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Abstract

Using Hermite cubic polynomial trial function and piecewise linear test

function and combining the method of characteristics with finite volume

element method, we give a full discrete finite volume element method

along characteristics. Further, we get an optimal 1H  and 2L  error

estimates. Finally, an experiment showing the advantage is provided.

1. Introduction

The mathematical model of the semiconductor device of heat

conduction is described by the initial boundary value problem made up of

a system of four quasi-linear partial differential equations. One equation

of the elliptic type for the electric potential, two of convection-dominated

diffusion type for the conservation of electron and hole concentration, and

the last one for the heat conduction. The four equations relevant initial
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conduction and boundary condition make up a closed system. We consider

the following one dimensional semiconductor problem [10] in [ ]:, ba=Ω

( )( ) ( ) ( ] ( ],,0,,0,,
2

2
TJTtxxNep

x
=×Ω∈+−α=

∂

ψ∂− (1.1)

( ) ( ) ( ) ,,,,, JtxTpeR
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exD
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e
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∂
ψ∂µ−
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∂
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
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

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


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

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


∂
ψ∂µ+
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∂=

∂

∂−
∂
∂ρ

( ) ,, Jtx ×Ω∈ (1.4)

where (1.1) is the electrostatic potential equation, (1.2) and (1.3) are the
electron and hole concentration equations and (1.4) is a temperature

equation. The unknown functions here are the electrostatic potential ψ,

the electron concentration e, the hole concentration p and the

temperature T. All coefficients are positive. ( ) ( )pesxDs ,=  is the

diffusion coefficient, ( ) ( )pesxs ,=µ  are mobilities with the relation ( )xDs

( ),xU sTµ=  where TU  is the thermal voltage. ( ) ( ) ( )xNxNxN AD −=  is

a given function, ( )xND  and ( )xN A  being the donor and acceptor

impurity concentrations. ( )TpeR ,,  is recombination term considering

the temperature’s effect. For e, p and T, the initial condition is

( ) ( ) ( ) ( ) ( ) ( ) .,0,,0,,0, 000 Ω∈=== xxTxTxpxpxexe (1.5)

The initial value of ψ can be calculated by (1.1) and (1.4). We consider

two point boundary value problem, the boundary values are

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .0,0,0,0 =′==′==′==ψ′=ψ bTaTbpapbeaeba (1.6)

The work on the semiconductor device simulation is very important
for the development of the semiconductor problem. Since Gummel [3]
first proposed sequence iterative computation methods to treat this kind
of problem, and thus opened a new field in 1964, there have been lots of
numerical contributions towards about such problems. The main work
now include: Douglas and Yuan [1], Yuan [9-11] and Zlámal [12] et al.
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Finite volume element method, as a new method to solve differential
equations, can preserve the desired conservation laws and preserve the
main advantage both of the finite element method and also of the finite
difference method. Compared with finite difference method, it can be
parted freely especially in irregular domains. In this paper combining the
modified method of characteristics, we get a full discrete characteristic
finite volume element method for one dimensional cubic semiconductor
device simulation which not only preserves the advantage of finite
volume element method but also preserves the conceptual and
computational advantages of the MMOC.

The outline of the paper is as follows. In Section 2 we introduce the
algorithm of this paper and give the computational procedure. In Section
3 we study the estimate of rate of convergence on assumption of periodic
boundary value condition. First some definitions and lemmas are given.

Then we obtain an optimal prior error estimate in 1H  and in .2L  Finally,

in Section 4, the numerical results are presented. In this paper, C stands

for a general positive constant and ε is a general small positive constant
having different meaning at different places.

2. Full Discrete Scheme of Characteristic Finite Volume

Element Method

We use mH  to denote Sobolev space of m order. In [ ],, ba=Ω  ( )⋅⋅,

denotes 20 LH =  inter-integral, m⋅  denotes mH  norm and .0 ⋅=⋅

Let { ( ) ( ) },011 =|∈= auHxuHE  .12
EHHU ∩=  We divide [ ]ba,=Ω

into J parts called partition hT  [4] with the nodes ,ix  ....,,1,0 Ji =  Let

[ ] 11 ,, −− −== iiiiii xxhxxI  and { }.max1 iJi hh ≤≤=  Then we assume that

the partition satisfies the regular condition ,hhi µ≥  ,0>µ  .1 Ji ≤≤  We

introduce the dual partition ∗
hT  with nodes ,21−ix  ....,,1,0 Ji =  The

nodes satisfy

.21212121210 JJii xxxxxxx =≤≤≤≤≤≤= −+−− ""

Let [ ],,
2
100 xxI =∗  [ ],,

2
1

2
1 +−

∗ =
ii

i xxI  [ ],,
2
1 J

J
J xxI

−
∗ =  .11 −≤≤ Ji  All
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the ( )JiIi ≤≤∗ 0  made up of the cell dual partition ,∗hT  ∗
iI  is also called

control volume. We use Hermite cubic polynomial space hU  as trial

function space due to ,hT  the base functions about ix  are

( )( )

( ) ( )

( ) ( )
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
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−
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−
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iiiii
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i xxxxxhxx

xxxxxhxx

x

We denote an ,hh Uu ∈  uniquely by [ ( )( ) ( )( )]∑
=

ϕ′+ϕ=
n

i
iiiih xuxuu

0

10 .

