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Abstract 

Within this paper, recent discoveries concerning regularly open and 
regularly closed sets are used to further investigate and characterize 
normal and 4T  spaces. 

1. Introduction 

Within this paper, all spaces are topological spaces. 

Normal and 4T  spaces were introduced by Tietze in 1923 [7]. 

Definition 1.1. A space ( )TX ,  is normal iff for disjoint closed sets C 

and D, there exist disjoint open sets U and V such that UC ⊆  and .VD ⊆  

A normal 1T  space is denoted by .4T  

Since their introductions, each of normal and 4T  spaces have been further 

investigated and characterized, and today are separation axioms included in 
the study of classical topology. As a result, each of normal and 4T  spaces 
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continue to be a focus of interest in the continued study and investigation of 
topological spaces. 

Regularly open sets were introduced by Stone in 1937 [6]. 

Definition 1.2. Let ( )TX ,  be a space and let .XA ⊆  Then A is regularly 

open, denoted by ( ),, TXROA ∈  iff ( )( ).AClIntA =  

Within the 1937 paper [6], it was shown that the set of regularly open 
sets is a base for a topology Ts on X coarser than T, and the space ( )TsX ,  

was called the semiregularization space of ( )., TX  

Following the introduction of regularly open sets was regularly closed 
sets [8]. 

Definition 1.3. Let ( )TX ,  be a space and let .XA ⊆  Then A is regularly 

closed, denoted by ( ),, TXRCA ∈  iff one of the following equivalent 

conditions is satisfied: (a) ( )( )AIntClA =  or (b) ( ).,\ TXROAX ∈  

Within a recent paper [1], the question of what happens if the 
semiregularization process is repeated was resolved, showing that at most 
one new topology can be obtained by use of the semiregularization process. 
To accomplish the stated objective, it was proven that for a space ( ),, TX  

( ) ( ){ }TOOClTXRC ∈|=,  [1], which was combined with the fact that for a 

space ( ),, TX  ( ) ( )( ){ }TOOClIntTXRO ∈|=,  [2] to achieve the objective. 

The semiregularization process has been useful in the continued 
investigation of regular spaces: for a regular space ( ),, TX  TsT =  [8]. 

Thus, the question of whether or not regularly open sets, regularly closed 
sets, and the semiregularization process can be used to gain additional 
insights into normal and 4T  spaces naturally arises. Within this paper, it is 

proven that, in fact, that is the case. 

Given below are known results that will be used in the work below. 

Theorem 1.1. Let ( )TX ,  be a space and let ( )TC  denote the closed 

sets in ( )., TX  Then 
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( ) ( )( ){ }[ ] ( ){ }[ ]32, TOOExtTOOClIntTXRO ∈|=∈|=  

( ) ( ){ }[ ],1TCCCInt ∈|=  

and 

( ) ( )( ) ( ){ } ( ) ( ){ }TXROUUClTCCCIntClTXRC ,, ∈|=∈|=  

( ){ }[ ].4TsVVCl ∈|=  

Given below are additional results in the paper [4] that will be used in 
this paper. 

Theorem 1.2. Let ( )TX ,  be a space and let ( ).TCC ∈  Then =X  

( ) ( )( ) ( )( ),CIntExtCIntFrCInt ∪∪  where ( )( )( ) ,φ=CIntFrInt  and  

( )( ) ( )( ) ( )( )( ).CIntExtClCIntClCIntFr ∩=  

Theorem 1.3. Let ( )TX ,  be a space, let ( ),TCC ∈  and let =D  

( )( ).CIntCl  Then D is regularly closed, ( ) ( ),CIntDInt =  ( )( ) =DIntExt  

( )( ),CIntExt  and ( )( ) ( )( ).CIntFrDIntFr =  

Theorem 1.4. Let ( )TX ,  be a space and let D and E be disjoint closed 

sets. Then ( ) ( ) ( )( ) ( )( ),EDIntExtEDIntFrEIntDIntX ∪∪∪∪∪=  where 

( )( )( ) .φ=EDIntFrInt ∪  

2. New Characterizations of Normal and 4T  Spaces 

What would be the circumstances if in the definition of normal, open   
was replaced by regularly open? Within this paper, the use of open, closed, 
regularly open, and regularly closed all are for the space ( )., TX  

