz, v2)) = min(o2(vy), 62(v2), ma(ty, U)) =0,
since (v, Vo) € X, as G, is complete.

Thus, by all means, G; @ G, = G; x Gy.

G, ® Gy = Gy x G, is not true always. This is shown in the following

example:
Example 3.12.
- ry - .3 Py 7 5
u+(.8) 5 uz(.6) vi{.3) v2(.9) v3(1}
G1: (On, ) G : (O, M)
urv4(.3) 3 uv(.8) 7 u1vs(.8) uvi(.3) 3 Wva(.8) 7 ugva(.8)
3 .5 5
3 5 3 5
3
uz2va(.3) 3 u2vz(.6) 6 uzvs(.6) uavi(.3) 3 uzv(.6) 6 uzvs{.6)

GiDG: : (01D, D L) G1xX G2 : (O1X Gz, M1 X Ma)
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Theorem 3.13. If Gy : (oq, 1) and G, : (oo, np) are complete fuzzy
graphs, then G; @ G, = Gy A Gy.

Proof. To prove (o1 © 65)(u1vq) = (61 A 62)(UVg),

(01 @ 0p)(Uvy) = G_l(ul) A G_z(Vl) = 01(U1) A 62(v) = (01 A 52) (L)

Now to prove (u; @ py)(e) = (i A py)(e), for all edges (e), obtained
by joining the vertices of V; and V.

Case (i) If Yuy € Vg, (v, Vo) € X5, then
(m1 @ pp) (g, vp), (U2, v2))
= min{oy(Uy), pa(v1, V2)l,
(b1 © 1) (g, 1), (U, V)
= (01 ® 02) (U, ) A (01 @ 02) (Ug, Vo)
= (g ® o) ((ug, vp), (g, v2))
= (o1(up) A 02(V1)) A (01(Up) A 62(V2)) = (01(Up) A pp(Vy, V2))
= (01(p) A 52(v) A 62(v2)) = (01(Uh) A 52(v) A G2(v2))
= 0, since G, is a complete fuzzy graph.
(ng A po)((ug, vp), (ug, Vo)) =0, by definition of operation ‘conjunction’.
Case (ii) If Yv; € V5, (ug, uy) e X4, then
(g ® 1) ((Ug, 1), (U2, V1))
= min{op(v), py(ug, Up)},
(b1 © 1) (g, 1), (uz, 1)
= (01 ® 02) (U, ) A (01 @ 02) (U, V1)

= (g ® pp)((ug, Vi), (U, vp))
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= (o1(U) A 52(w)) A (01(U2) A 52(V1)) = (02(V1) Ay (Uy, U2))
= (01(ty) A 01(U2) A 52()) = (52(v1) A 61(Uh) A 61(U2))
(as Gy iscomplete)
= 0.
(11 A o) ((Up, V), (U, V1)) = O, by definition of operation “conjunction’.
Case (iii) (a) Suppose (uy, Up) & Xy, (V1, Vo) € Xo. Then
(1 ® p2)((Ug, W), (U2, v2)) = min(oy(Uy), o1(Uz), ma (Ve V2)),
(1 @ p2) (g, V1), (U, V2)) = (01 ® 02) (U, V1) A (01 © 02) (g, V)
— (1 @ p2) (U, v1), (U, v2))
= (o1(t) A 52(W)) A (02(Uz) A 52(v2)) - 0
since (ug, Up) € Xq as Gy is complete
= (o1(U) A 52(v) A 61(U2) A 52(V2)),
(b A p2) (U, vp), (U2, v2))
= min{uy (Uy, Up), pa(Ve, Vo)
= min{cy () A o1(Uz), 52(V1) A 02(V2)}
since G; and G, are complete
=01(U) A o1(Us) A o2(V) A G2(Vy).
(b) Suppose (Uy, Uy) € Xq, (v, Vo) & X,. Then
(m1 ® p2)((Ug, W), (U2, v2)) = min(o2(v), o2(V2), My (Uy, Up)),
(11 @ p2) (g, V1), (U, V2)) = (01 ® 02) (U, V1) A (01 ® 02) (g, V)

— (1 ® pp)((ug, vp), (Ug, Vo))
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= (o1(u1) A 52(v1)) A (o1(U2) A o2(v2)) - 0
since (vq, Vo) € X, as G, is complete
= (o1(up) A 52() A 1(U2) A 52(V2)),

(g A p2)((ug, vp), (g, v2)) = (o1(U) A ©2(V1) A 01(U2) A G2(V2)) (bY
Case (iii)(a)).

Thus, in all cases, G; ® G, = G; A Gy.

In general, G; @ G, # G; A G,. This is shown in the following example:

Example 3.14.
. 6 . R 3 _ 9 R
u1(.8) uz(.6) vi(.3) va(.9) vs(1)
G1 @ (o4, Ha) G2 : (02, Ha)
uve(.3) 3 u1va(.8) 8 u1va(.8)
3 3
6
3 6
ui(3) 0 wva8) L)

G DG :(01@0’2, }.l|@ }I.z)

uava(.3) u1vz(.8) u1vs(.8)

uzv4(.3) uzvz(.6) uzv3(.6)

3

G AG:2 : (O1A0, A
GiD Gz : (61D G2, D L2) ! 2 (o 2 A a)
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4. Conclusion

The theory on properties between some operations of fuzzy graphs Gy

and G, has been analyzed in this context. It is proved that these properties

exist when G; and G, are complete fuzzy graphs. It is established that when

G; and G, are complete, the operation symmetric difference is strong and

when G; and G, are strong, the operation conjunction is strong. From

Theorem 3.6 and Theorem 3.9, it is quite evident that the complement of
composition of G; and G, and the symmetric difference of the complement

of G; and G, are neighbourly irregular fuzzy graphs.
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