We use piecewise linear polynomial space hV  as a test function space

due to .∗hT  The base functions about ix  are

( )( )




 ≤≤

=ψ +−

others,,0

,,1
2
1

2
10 ii

i

xxx
x

( )( )
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

 ≤≤−

=ψ +−

.others,0

,
,

2
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2
11 ii
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xxxxx
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We denote a ,hh Vv ∈  uniquely by [ ( )( ) ( )( )]∑
=

ψ′+ψ=
n

i
iiiih xvxvv

0

10 .

Let the time step be ,NTt =∆  where N is a positive integer and

,tntn ∆=  ....,,1,0 Nn =  Let ( ) .nn utu =  Define the interpolation

operators hh UU →∏ :  and .: hh VU →∏∗

For convenience, we rewrite (1.1)-(1.4) as

( )( ) ( ) ( ],,0,,,
2

2
TJJtxxNep

x
=×Ω∈+−α=

∂

ψ∂− (2.1)
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



∂
∂

∂
∂=

∂
∂

( )( ) ( ) ( ) ,,,,, JtxTpeRxNepee ×Ω∈−−−αµ+ (2.2)

x
pu

x
pu

x
pD

xt
p p

pp ∂
µ∂

−
∂
∂µ−





∂
∂

∂
∂=

∂
∂

( )( ) ( ) ( ) ,,,,, JtxTpeRxNeppp ×Ω∈−−−αµ− (2.3)

( ) 2
2

2
upu

x
pD

x

T
t
Tx pp µ+⋅

∂
∂−=

∂

∂−
∂
∂ρ

( ) ,,,2 Jtxueu
x
eD ee ×Ω∈µ+⋅
∂
∂+ (2.4)

where

( ) .,, Jtx
x

u ×Ω∈
∂
ψ∂−= (2.5)

For problems (1.1)-(1.5), we assume the solution to be smooth due to its
physical property and the coefficients satisfy

(1) ( ) ( ) ∗
∗

∗
∗ =≤µ≤< CCpesCxxDC ss ,,,,,0  are positive constants.

(2) 
( )

.,, pesC
x

xs =≤
∂
µ∂

(3) ( )TpeR ,,  satisfies the Lipschitz condition in three variables near

0ε  field. That is to say that there exists a ,0≥C  when ,0ε≤εi

( ),61 ≤≤ i  such that

( ) ( ) ( )( )531 ,,,,, ε+ε+ε+ txTtxptxeR

( ) ( ) ( )( )642 ,,,,, ε+ε+ε+− txTtxptxeR

{ } ( ) .,,654321 JtxC ×Ω∈ε−ε+ε−ε+ε−ε≤ (2.6)

Define

( ) ∫ 






∂
∂

∂
∂−=

b

a
u vdxu

x
D

x
vuDa ,,;
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( ) ( ) ∫ 





∂
∂

∂
∂−==

b

a
vdxu

xx
vuavua .,,;1

Let ( )xeτ  be the unit vector of ( )1,ueµ− and ( )xpτ  be the unit vector

of ( ).1,upµ  Denote [ ] ,1 2122 uss µ+=φ  ., pes =  Then the characteristic

derivative is approximated by

.1,1
x

u
tx

u
t p

p

ppe

e

ee ∂
∂

φ
µ

+
∂
∂

φ
=

τ∂
∂

∂
∂

φ
µ

−
∂
∂

φ
=

τ∂
∂ (2.7)

We use a backward difference quotient for ( ) ( )n

ee

n
txexe ,

τ∂
∂=








τ∂

∂  along

the characteristics. Specifically, we take

( ) ( ) ( ) ( )
[( ) ]

( ) ( )
.

1

2122

1

t
tuxexe

txx

tuxexe
xex

n
e

nnn
e

nn

e
e

n

e ∆
∆µ+−

=
∆+−

∆µ+−
φ=

τ∂
∂φ

−−
(2.8)

Let ,ˆ tuxx n
ee ∆µ+=  ( ) ( ).ˆˆ xexe =  Then ;

ˆ 1

t
eee nn

e

n

e ∆
−≈

τ∂
∂φ

−
 for hole

concentration. Let ( ) ( ).ˆˆ,ˆ xpxptuxx n
pp =∆µ−=  Then .

ˆ 1

t
ppp nn

p

n

p ∆
−≈

τ∂
∂φ

−

Denote ( ) ,;,, 1111 tuxxxeetuxxu n
hp

n
p

n
eh

n
h

n
he

n
ehh ∆µ−==∆µ+=ψ∇−= −−−−

( ).11 −− = n
ph

n
h xpp  Then the full discrete finite volume method along

characteristics can be given by

( ) ( ) ,0,,,, NnVNepa hhh
nn

h
n
hh

n
h ≤≤∈χ∀χ+−α=χψ (2.9)
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
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n
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 ( ( ) )h
nn

h
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h

n
hp Nepp ω+−αµ+ −− ,11

( ( ) ) ,1,,,,, 111 NnVTpeR hhh
n
h

n
h

n
h ≤≤∈ω∀ω−= −−− (2.11)
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n
hh

n
h

n
h zTaz

t
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,,
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+














