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Abstract 

In this paper, we introduce the notion of left derivations of incline 
algebras, and prove some results on left derivations of an incline and 
integral incline. Also, we define the fixed set of left derivations on 
incline and show that it is a subincline and the fixed set of left 
derivations on incline is an ideal, principal ideal and model. 

1. Introduction 

Cao et al. [6] introduced the notion of incline algebras in their book, 
incline algebra and applications, and was studied by some authors (see [1, 2, 
6, 7]). Inclines are a generalization of both Boolean and fuzzy algebras, and a 
special type of a semiring, and they give a way to combine algebras with 
ordered structures to express the degree of intensity of binary relations. The 
notion of derivation, introduced from the analytic theory, is helpful to the 
research of structure and property in algebraic system. Several authors (see 
[3, 4, 9, 13]) studied derivations in rings and near-rings. Jun and Xin [8] 
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applied the notion of derivation in ring and near-ring theory to BCI-algebras. 
In 2010, Alshehri [3] introduced the notion of derivation in incline and 
discussed some properties of derivation in incline. In this paper, in Section 3, 
we introduce the concept of left derivations for an incline and investigate 
some of its properties. We show that if d is a monomorphic left derivation of 
an integral incline K, and Ka ∈  such that 0=∗ dxa  or 0=∗ adx  for all 

,Kx ∈  then either 0=a  or d is zero, and we prove that if ,02 =d  then d is 

zero. Also, we show that if 21, dd  are two monomorphic left derivations of 

an incline, and ,021 =dd  then 12dd  is a monomorphic left derivation of K. 

Also, we prove that if M is a nonzero ideal of an integral incline K, and d is a 
nonzero left derivation of K, then d is nonzero on M. In Section 4, we study 
the fixed set of a left derivation in incline. We denote it ( ).Fix Kd  We show 

that ( )KdFix  is a subincline. Also, we prove that ( )KdFix  is an ideal, 

principal ideal and model by consider some conditions on the incline or the 
left derivation. 

2. Preliminaries 

An incline (algebra) is a set K with two binary operations denoted by + 
and ∗ satisfying the following axioms for all :,, Kzyx ∈  

( )1K  ,xyyx +=+  

( )2K  ( ) ( ) ,zyxzyx ++=++  

( )3K  ( ) ( ) ,zyxzyx ∗∗=∗∗  

( )4K  ( ) ( ) ( ),zxyxzyx ∗+∗=+∗  

( )5K  ( ) ( ) ( ),xzxyzzy ∗+∗=∗+  

( )6K  ,xxx =+  

( )7K  ( ) ,xyxx =∗+  

( )8K  ( ) .yyxy =∗+  
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Furthermore, an incline algebra K is said to be commutative if +∗ yx  

xy ∗  for all ., Kyx ∈  For convenience, we pronounce + (resp. ∗) as 

addition (resp. multiplication). Every distributive lattice is an incline. An 
incline is a distributive lattice if and only if xxx =∗  for all .Kx ∈  

Note that yx ≤  if and only if yyx =+  for all ., Kyx ∈  

If ,yx ≤  then y is said to dominate x. 

It is easy to see that ≤ is a partial order on K and that for any ,, Kyx ∈  

the element yx +  is the least upper bound of { }., yx  

We say that ≤ is induced by operation +. It follows that: 

(1) xyx ≤∗  and xxy ≤∗  for all ;, Kyx ∈  

(2) xyx ≥+  and yyx ≥+  for all ;, Kyx ∈  

(3) zy ≤  implies xyx ≤∗  and xzxy ∗≤∗  for any ;,, Kzyx ∈  

(4) if ,, bayx ≤≤  then ., byaxbyax ∗≤∗+≤+  

A subincline of an incline K is a non-empty subset M of K which is 
closed under addition and multiplication. A subincline M is said to be an 
ideal of an incline K if Mx ∈  and ,xy ≤  then .My ∈  A proper ideal P of 