Definition 2.1. A space ( )TX ,  is regularly open normal iff for disjoint 

closed sets C and D, there exist disjoint regularly open sets U and V such that 
UC ⊆  and .VD ⊆  

Theorem 2.1. Let ( )TX ,  be a space. Then the following are equivalent: 

(a) ( )TX ,  is normal, (b) for disjoint closed sets C and D, there exists a 
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closed set E such that ( )EIntC ⊆  and ( ),\EXD ⊆  (c) for disjoint closed 

sets C and D, there exists a closed set E such that ( ) ( )( )EIntFrEIntX ∪=  

( )( ),EIntExt∪  where ( )( )( ) ,φ=EIntFrInt  ( ),EIntC ⊆  and 

( )( ),EIntExtD ⊆  

(d) for disjoint closed sets C and D, there exists a regularly closed set           
F such that ( ) ( )( ) ( )( ),FIntExtFIntFrFIntX ∪∪=  where ( ),FIntC ⊆  

( )( ),FIntExtD ⊆  and ( )( )( ) ,φ=FIntFrInt  (e) for disjoint closed sets C 

and D, there exists a regularly closed set F such that ( )FIntC ⊆  and 

( )( ),FIntExtD ⊆  (f) for disjoint closed sets C and D, there exists a 

regularly open set U such that UC ⊆  and ( ),UExtD ⊆  (g) ( )TX ,  is 

regularly open normal, and (h) for disjoint closed sets C and D, there exist 
disjoint Ts-open sets U and V such that UC ⊆  and .VD ⊆  

Proof. (a) implies (b): Let C and D be disjoint closed sets. Let U and      
V be disjoint open sets such that UC ⊆  and .VD ⊆  Then ( )UClE =  is 

closed and .φ=VD ∩  Since ( ) ,EUClUC =⊆⊆  ( )EIntC ⊆  and ⊆D  

( ).\DXV ⊆  

(b) implies (c): Let C and D be disjoint closed sets. Let E be closed     
such that ( )EIntC ⊆  and ( ).\EXD ⊆  The remainder of the proof is 

straightforward using Theorem 1.2 and is omitted. 

(c) implies (d): Let C and D be disjoint closed sets. Let E be closed such 
that ( ) ( )( ) ( )( ),EIntExtEIntFrEIntX ∪∪=  where ( )( )( )( ) ,φ=EIntFrInt  

( ),EIntC ⊆  and ( )( ).EIntExtD ⊆  Let ( )( ).EIntClF =  By Theorem 1.1, 

( )TXRCE ,∈  and the remainder of the proof follows immediately from 

Theorem 1.3. 

Clearly, (d) implies (e). 

(e) implies (f): Let C and D be disjoint closed sets. Let F be regularly 
closed such that ( )FIntC ⊆  and ( )( ).FIntExtD ⊆  Let ( ).FIntU =  Since 
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F is regularly closed, F is closed and, by Theorem 1.1, ( )., TXROU ∈  

Thus, ( ) UfIntC =⊆  and ( )( ) ( ).UExtFIntExtD =⊆  

(f) implies (g): Let C and D be disjoint closed sets. Let U be regularly 
open such that UC ⊆  and ( ).UExtD ⊆  Since ( ) ,, TTXRO ⊆  by Theorem 

1.1, ( ) ( )TXROUExt ,∈  and ( ) .φ=UExtU ∩  Hence ( )TX ,  is regularly 

open normal. 

Since ( ) ,, TsTXRO ⊆  (h) implies (g), and since ,TTs ⊆  (h) implies (a). 