∆
−

ρ
−

( )













⋅

∂
∂

+µ+













⋅

∂
∂

−= h
n
h

n
h

eh
n
h

n
hph

n
h

n
h

p zu
x

e
Dzupzu

x

p
D ,,, 2

( ) .,,2
hhh

n
h

n
he Vzzue ∈∀µ+ (2.12)

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,,, 0
0

0
0

0
0 Ω∈∏=∏=∏= xxTxTxpxpxexe hhhhhh (2.13)

The algorithm of the process is: the values of 000 ,, hhh Tpe  are defined

by (2.13), by (2.9) we can obtain ;0
hψ  for ,...,,2,1 Nn =  assuming that

1111 ,,, −−−−ψ n
h

n
h

n
h

n
h Tpe  are obtained, by (2.10), (2.11) and (2.12) we can

calculate the values of n
h

n
h pe ,  and ,n

hT  and then from (2.9) we get the

value of .n
hψ

3. Convergence Analysis

3.1. Definitions and lemmas

Definition 1 [4, 7]. We define the discrete norm on ,: hhh UuU ∈∀

( ) ( ),,, ,0
2

,0 hhhhhhhhh uuuuu ∗∗ ∏∏==

∑
=

−
−












′+′+







 −
=

n

j
jj

j

jj
jhh uu

h
uu

hu
1

22
1

2
12

,1 ,

.2
,0

2
,1

2
,1 hhhhhh uuu +=

Lemma 1. For all ,hh Uu ∈  there exist two positive constants 21, CC
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independent of ,hU  such that

,2,01 hhhh uCuuC ≤≤

.12,111 hhhh uCuuC ≤≤

Lemma 2. For all ,hh Uu ∈  and for h sufficiently small, there is

( ) .,; 2
1hhhh uCuuDa ≥∏∗ (3.1)

( )hhh vuDa ∗∏,;  is denoted by ( ) ( ) +∏=∏ ∗∗
hhhhhh vuDavuDa ,;,; 1

( ),,;1 hhh vuDa ∗∏  where

( ) ( ) hhhhhhhhh UvuuvDavuDa ∈∀∏=∏ ∗∗ ,,,;,; 11 (3.2)

and

( ) ,,; 121
2
11 hhhhh uCuuDauC ≤∏≤ ∗

the second term satisfies

( ) .,,,; 112 hhhhhhhh UvuvuChvuDa ∈∀≤∏∗ (3.3)

Let [ ( )] .,,; 21
11 hhhhh UuuuDa ∈∏=⋅ ∗  Then 1⋅  is equivalent to

1H  norm .1⋅

Proof. In this paper, ( )hhh vuDa ∗∏,;1  and ( )hhh vuDa ∗∏,;2  are the

same as ( )hhh vuDB ∗∏,;  and ( )hhh vuDE ∗∏,; in [7]. We only prove

(3.3), the proof of the others can be seen in [7]. Now

 ( ) ( ) ( )hhhhhhhhh vuDavuDavuDa ∗∗∗ ∏−∏=∏ ,;,;,; 12

( ) ( )∑ ∫
=

+

−
−′′=

J

j

x

x
hjj

j

j

dxuuxDv
0

21

21

( ) ( ) ( )∑ ∫
=

+

−
−ϑ′′′=

J

j

x

x
jjhj

j

j

dxxxuxDv
0

21

21
.

Following the analytic tradition of Li et al. [4], we know that in =jI
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[ ],,1 jj xx −  there is

( ) .1
1








 ′+′+
−

≤′ −
−

jj
j

jj
h uu

h
uu

Cxu

Using Hölder’s inequality and the regularity of the partition, we have

( ) ( ) [ ( )] huvCvua
J

j
jh

J

j
jhhh

21

0

2
21

0

2
2 ,













ϑ′












′≤∏ ∑∑
==

∗

.11,1,1 hhhjhj vuChuvCh ≤≤

In the last step we use that 1⋅  and 1⋅  are equivalent in ( ).1 ΩEH

Lemma 3. Let ( ) .,, 2
,0 hhhhhhh Uuuuu ∈∀≡∏∗  Then

.2,01 hhhh uCuuC ≤≤ (3.4)

Proof. Firstly from the interpolation theorem in Sobolev space, we
have

.,40,4 UumuChuu m
m

h ∈∀≤≤≤−∏ −∗

By the triangle inequality

,hhhh uCuuuu ≤−∏+≤∏ ∗∗

so that

( ) ., 2
hhhhh uCuuCuu ≤∏≤∏ ∗∗

Secondly Li et al. [4] have proved that ( ) ,, 2
hhh uuu β≥∏∗  and thus

( ) ., 21 hhhh uCuuuC ≤∏≤ ∗

The proof is complete.

Definition 2. For all ,hh Uu ∈  we introduce the negative norm as

( )
.

,
sup

10and
,1

1 h

hhh

U
hh

u
u

hhh ω
ω∏

=
∗

≠ω∈ω
− (3.5)
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By Lemma 3 and the theory in [6] we can obtain that hhu ,1−  and

1−hu  are equivalent norms.

Note. In the following convergence analysis we do not declare when
we use continuous norm instead of discrete norm.