an incline K is said to be prime if for all ,, Kyx ∈  Pyx ∈∗  implies either 

Px ∈  or .Py ∈  An element 0 in an incline algebra K is a zero element if 

xxx +==+ 00  and ,000 =∗=∗ xx  for any .Kx ∈  An element e (≠ 
zero element) in an incline algebra K is called a multiplicative identity if for 
any ,Kx ∈  .xxeex =∗=∗  A nonzero element a in an incline algebra K 
with zero element is said to be a left (resp. right) zero divisor if there exists a 
nonzero Kb ∈  such that 0=∗ ba  (resp. .)0=∗ ab  A zero divisor is an 

element of K which is both a left zero divisor and a right zero divisor. An 
incline K with multiplicative identity e and zero element 0 is called an 
integral incline if it has no zero divisors. For ,Ka ∈  define a map 

KKda →:  where ( ) axxda ∗=  for all .Kx ∈  
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3. Left Derivations of Incline Algebras 

Definition 3.1. Let K be an incline and KKd →:  be a function. We 
call d a left derivation of K, if it satisfies the following condition for all 

:, Kyx ∈  

( ) ( ) ( ).dxydyxyxd ∗+∗=∗  

We often abbreviate ( )xd  to dx. 

Example 3.2. If { },,,, dcbaK =  and we define the sum “+” and 

product “∗” on K as: 

 

 Table 1 Table 2 

Then ( )∗+,,K  is an incline algebra. Define a map KKd →:  by: 

( )
⎩
⎨
⎧

=
=

=
.if

,,if
cxc

dbaxa
xd  

Then we can see that d is a left derivation of K. 

Example 3.3. If { },,,,, fdcbaK =  and we define the sum “+” and 

product “∗” on K as: 

 

 Table 1 Table 2 
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By computation, one can easily see that K is a noncommutative incline. 

Define a map KKd →:  by: 

( )
⎩
⎨
⎧ =

=
otherwise.if

,if
f

baxb
xd  

Then we can see that d is a left derivation of K. 

Throughout our work, d will consider an additive map on K, i.e., 

( ) dydxyxd +=+  for all ., Kyx ∈  

Proposition 3.4. Let K be an incline and d be a left derivation of K. Then 
the following hold for all :, Kyx ∈  

  (i) ( ) .dydxyxd +≤∗  

 (ii) If ,yx ≤  then ( ) .yyxd ≤∗  

(iii) If K is a distributive lattice, then .xdx ≤  

Proof. (i) ( ) ( ) ( ),dxydyxyxd ∗+∗=∗  from (1), dydyx ≤∗  and 

.dxdxy ≤∗  

Then by (4): ( ) ( ) ( ) .dydxdxydyxyxd +≤∗+∗=∗  

 (ii) If ,yx ≤  from (1) and (3), we get .ydyydyx ≤∗≤∗  Also, 

,ydyy ≤∗  then ( ) ( ) ( ) .yyydxydyxyxd =+≤∗+∗=∗  

(iii) If K is a distributive lattice, then ( ) ( ) +∗=∗= dxxxxddx  

( ) ,dxxdxx ∗=∗  from (K6) and so, ,xdxxdx ≤∗=  from (1). 

Proposition 3.5. Let K be an incline with a zero element and d be a left 
derivation of K. Then .00 =d  

Proof. Let .Kx ∈  Then 

( ) ( ) ( ) .00000 dxdxdxxdd ∗=∗+∗=∗=  

Putting ,0=x  we get .00 =d  
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Proposition 3.6. Let K be an incline with multiplicative identity and d be 
a left derivation of K. Then the following hold for all :Kx ∈  

  (i) .dxdex ≤∗  

 (ii) If ,ede =  then .dxx ≤  

(iii) If K is a distributive lattice, then ede =  if and only if d is an identiy 
left derivation. 

Proof. (i) Let ,Kx ∈  ( ) ( ) ( ) ( ) .dxdexdxedexexddx +∗=∗+∗=∗=  

Therefore, .dxdex ≤∗  

 (ii) follows directly from (i). 