Theorem 2.2. Let ( )TX ,  be a space. Then (a) ( )TX ,  is 4T  iff (b) 

( )TX ,  is 1T  and for disjoint closed sets C and D, there exists a continuous 

function ( ) [ ]( )WTsXf ,1,0,: →  such that ( ) 0=Cf  and ( ) ,1=Df  where 

W is the usual subspace topology on [ ].1,0  

Proof. (a) implies (b): Since ( )TX ,  is ,4T  ( )TX ,  is regular [8] and 

.TsT =  Let C and D be disjoint closed sets. Let ( ) [ ]( )WTXf ,1,0,: →  be 

continuous such that ( ) 0=Cf  and ( ) .1=Df  Since ,TsT =  f is the desired 

function. 

(b) implies (a): Let C and D be disjoint closed sets. Let ( )TsXf ,:  

[ ]( )W,1,0→  be continuous such that ( ) 0=Cf  and ( ) .1=Df  Then   






 





= −

3
1,01fU  and 











= − 1,3

21fV  are disjoint Ts-open sets such   

that UC ⊆  and .VD ⊆  Since ,TTs ⊆  U and V are disjoint T-open sets 

containing C and D, respectively. Thus, ( )TX ,  is normal and since ( )TX ,  

is ,1T  ( )TX ,  is .4T  

Corollary 2.1. Let ( )TX ,  be a space. Then ( )TX ,  is 4T  iff ( )TX ,  is 

1T  and for disjoint closed sets C and D, there exists a closed set E such that 

( )EIntC ⊆  and ( ).\EXD ⊆  

In a similar manner, the other characterizations of normal in Theorem 2.1 
can be extended to 4T  spaces. 
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3. More Characterizations of Normal and 4T  Spaces 

In the search for additional characterizations of normal and 4T  spaces, 

the following result proved useful. 

Theorem 3.1. Let ( )TX ,  be a space and let C and D be disjoint closed 

sets. Then ( ) ( ) ( ),DIntCIntDCInt ∪∪ =  ( )( ) ( )( ) ∪∪ CIntFrDCIntFr =  

( )( ),DIntFr  and ( )( ) ( )( ) ( )( )DIntExtCIntExtDCIntExt ∩∪ =  [5]. 

Theorem 3.2. Let ( )TX ,  be a space. Then the following are equivalent: 

(a) ( )TX ,  is normal, (b) for each TO ∈  and each closed set ,OC ⊆  there 

exist disjoint open sets U and V such that OUC ⊆⊆  and ( ) ,VOFr ⊆  (c) 

for disjoint closed sets C and D, there exist disjoint closed sets E and F   
such that ( )EIntC ⊆  and ( ),FIntD ⊆  (d) for disjoint closed sets C and D, 

there exist disjoint closed sets E and F such that ( ) ( ) ∪∪ FIntEIntX =  

( )( ) ( )( ),FEIntExtFEIntFr ∪∪∪  where ( ),EIntC ⊆  ( ),FIntD ⊆  and 

( )( )( ) ,φ=FEIntFrInt ∪  (e) for disjoint closed sets C and D, there exist 

disjoint closed sets E and F such that ( ) ( ) ( )( )( ) ∪∪∪ EIntFrFIntEIntX =  

( )( ) ( )( ) ( )( )( ),FIntExtEIntExtFIntFr ∩∪  where ( ) ( ),, FIntDEIntC ⊆⊆  

and ( )( )( ) ( )( )( ) ,φ== FIntFrIntEIntFrInt  (f) for disjoint closed sets C  

and D, there exist disjoint regularly closed sets G and H such that =X  
( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( ),HIntExtGIntExtHIntFrGIntFrHIntGInt ∩∪∪∪∪  

where ( ),GIntC ⊆  ( ),HIntD ⊆  and ( )( )( ) ( )( )( )HIntFrIntGIntFrInt =  

,φ=  (g) for disjoint closed sets C and D, there exist disjoint regularly open 

sets U and V such that UC ⊆  and ,VD ⊆  (h) for disjoint closed sets C 
and D, there exist disjoint Ts-open sets U and V such that UC ⊆  and 

,VD ⊆  (i) for each TO ∈  and each closed set ,OC ⊆  there exist disjoint 

regularly open sets U and V such that UC ⊆  and ( ) ,VOFr ⊆  and (j) for 

each TO ∈  and each ,OC ⊆  there exist disjoint Ts-open sets U and V 

such that UC ⊆  and ( ) .VOFr ⊆  
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Proof. Clearly, (a) implies (b). 