3.2. 1H  norm error estimate

For convenience we suppose that the solution of (1.1)-(1.5) is

Ω-periodic, and hence the corresponding discrete scheme (2.9)-(2.13) is

also Ω-periodic. For ordinary boundary value problems we can get similar

results dealing with the technique extension or mirror reflection (see
[10]).

Now, we introduce the elliptic projection of the solution: let ,~~
hψ=ψ

satisfy

( ) ,,0,~
hhh Va ∈χ∀=χψ−ψ (3.6)

and let ,
~

,~,~
hVTpe ∈  satisfy

( ) ( ) ,,0,~,~; hhhehe VeeeeDa ∈ω∀=ω−λ+ω− (3.7)

( ) ( ) ,,0,~,~; hhhphp VppppDa ∈ω∀=ω−λ+ω− (3.8)

( ) ( ) ,,0,
~

,
~

hhhTh VTTTTa ∈ω∀=ω−λ+ω− (3.9)

where ( )Tpess ,,=λ  is a positive constant. It is well-known [2, 8] that

for ( ) ( ),,,, 14 IHIHTpe E∩∈ψ  we have

4
4

1
~~ ψ≤ψ−ψ+ψ−ψ Chh (3.10)

( ) ( )
1

1

~~
~~

t
ss

h
t

ss
sshss

∂
−∂+

∂
−∂+−+−

.,,,4

4
4 Tpesh

t
ssC =





∂
∂+≤ (3.11)

Denote ,~ψ−ψ=θ h  ;~ψ−ψ=η  ,~eehe −=ξ  ;~eee −=ζ  ,~pphp −=ξ

;~ppp −=ζ  ,
~
TThT −=ξ  .

~
TTT −=ζ  First from (2.9) and (3.6) we can

get the error estimate equation of electric potential



w
w

w
.p

ph
m

j.c
om

FINITE VOLUME ELEMENT METHODS AND ANALYSIS … 307

( ) ( ).,, h
n
h

nnn
hh

n eeppa χ−+−α=χθ (3.12)

We choose n
hh θ∏=χ ∗  as test function in (3.12). By Lemma 2, we have

{ }.4
1 hC n

p
n
e

n +ξ+ξ≤θ (3.13)

Next we examine electron concentration, for hole concentration we
have the similar results. By (2.2), (2.10) and (3.7), we obtain

( )h
n
eeh

n
e

n
e Da

t
ωξ+










ω

∆
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1









ω








∆
−−⋅

∂
∂µ−

∂
∂=

−

h

nn
n

n

e

n

t
eeu

x
e

t
e ,

1

( [ ( ) ( )] )h
nnnn

h
n
h

n
he NepeNepe ω+−−+−µα+ −− ,11

([ ] ) ( ( ) ( ) )h
n
h

n
h

n
h

nnn
h

ennn
h

n
h TpeRTpeR

x
ueue ω−+ω

∂
µ∂

⋅−+ −−−− ,,,,,, 1111

( ) .,,~
1











ω

∆
ζ−ζ

+ω−λ+
−

h

n
e

n
e

h
nn

e t
ee (3.14)

For convenience, we rewrite (3.14) as

( )h
n
eeh

n
e

n
e Da

t
ωξ+










ω

∆
ξ−ξ −

,;,
1











ω

∆
ξ−ξ

+







ω








∆
−−⋅

∂
∂µ−

∂
∂=

−−−

h

n
e

n
e

h

nn
n
h

n

e

n

tt
eeu

x
e

t
e ,,

111











ω

∆
ζ−ζ

+









ω

∆
ζ−ζ

+
−−−

h

n
e

n
e

h

n
e

n
e

tt
,,

111

[ ] ( [ ( )Nepe
x

ueue n
h

n
h

n
heh

ennn
h

n
h +−µα+






 ω

∂
µ∂

⋅−+ −−− 111 ,

( )] )h
nnn Nepe ω+−− ,

( ( ) ( ) ) ( ).,~,,,,, 111
h

nn
eh

n
h

n
h

n
h

nnn eeTpeRTpeR ω−λ+ω−+ −−− (3.15)
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We choose .
1

n
eth

n
e

n
e

hh d
t

ξ∏=
∆
ξ−ξ

∏=ω ∗
−

∗  as test function in (3.15). Using

Lemma 2 to the left hand of (3.15), we get











∆
ξ−ξ

∏ξ
−

∗
t

Da
n
e

n
e

h
n
ee

1
,;

( ( ( )) ( ( )))1111 ,;,;
2
1 −∗−−∗− ξ−ξ∏ξ−ξ+ξ−ξ∏ξ+ξ
∆

= n
e

n
eh

n
e

n
ee

n
e

n
eh

n
e

n
ee DaDa

t

( ( ( )))11,;
2
1 −∗− ξ−ξ∏ξ+ξ
∆

≥ n
e

n
eh

n
e

n
eeDa

t

( ( ( )) ( ( )))11
2

11
1 ,;,;

2
1 −∗−−∗− ξ−ξ∏ξ+ξ+ξ−ξ∏ξ+ξ
∆

= n
e

n
eh

n
e

n
ee

n
e

n
eh

n
e

n
ee DaDa

t

( ) ( ).,;
2
1 1

2
2
1

12
1

n
eth

n
e

n
ee

n
e

n
e dDa

t
ξ∏ξ+ξ+ξ−ξ

∆
≥ ∗−− (3.16)