(iii) We only need to prove the necessity. 

Assume .ede =  Using (ii), we get that dxx ≤  for all .Kx∈  

But K is a distributive lattice, so by Proposition 3.4(iii), we have .xdx ≤  
Thus, .xdx =  

Definition 3.7. Let K be an incline and d be a left derivation of K. 

  (i) If d is one-to-one, then we call d a monomorphic left derivation. 

 (ii) If d is onto, then we call d an epic left derivation. 

(iii) If yx ≤  implies dydx ≤  for all ,, Kyx ∈  then we call d an isotone 

left derivation. 

Proposition 3.8. Let d be a left derivation of an integral incline K, and a 
be an element of K. If d a monomorphic, then the following hold for all 

:, Kyx ∈  

  (i) K is a commutative incline. 

 (ii) If 0=∗ dxa  for all ,Kx ∈  then either 0=a  or d is zero. 

(iii) If 0=∗ adx  for all ,Kx ∈  then either 0=a  or d is zero. 
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Proof. (i) Let ., Kyx ∈  Then 

( ) ( ) ( )dxydyxyxd ∗+∗=∗  

( ) ( ),dyxdxy ∗+∗=  from (K1) 

( ).xyd ∗=  

But d is monomorphic, then ,xyyx ∗=∗  thus K is commutative. 

(ii) Let 0=∗ dxa  for all Kx ∈  and let ,Ky ∈  replace x by .yx ∗  

Then 

dxa ∗=0  

( )yxda ∗∗=  

( ) ( )dxyadyxa ∗∗+∗∗=  

( ) ( ),ydxadyxa ∗∗+∗∗=  from (i) 

( ).dyxa ∗∗=  

Putting ,ex =  we get that ,0=∗ dya  but K has no zero divisors, so 0=a  

or 0=dy  for all .Ky ∈  Thus, we have that 0=a  or d is zero. 

(iii) Similar to (ii). 

Proposition 3.9. Let K be an incline and d be a left derivation of K. Then 
the following hold for all :, Kyx ∈  

  (i) ( ) ;dxyxd ≤∗  

 (ii) ( ) ;dyyxd ≤∗  

(iii) d is an isotone derivation. 

Proof. (i) Let ., Kyx ∈  Then by (K7), we have: 

( )( ) ( ).yxddxyxxddx ∗+=∗+=  

Hence, ( ) .dxyxd ≤∗  
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 (ii) Similar to (i). 

(iii) Let .yx ≤  Then ,yyx =+  and so 

( ) .dydxyxddy +=+=  

Hence, .dydx ≤  

Proposition 3.10. Let K be an integral incline and d be a left derivation 

of K. Denote ( ) { }.001 =|∈=− dxKxd  Then ( )01−d  is an ideal of K. 

Proof. Let ( ),0, 1−∈ dyx  thus .0== dydx  

From the hypothesis, we get ( ),01−∈+ dyx  also ( ) ,0=∗ yxd  and so 

( ).01−∈∗ dyx  Then ( )01−d  is a subincline of K. 

Now, let ,Kx ∈  ( )01−∈ dy  such that ,yx ≤  thus ,0=dy  and (K8) 

gives us that 

( )( ) ( ),0 yxddyyxyddy ∗+=∗+==  

hence ( ) .0=∗ yxd  Then 

( ) .0 dxydxydyxyxd ∗=∗+∗=∗=  

Since K has no zero divisors, either 0=y  or .0=dx  

If ,0=dx  then ( )01−∈ dx  and if ,0=y  then ,0=x  by Proposition 

3.4, ( ).01−∈ dx  

Theorem 3.11. Let K be an integral incline and d be a monomorphic left 

derivation of K. Define ( ) ( )xdxd =2  for all .Kx ∈  If ,02 =d  then d is 

zero. 