(b) implies (c): Let C and D be disjoint closed sets. Let .\DXO =  Then 

.TOC ∈⊆  Let U and V be disjoint open sets such that OUC ⊆⊆  and 

( ) .VOFr ⊆  Let ( ).VClF =  Then F is closed, ,φ=FU ∩  and .FVD ⊆⊆  

Thus, ( ).FIntD ⊆  Since ,TUC ∈⊆  let W and Z be disjoint open sets  

such that UWC ⊆⊆  and ( ) .ZUFr ⊆  Then ( ) ( ) ( )∪∪ UXIntUFrUX \\ =  

( ) ( ) ( ) ( ) ( ) TYZUXIntUFrUXIntUFrUXFr ∈=⊆= ∪∪∪ \\\  and ∩Y  

.φ=W  Let ( ).WClE =  Then E such that ( )EIntC ⊆  and .φ=FE ∩  

(c) implies (d): By Theorem 1.4, (c) implies (d). Combining (d) with 
Theorem 3.1 gives (e). 

(e) implies (f): Let C and D be disjoint closed sets. Let E and F be 
disjoint closed sets such that ( ) ( ) ( ( ) ( ( )FIntFrEIntFrFIntEIntX ∪∪∪=  

( )( ) ( )( )( ))),FIntExtEIntExt ∩∪  where ( ),EIntC ⊆  ( ),FIntD ⊆  and 

( )( )( ) ( )( )( ) .φ== FIntFrIntEIntFrInt  Let ( )( )EIntClG =  and let =H  

( )( ).FIntCl  Then, by Theorem 1.3, F and G are disjoint regularly closed 

sets. Thus, combining the statement of (e) given above in this proof with 
Theorem 1.3 gives (f). 

(f) implies (g): Let C and D be disjoint closed sets. Let G and H be 
disjoint regularly closed sets such that ( ) ( ) ( )( ) ∪∪∪ GIntFrHIntGIntX =  

( )( ) ( )( ) ( )( )( ),HIntExtGIntExtHIntFr ∩∪  where ( ),GIntC ⊆  ( ),HIntD ⊆  

and ( )( )( ) ( )( )( ) .φ== HIntFrIntGIntFrInt  Since regularly closed sets are 

closed, by Theorem 1.1, ( )GInt  and ( )HInt  are disjoint regularly open sets 

such that ( )GIntC ⊆  and ( ).HIntD ⊆  

Since ( ) ,, TsTXRO ⊆  (g) implies (h). 

(h) implies (i): Since ,TTs ⊆  ( )TX ,  is normal. Let TO ∈  and let C 

be closed such that .OC ⊆  Then ( )OFr  is closed and ( ) ,φ=OFrC ∩  and 
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by the arguments above, there exist disjoint regularly open sets U and V such 
that UC ⊆  and ( ) .VOFr ⊆  

Since ( ) ,, TTsTXRO ⊆⊆  (i) implies (j) and (j) implies (a). 

Corollary 3.1. Let ( )TX ,  be a space. Then ( )TX ,  is 4T  iff ( )TX ,  is 

1T  and for disjoint closed sets C and D, there exists a closed set E such that 

( )EIntC ⊆  and .\EXD ⊆  

In a similar manner, each of the characterizations of normal spaces given 
in Theorem 3.2 can be extended to 3T  spaces. 

Thus, regularly open and regularly closed sets proved to be important in 
the continued investigation of both normal and 4T  spaces. 
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