By Lemma 3, we obtain

( )2
1

12
1

2
,0 2

1 −ξ−ξ
∆

+ξ n
e

n
eh

n
et t

d











ξ∏

∆
ξ−ξ

+







ξ∏








∆
−−⋅

∂
∂µ−

∂
∂= ∗

−−
∗

−
n
eth

n
e

n
en

eth

nn
n
h

n

e

n
d

t
d

t
eeu

x
e

t
e ,,

111











ξ∏

∆
ζ−ζ

+









ξ∏

∆
ζ−ζ

+ ∗
−−

∗
−

n
eth

n
e

n
en

eth

n
e

n
e d

t
d

t
,,

111

[ ] 





 ξ∏

∂
µ∂

⋅−+ ∗− n
eth

ennn
h

n
h d

x
ueue ,1

( [ ( ) ( )] ) ( ( )nnnn
eth

nnnn
h

n
h

n
he TpeRdNepeNepe ,,,11 +ξ∏+−−+−µα+ ∗−−

( ) ) ( )n
eth

nn
e

n
eth

n
h

n
h

n
h deedTpeR ξ∏−λ+ξ∏− ∗∗−−− ,~,,, 111

( ).,; 1
2

n
eth

n
e

n
ee dDa ξ∏ξ+ξ− ∗− (3.17)

Multiplying (3.17) by ,2 t∆  summing for Nn ≤≤1  and using continuous
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norm instead of discrete norm, we have

∑ ∑
= =

≤ξ−ξ+∆ξ
N

n i
ie

N
e

n
et Ttd

1

9

1

2
1

02
1

2 .2 (3.18)

We now estimate the terms of the right hand of (3.18), for ,1T

∑ ∑
= =

∗
−

∆ξ∏ε+∆
∆
−−⋅

∂
∂µ−

∂
∂≤

N

n

N

n

n
eth

nn
n
h

n

e

n
tdt

t
eeu

x
e

t
eCT

1 1

2
21

11 . (3.19)

Let [ ] ,1ˆ 2122 n
hee uµ+=φ  so we have ,ˆ

e

n

e
n
h

n

e

n eu
x
e

t
e

τ∂
∂φ=⋅

∂
∂µ−

∂
∂  and

thus the following [8],

∫ ∫− Ω

−

τ∂

∂∆≤
∆
−−⋅

∂
∂µ−

∂
∂

n

n

t

t e

nn
n
h

n

e

n
dxdtetC

t
eeu

x
e

t
e

1
.

2

2

221
(3.20)

So that

( ( ))
( ) ∑

=Ω

∆ξε+∆
τ∂
∂≤

N

n

n
et

LJLe

tdteCT
1

22
2

;
2

2

1 .
22

(3.21)

To estimate the rest of terms of ,1T  suppose the partition parameter

satisfies ( ).hot =∆  We introduce the hypothesis [10]:

{ } ( ) 0,,0sup 111

0
→∆→ξ+ξ+ξ ∞

−
∞

−
∞

−

≤≤
thn

T
n
p

n
e

Nn
(3.22)

( ) .0,,0sup
0

→∆→θ∇ ∞
≤≤

thn

Nn
(3.23)

So that when ( )th ∆,  is sufficiently small, we have

., CuCTpe n
h

n
h

n
h

n
h ≤≤++ (3.24)

To handle ,2T  using the hypothesis and the result of [8]: 
211

t

n
e

n
e

∆
ξ−ξ −−

,21−ξ∇≤ n
eC  we have



w
w

w
.p

ph
m

j.c
om

CHEN CHUANJUN and YUAN YIRANG310

∑ ∑
= =

− ∆ξε+∆ξ∇≤
N

n

N

n

n
et

n
e tdtCT

1 1

221
2

 ∑ ∑
= =

− ∆ξε+∆ξ≤
N

n

N

n

n
et

n
e tdtC

1 1

22
1

1 . (3.25)

In treating 3T  using (3.11) and 4T  similar to ,2T  we obtain

∑ ∑
= =

∗ ∆ξε+≤ξ∏
∂
ζ∂

≤
N

n

N

n

n
et

n
eth

n
e tdChd
t

CT
1 1

28
3 . (3.26)

∑ ∑ ∑
= = =

− ∆ξε+≤∆ξε+∆ζ∇≤
N

n

N

n

N

n

n
et

n
et

n
e tdChtdtCT

1 1 1

26221
4 . (3.27)

By (3.5), (3.6) and (3.24) we examine ,, 65 TT

[ ( ) ( )]∑
=

∗−−− ∆





 ξ∏−+−
∂
µ∂

=
N

n

n
eth

nn
h

nnn
h

n
h

e tduueeeu
x

T
1

111
5 ,2

 ( ) ( ( ) )∑
=

−− ∆+++∆ξ+ξ≤
N

n

n
p

n
e thhCtC

1

268
2

2121
1

∑
=

∆ξε+
N

n

n
et td

1

2 . (3.28)