Proof. Let ., Kyx ∈  Then 

( )yxd ∗= 20  
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( )( )yxdd ∗=  

( )dxydyxd ∗+∗=  

( ) ( )dxyddyxd ∗+∗=  

dydxxdydxdyydx ∗+∗+∗+∗= 22  

dydxdxdy ∗+∗=  

,dydxdydx ∗+∗=  from Proposition 3.8(i), 

then from (K6), we get that .0=∗ dydx  Since K has no zero divisors, we 

have that 0=dx  for all Kx ∈  or 0=dy  for all .Ky ∈  

In two cases, we have .0=d  

Theorem 3.12. Let K be an incline and ,1d  2d  are monomorphic left 

derivations of K. Define ( ) ( )xddxdd 2121 =  for all .Kx ∈  If ,021 =dd  

then 12dd  is a monomorphic left derivation of K. 

Proof. First, let ,, Kyx ∈  since ,1d  2d  monomorphic that is mean, if 

( ) ( )ydxd 11 =  implies ,yx =  also if ( ) ( )ydxd 22 =  implies .yx =  

Now if ( ) ( )yddxdd 2121 =  implies ( ) ( )yddxdd 2121 =  implies =xd2  

yd2  implies ,yx =  i.e., 21dd  is monomorphic of K and also .12dd  

Second, let ., Kyx ∈  Then 

( )yxdd ∗= 210  

( )xdyydxd 221 ∗+∗=  

( ) ( )xdydydxd 2121 ∗+∗=  

ydxdxddyxdydyddx 12211221 ∗+∗+∗+∗=  

.1212 ydxdxdyd ∗+∗=  
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Then 

( ) ( )( )yxddyxdd ∗=∗ 1212  

( )xdyydxd 112 ∗+∗=  

( ) ( )xdydydxd 1212 ∗+∗=  

ydxdxddyxdydyddx 21122112 ∗+∗+∗+∗=  

.1212 xddyyddx ∗+∗=  

This implies that 12dd  is a left derivation of K. 

From first and second, 12dd  is a monomorphic left derivation of K. 

Theorem 3.13. Let M be a nonzero ideal of an integral incline K. If d is 
a nonzero left derivation of K, then d is a nonzero left derivation on M. 

Proof. Assume that 0=d  on M and .Mx ∈  Then .0=dx  

Let ,Ky ∈  since xyx ≤∗  and M is an ideal of K, thus we have 

.Myx ∈∗  Therefore, ( ) ,0=∗ yxd  then we get that 

( ) .0 dyxdxydyxyxd ∗=∗+∗=∗=  

But K has no zero divisors, so 0=x  for all Mx ∈  or 0=dy  for all 

.Ky ∈  Since ,0≠M  we get that 0=dy  for all .Ky ∈  This contradicts 

0≠d  on K. 

4. The Fixed Set of a Left Derivation in Incline 

Definition 4.1. Let K be an incline and d be a left derivation on K. 
Denote 

( ) { }.:Fix xdxKxKd =∈=  

Proposition 4.2. Let K be a commutative incline and d be a left 
derivation of K. Then ( )KdFix  is a subincline of K. 
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Proof. Let ( ).Fix, Kyx d∈  Then 

( ) ( ) ( ) ,yxydxdyxd +=+++  

thus ( ).Fix Kyx d∈+  Also, 

( ) ( ) ( )dxydyxyxd ∗+∗=∗  

( ) ( )yxyx ∗+∗=  

,* yx=  

hence ( ),Fix Kyx d∈∗  and so ( )KdFix  is a subincline of K. 

Proposition 4.3. Let K be an incline and d be a left derivation on K. 
Then the following hold: 

 (i) If K with a zero then, ( ).Fix0 Kd∈  

(ii) If K with multiplicative identity such that ( ),Fix Ke d∈  then .dxx ≤  

Proof. (i) Clear from Proposition 3.4. 

(ii) Let Kx ∈  such that ( ),Fix Ke d∈  from Proposition 3.6(ii), .dxx ≤  

Theorem 4.4. Let K be an incline with multiplicative identity and d be a 
left derivation on K where x is dominate dx for all .Kx ∈  If ( ),Fix Ke d∈  

then d is an identity. 