( ( ) ( )∑
=

−− −+−αµ=
N

n

n
h

nn
h

nn
h

n
he eeeppeT

1

11
6 2

( ) ( ) ) tdNepee n
eth

nnnn
h ∆ξ∏+−−+ ∗,

 ( ) ( ( ) )∑ ∑
= =

− ∆ξε+∆++∆ξ+ξ≤
N

n

N

n

n
et

n
p

n
e tdthCtC

1 1

228
2

212
1 . (3.29)

By (2.6), we have

( )∑
=

−−− ∆−+−+−≤
N

n

n
h

nn
h

nn
h

n tTTppeeCT
1

212121
7

∑
=

∆ξε+
N

n

n
et td

1

2
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 ( )∑
=

−−− ∆ξ+ξ+ξ≤
N

n

n
T

n
p

n
e tC

1

212121
1

( ( ) ) ∑
=

∆ξε+∆++
N

n

n
et tdthC

1

228
2 . (3.30)

∑ ∑
= =

∗ ∆ξε+≤∆ξ∏ζ≤
N

n

N

n

n
et

n
eth

n
e tdChtdCT

1 1

28
8 . (3.31)

To estimate ,9T  we use (3.3) and the inverse argument of finite element

method [2]:

∑ ∑
= =

−− ∆ξξ+ξ≤∆ξξ+ξ≤
N

n

N

n

n
et

n
e

n
e

n
et

n
e

n
e tdCtdhCT

1 1
1

1
11

1
9

 ∑ ∑
= =

∆ξε+∆ξ≤
N

n

N

n

n
et

n
e tdtC

1 1

22
1 . (3.32)

By the estimate of all ( )91 ≤≤ iTi  and (3.18), make ε properly small

and note that ,000 =ξ=ξ pe  so that

( )∑ ∑
= =

−−− ∆ξ+ξ+ξ≤∆ξ+ξ
N

n

N

n

n
T

n
p

n
e

n
et

N
e tCtd

1 1

21212
1

1
1

22
1

 ( ( ) ).26
2 thC ∆++ (3.33)

For hole concentration, choosing n
pth

n
p

n
p

hh d
t

ξ∏=
∆
ξ−ξ

∏=ω ∗
−

∗
1

 as test

function, we have

( )∑ ∑
= =

−−− ∆ξ+ξ+ξ≤∆ξ+ξ
N

n

N

n

n
T

n
p

n
e

n
pt

N
p tCtd

1 1

212
1

121
1

22
1

( ( ) ).26
2 thC ∆++ (3.34)

At last we discuss the error estimate of temperature. By (2.4), (2.12) and
(3.9), we obtain

( ) 















∆
−−

∂
∂ρ=ξ+








∆
ξ−ξ

ρ
−−

h

nn

h
n
Th

n
T

n
T z

t
TT

t
Tzaz

t
,,,

11

( )hTh

n
T

n
T zTTz

t
,~,

1
−λ+








∆
ζ−ζ

ρ+
−
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



















⋅

∂
∂−⋅

∂
∂

+ h
n

n
n
h

n
h

p zu
x

pu
x

p
D ,

( ( ) )h
nnn

h
n
hp zupup ,22 −µ+





















⋅

∂
∂−⋅

∂
∂

− h
n

n
n
h

n
h

e zu
x
eu

x
e

D ,

( ( ) ).,22
h

nnn
h

n
he zueue −µ+ (3.35)

We choose n
Tth

n
T

n
T

hh d
t

z ξ∏=
∆
ξ−ξ

∏= ∗
−

∗
1

 as test function in (3.35). By

Lemmas 2 and 3 and similar to (3.17), we have

( )2
1
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1

2
,0 2

1 −ξ−ξ
∆

+ξ n
T

n
Th

n
Tt t

d











ξ∏

∆
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ρ+







ξ∏








∆
−−

∂
∂ρ≤ ∗

−
∗

−
n
Tth

n
T

n
Tn

Tth

nn
d

t
d

t
TT

t
T ,,
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( )













ξ∏














⋅

∂
∂−⋅

∂
∂

+ξ∏−λ+ ∗∗ n
Tth

n
n

n
h

n
h

p
n
TthT du

x
pu

x

p
DdTT ,,

~

( ( ) )













ξ∏














⋅

∂
∂−⋅

∂
∂

−ξ∏−µ+ ∗∗ n
Tth

n
n

n
h

n
h

e
n
Tth

nnn
h

n
hp du

x
eu

x

e
Ddupup ,,22

( ( ) ) ( ).,, 1
2

22 n
Tth

n
T

n
T

n
Tth

nnn
h

n
he dadueue ξ∏ξ+ξ−ξ∏−µ+ ∗−∗ (3.36)

Multiplying (3.36) by ,2 T∆  summing for Nn ≤≤1  and using continuous

norm instead of discrete norm and noting that ,00 =ξT  we have

∑ ∑
= =

≤∆ξ+ξ
N

n i
i

n
Tt

N
T Qtd

1

8

1

22
1 .2 (3.37)

To deal with the right hand terms of (3.37), we obtain

(( ) ) ∑
=

∆ξε++∆≤++
N

n

n
Tt tdhtCQQQ

1

282
321 . (3.38)
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By the hypothesis (3.24), the bounds for 54 , QQ  are

( )∑
=

∗ ∆









ξ∏










−

∂
∂+⋅










∂
∂−

∂
∂

=
N

n

n
Th

nn
h

n
n
h

nn
h

p tuu
x

pu
x

p
x

p
DQ

1
4 ,2

 ( ) ( ( ) )∑ ∑
= =

∆ξε+∆++∆ξ+ξ≤
N

n

N

n

n
Tt

n
p

n
e tdthCtC

1 1

226
2

2
1

2
11 . (3.39)

( ( ) ( ) )∑
=

∗ ∆ξ∏−µ+−µ=
N

n

n
Tth

nn
h

n
p

n
h

nn
hp tduupuppQ

1

222
5 ,2

 ( ) ( ( ) )∑ ∑
= =

∆ξε+∆++∆ξ+ξ≤
N

n

N

n

n
Tt

n
p

n
e tdthCtC

1 1

226
2

22
1 . (3.40)

For ,, 76 QQ  using the same estimates as that of ,, 65 QQ  we obtain

( )∑
=

∆ξ+ξ≤+
N

n

n
p

n
e tCQQ

1

2
1

2
1176

( ( ) ) ∑
=

∆ξε+∆++
N

n

n
Tt tdthC

1

226
2 . (3.41)

By (3.3) and inverse arguments of finite element method, we have

∑ ∑
= =

∆ξε+∆ξ≤
N

n

N

n

n
Tt

n
T tdtCQ

1 1

22
118 . (3.42)

Put all the ( )81 ≤≤ iQi  into (3.37), hide ε terms, we have

( )∑ ∑
= =

− ∆ξ+ξ+ξ≤∆ξ+ξ
N

n

N

n

n
T

n
p

n
e

n
Tt

N
T tCtd

1 1

2
1

12
1

2
11

22
1

( ( ) ).26
2 thC ∆++ (3.43)

Combining (3.33) and (3.34), we obtain

( )∑
=

∆ξ+ξ+ξ+ξ+ξ+ξ
N

n

n
Tt

n
pt

n
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N
T

N
p

N
e tddd

1

22
1

2
1

2
1

2
1

2
1

( ) { ( ) }∑
=

−−− ∆++∆ξ+ξ+ξ≤
N

n

n
T

n
p

n
e thCtC

1

26
2

2
1
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1
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1

1
1 . (3.44)
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Applying the discrete Gronwall lemma, we conclude that

( )∑
=

∆ξ+ξ+ξ+ξ+ξ+ξ
N

n

n
Tt

n
pt

n
et

N
T

N
p

N
e tddd

1

22
1

2
1

2
1

2
1

2
1

{ ( ) }.26 thC ∆+≤ (3.45)

Now, we prove the hypotheses (3.22), (3.23).

 (i) It is easy to see that 0,0 0000 =ξ=ξ=ξ=θ Tpe  when .0=n  So

(3.22) and (3.23) are true.

(ii) Assume (3.22) and (3.23) are true when .1−= Ln  By (3.13) and

(3.45), we have

( ) ( ) 0,,0321 →∆→∆+≤ξ+ξ+ξ −
∞∞∞ ththChL

T
L
p

L
e

( ) ( ) .0,,0321
1

21 →∆→∆+≤θ≤θ∇ −−
∞ ththChCh LL

So (3.22) and (3.23) are true for all the ( ).1 Nnn ≤≤

Thus, we conclude the theorem.

Theorem 1. Let { }ψ,, pe  be the solution of (1.1)-(1.5) and have some

smoothness, { }n
h

n
h

n
h pe ψ,,  be the solution of the full discrete characteristic

finite volume element scheme (2.9)-(2.13). When h sufficiently small and

satisfies ( ),hot =∆  then we can obtain 1H  norm error estimate as

{ } ( ).sup 3
111

0
thCTTppee n

h
nn

h
nn

h
n

Nn
∆+≤−+−+−

≤≤
(3.46)

3.3. 2L  norm error estimate

We choose n
ehh ξ∏=ω ∗  as the test function in (3.15).
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
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
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n
h

n
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h

n
h +−µα+ξ∏

∂
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⋅−+ −−∗− 111 ,

( )] )n
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nnn Nepe ξ∏+−− ∗,

( ( ) ( ) )n
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n
h

n
h

n
h

nnn TpeRTpeR ξ∏−+ ∗−−− ,,,,, 111
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To handle the left hand of (3.47), we apply Lemma 3 and (3.1) in Lemma
2, and obtain
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t
ξ+ξ−ξ

∆
≥ − (3.48)

Multiplying (3.48) by ,2 t∆  summing for Nn ≤≤1  and using continuous

norm instead of discrete norm and noting that ,000 =ξ=ξ pe  we have

∑ ∑
= =

≤∆ξ+ξ
N

n i
i

n
e

N
e TtC

1

8

1

2
10

2 . (3.49)

To treat the first three terms in the same way as done in 1H  norm error
estimate, we obtain

( ) ∑
=

∆ξ+∆≤
N

n

n
e tCtCT

1

2
2

2
11 . (3.50)

∑ ∑
= =

− ∆ξ+∆ξε≤
N

n

N

n

n
e

n
e tCtT

1 1

22
1

1
2 . (3.51)

∑
=

∆ξ+≤
N

n

n
e tChCT

1

2
2

8
13 . (3.52)