Proof. From Proposition 4.3(ii), we have ,dxx ≤  but from the 
hypothesis .xdx ≤  

Thus, ( ) xxd =  for all Kx ∈  and so d is an identity. 

Theorem 4.5. Let K be a commutative incline with multiplicative 
identity. Then the following hold: 

 (i) ad  is a left derivation of K. 

(ii) If ( ),Fix Ke ad∈  then ( )xdx a≤  and ad  is an identity map, 

moreover ( )KadFix  is an ideal of K. 
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Proof. (i) Let ., Kyx ∈  Then ( ) ( ) .ayxyxda ∗∗=∗  

But 

( ) ( ) ( ) ( )axyayxxdyydx aa ∗∗+∗∗=∗+∗  

( ) ( ) axyayx ∗∗+∗∗=  

( ) ( ) ayxayx ∗∗+∗∗=  

( ) .ayx ∗∗=  

Therefore, 

( ) ( ) ( ),xdyydxyxd aaa ∗+∗=∗  

i.e., ad  is a left derivation of K. 

(ii) Let .Kx ∈  Then 

( ) ( )exdxd aa ∗=  

( ) ( )xdeedx aa ∗+∗=  

( ).xdx a+=  

Therefore, 

( ).xdx a≤  

But 

( ) ,xaxxda ≤∗=  

hence 

( ) ,xxda =  

so ad  is an identity map. 

Now, ( )KadFix  is a subincline from Proposition 4.2 and if ,Kx ∈  

( )Ky adFix∈  such that yx ≤  
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yyx =+⇒  and ( ) ( )ydyxd aa =+  

( ) ( ) ( ) .yxyydydxd aaa +===+⇒  

But ad  is an identity, then ( ) .xxda =  

Therefore, ( )Kx adFix∈  and so ( )KadFix  is an ideal of K. 

Clearly, if K is a commutative incline and ad  is a left derivation, then 

ad  is a left isotone derivation, from Proposition 3.8(iii). 

Proposition 4.6. Let K be a commutative incline and ,ad  bd  be two 

isotone left derivations where ( ),xda  ( )xdb  are dominate x for all .Kx ∈  

Then 

ba dd =  if and only if ( ) ( ).FixFix KK ba dd =  

Proof. It is clear that ba dd =  implies ( ) ( ).FixFix KK ba dd =  

Conversely, let ( ) ( )KK ba dd FixFix =  and .Kx ∈  Then 

( ) ( )( )xddxd aaa =2  

( )axda ∗=  

( ) ( )( )xdaadx aa ∗+∗=  

( ) ( )axaaax ∗∗+∗∗=  

( ) ( ) axaaax ∗∗+∗∗=  

( ) ( ) aaxaax ∗∗+∗∗=  

( ) aax ∗∗=  

( ) axda ∗=  

( ).xda≤  

Hence, ( ) ( ).2 xdxd aa ≤  
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From the hypothesis, we get ( ) ( ).2 xdxd aa ≤  That is, 

( ) ( ).2 xdxd aa =  

Similarly, we can prove that 

( ) ( ).2 xdxd bb =  

Thus, ( ) ( ) ( ),FixFix KKxd ba dda =∈  i.e., ( ) ( ).xdxdd aab =  

Also, ( ) ( ) ( ),FixFix KKxd ab ddb =∈  i.e., ( ) ( ).xdxdd bba =  

Since ba dd ,  are isotone and they are dominate x, 

( )( ) ( )( ).xddxdxdd babab =≤  

By a similar way, we can get 

( )( ) ( )( ).xddxdxdd ababa =≤  

Hence, ( ) ( )( ) ( )( ) ,xdxddxddxd bbaaba ===  that is, .ba dd =  

Proposition 4.7. Let K be an incline and .Ka ∈  Then 

{ }axKxa ≤∈= :  is an ideal of K. 

Proof. Let ,, ayx ∈  that is, ., ayax ≤≤  

Thus, 

aaayx =+≤+  and ,aaayx ≤∗≤∗  

so 

,, ayxyx ∈∗+  that is, a  is a subincline of K. 

Now, let Kx ∈  and ay ∈  such that .yx ≤  Then 

,ayx ≤≤  and so .ax ≤  

That is, ax ∈  and a  is an ideal of K. 
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We call a  a principal ideal and denote it by .aI  

Definition 4.8. Let K be an incline and aI  be a principal ideal of K. 

Then we call aI  a model ideal if it satisfies the following condition: 

ayax ∗=∗  implies ( ) ( ) abyabx ∗+=∗+  for all .aIb ∈  

Proposition 4.9. Let K be an incline. Then every principal ideal aI  is a 

model. 

Proof. Let aI  be a principal ideal of K, and let 

ayyx ∗=∗  for some ., Kyx ∈  

Then for all ,, abIb a ≤∈  hence 

( ) ( ) ( )abaxabx ∗+∗=∗+  

( ) ( )abay ∗+∗=  

( ) .aby ∗+=  

That is, aI  is a model. 

Corollary 4.10. Let K be a commutative incline with multiplicative 
identity and ( ).Fix Ke ad∈  Then ( )KadFix  is a model ideal. 

Proof. For all ( ),Fix Kx ad∈  that is, 

( ) .aaxxdx a ≤∗==  

So, ( )KadFix  is a principal ideal, then it is a model from Proposition 4.9. 

Theorem 4.11. Let K be a commutative incline with multiplicative 
identity and ( ).Fix Ke ad∈  If I be a principle ideal of K, then there exists a 

unique isotone left derivation ad  such that ( ) .Fix IKad =  

Proof. Let aI =  be a principle ideal of K. 
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Since for all ( ),Fix Kx ad∈  

( ) aaxxxda ≤∗==  

( ) .Fix aKad =⇒  

Now, in order to prove the uniqueness, we assume that there exist two 
isotone left derivations ad  and bd  such that ( ) IKad =Fix  and ( )KbdFix  

.I=  So, ( ) ( ),FixFix KK ba dd =  then ba dd =  by Proposition 4.6. 

Definition 4.12. Let K be an incline and 21, dd  are two left derivations 

on K. Define a map KKdd →+ :21  as follows: 

( ) ( ) ( ) ( )xdxdxdd 2121 +=+  for all .Kx ∈  

Proposition 4.13. Let K be an incline and 21, dd  are two left derivations 

on K. Then 21 dd +  is a left derivation on K. 

Proof. Let ., Kyx ∈  Then 

( ) ( ) ( ) ( )yxdyxdyxdd ∗+∗=∗+ 2121  

xdyydxxdyydx 2211 ∗+∗+∗+∗=  

( ) ( )xdxdyydydx 2121 +∗++∗=  

( ) ( ) ( ) ( ).2121 xddyyddx +∗++∗=  

Thus, 21 dd +  is a left derivation on K. 

Proposition 4.14. Let K be an incline and 21, dd  are two left derivations 

on K where ( )xd2  is a dominate ( )xd1  for all .Kx ∈  Then ∈∗ xx  

( )Kdd 21Fix +  for all ( ).Fix 21 Kx dd +∈  

Proof. Let ( ),Fix 21 Kx dd +∈  since ( ) ( ),21 xdxd ≤  hence ( ) ( )xdxd 21 +  

( ),2 xd=  i.e., ( ) ( ) .221 xdxdd =+  
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But ( ),Fix 21 Kx dd +∈  that is, ( ) ( ) .21 xxdd =+  