To handle ,4T  we cannot proceed in a way similar to that in (3.27) as the

term 1−ζ∇ n
e  leading to 6h  order will appear which we do not want. To
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avoid this thing, we use Definition 2 of 1−H  norm estimate. Consider the

transformation: ( ) ,tuxxf n
he ∆µ+=  it follows from [8] that f is a bijection

of Ω onto itself. We see that

( ) ( ) .,1det Ω∈∀∆≤− xtCxDf (3.53)
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Following the results of [8],

( ) .1
11 tgCfgtCfgg ∆≤∇∆≤− −− DD (3.55)

Combining with (3.53), we obtain
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By (3.54), (3.56) and (3.57), we have shown that
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To estimate ,5T  we use partition integral and transfer the spacial

derivative of 
( )

x
uu

nn
hnn

h ∂
ψ−ψ∂

=−
−

−
1

1  to ,n
eξ  and get
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The remaining terms are bounded as in 1H  norm error estimate, and we
obtain

( ) ( ( ) ).
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n
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(3.60)

By all the error estimates of iT  and (3.49), hiding ε term in the left hand

of (3.49) yields
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For hole concentration we have the similar result
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Now, to treat temperature equation (3.35), in (3.35) choosing n
ThhZ ξ∏= ∗

as test function, we have
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Multiplying (3.63) by ,2 t∆  summing for Nn ≤≤1  and using the norm

equivalent and noting that ,00 =ξT  we have
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The similar estimates to 321 ,, QQQ  in 1H  norm error estimates, we have
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To deal with ,4Q  with the technique of partition integral transferring the

spacial derivative of some terms to n
Tξ  and using hypothesis (3.22), (3.23)

yields
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For ,, 76 QQ  we handle in the same way as ., 54 QQ  We deduce
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Putting (3.65)-(3.68) into (3.64), we have
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Combining (3.61) and (3.62) and hiding ε term, we have
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By the discrete Gronwall lemma, we conclude that
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So that we can obtain the result for 2L  error estimate.

Theorem 2. Let { }ψ,, pe  be the solution of (1.1)-(1.5) and have some

smoothness, { }n
h

n
h

n
h pe ψ,,  be the solution of the full discrete characteristic

finite volume element scheme (2.9)-(2.13). When h is sufficiently small and

satisfies ( ),hot =∆  then we can obtain 2L  norm error estimate as

{ } ( ).sup 4

0
thCTTppee n

h
nn

h
nn

h
n

Nn
∆+≤−+−+−

≤≤
(3.72)
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4. Numerical Experiment

Consider the following simple example

( ) ( ) ( )

( ) ( )

( ) ( )













≤<=π=

π≤≤=

π≤≤≤<=+
∂
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∂

∂−
∂
∂

.0,0,,0

,0,sin0,

,0,0,,cossin
2

2

Tttutu

xxxu

xTttxfux
x
ux

x

u
t
u

(4.1)

The exact solution is ( ) ( ).sin xeu t−=  Using Hermite cubic polynomial

full discrete characteristic finite volume element method we obtain the

approximate solution .hU  We get ideal results related to different spacial

steps and time steps in the examination from which we verify the

feasibility and effectiveness of this method. We perform two kinds of

computations: Table 1, the comparison of different nodes between the

discrete approximate solution (FVEM) and the exact solution (TS) when

,16π=h  ;3hdt =  Table 2, the comparison of different nodes between

the discrete approximation solution (FVEM) and the exact solution (TS)

when .,16 4hdth =π=

Table 1. The comparison of the nodes between the discrete solution and

the true solution when 007570.0,16 3 ==π= hdth

Node 8π=x 4π=x 2π=x 85π=x 43π=x 87π=x

( )098409.01.0FVEM =| t 0.346943 0.641072 0.906615 0.837603 0.641073 0.346943

( )098409.01.0TS =| t 0.346818 0.640836 0.906279 0.837292 0.640836 0.346818

( )196817.02.0FVEM =| t 0.314535 0.581200 0.821950 0.759385 0.581207 0.314539

( )196817.02.0TS =| t 0.314314 0.580776 0.821341 0.758820 0.580776 0.314314

( )393634.04.0FVEM =| t 0.258507 0.477693 0.675599 0.624184 0.477732 0.258533

( )393634.04.0TS =| t 0.258158 0.477015 0.674601 0.623250 0.477015 0.258158
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Table 2. The comparison of the nodes between the discrete solution and

the true solution when 001486.0,16 4 ==π= hdth

Node 8π=x 4π=x 2π=x 85π=x 43π=x 87π=x

( )099585.01.0FVEM =| t 0.346435 0.640129 0.905280 0.836370 0.640130 0.346435

( )099585.01.0TS =| t 0.346410 0.640082 0.905213 0.836308 0.640082 0.346410

( )199170.02.0FVEM =| t 0.313619 0.579495 0.819532 0.757149 0.579497 0.313620

( )199170.02.0TS =| t 0.313575 0.579411 0.819410 0.757037 0.579411 0.313575

( )399827.04.0FVEM =| t 0.256634 0.474205 0.670635 0.619589 0.474213 0.256639

( )399827.04.0TS =| t 0.256565 0.474070 0.670436 0.619402 0.474070 0.256565
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