Hence, we get ( ) .2 xxd =  

Also, ( ) ( ) ( ) ,121 xxdxdxdx +=+=  then ( ) .1 xxd ≤  

Now, 

( ) ( ) ( ) ( )xxdxxdxxdd ∗+∗=∗+ 2121  

( ) ( ) ( ) ( )xdxxdxxdxxdx 2211 ∗+∗+∗+∗=  

( ) ( ) ( ) ( )xxxxxdxxdx ∗+∗+∗+∗= 11  

xxxdx ∗+∗= 1  

( )xxdx +∗= 1  

.xx ∗=  

Therefore, ( ).Fix 21 Kxx dd +∈∗  

Proposition 4.15. Let K be an incline and 21, dd  are two left derivations 

on K where ( )xd2  is a dominate ( )xd1  and ( )xd1  is a dominate x for all 

.Kx ∈  Then ( ) ( ) ( ).FixFixFix 2121 KKK dddd ∩=+  

Proof. Let ( ),Fix 21 Kx dd +∈  hence ( ) ( ) ,21 xxdd =+  thus 

( ) ( ) .21 xxdxd =+  

Since ( )xd2  is a dominate ( ),1 xd  we get 

( ) ( ) ( ),221 xdxdxd =+  

that is, ( ) xxd =2  and so ( ).Fix 2 Kx d∈  Also, we have 

( ) ,1 xxxd =+  

that is, ( ) .1 xxd ≤  
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But ( )xd1  dominate x, hence ( ) xxd =1  and thus ( ).Fix 1 Kx d∈  

Therefore, ( ) ( ).FixFix 21 KKx dd ∩∈  

Now, let ( ) ( ),FixFix 21 KKx dd ∩∈  thus 

( ) ( ) ,21 xxdxd ==  

and so 

( ) ( ) ( ) ( ) .2121 xxxxdxdxdd =+=+=+  

Hence, ( ).Fix 21 Kx dd +∈  This completes the proof. 

Definition 4.16. Let K be an incline and ,1d  2d  are two left derivations 

on K. Define a map KKdd →∗ :21  as follows: 

( )( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )⎪⎩

⎪
⎨
⎧

∗
∈≤

≤
=∗

otherwise.
allfor,if

if

21

212

121

21
xdxd

Kxxdxdxd
xdxdxd

xdd  

Definition 4.17. Let K be an incline. We call K a dominante incline if x 
dominate y or y dominate x for all ., Kyx ∈  

During the previous definition of easy conclusion, if K is a dominante 
incline and ,1d  2d  are two left derivations on K, then 21 dd ∗  is a left 

derivation on K. 

Proposition 4.18. Let K be an incline and ,1d  2d  be two left derivations 

on K where ( )xd2  is a dominate ( )xd1  and x dominate ( )xd2  for all .Kx ∈  

Then 21 dd ∗  is a left derivation on K. Moreover, 

( ) ( ) ( ).FixFixFix 2121 KKK dddd ∪=∗  

Proof. Since ( ) ( ),21 xdxd ≤  thus ( )( ) ( )xdxdd 221 =∗  is a left derivation 

on K. 
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Let ( ),Fix
21

Kx dd ∗∈  i.e., ( ) ( ) ( ),221 xdxddx =∗=  that is, ∈x  

( )Kd2
Fix  and so ( ) ( ).FixFix 21 KKx dd ∪∈  

Now, let ( ) ( ),FixFix 21 KKx dd ∪∈  thus ( ) xxd =1  or ( ) .2 xxd =  If 

( ) ,2 xxd =  then ( ) ( ) .221 xxdxdd ==∗  

Hence, ( ).Fix 21 Kx dd ∗∈  

If ( ) ,1 xxd =  then we get ( )xdx 2≤  from ( ) ( )xdxd 21 ≤  and by 

hypothesis, ( ) .2 xxd ≤  

Then ( ) ,2 xxd =  and ( ) ( ) ( ) .221 xxdxdd ==∗  

Therefore, ( ).Fix 21 Kx dd ∗∈  

Corollary 4.19. If K is a dominante incline and ,1d  2d  are two left 

derivations on K, then ( ) ( ).FixFix 2121 KK dddd ∗+ =  
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