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Abstract

In this paper we studied the effect of non-uniform permeability and
magnetic field strength on heat and mass transfer for the flow of non-
Newtonian fluid (biviscosity fluid) underlying an axisymmetric
spreading surface. In modeling the flow, when the magnetic field
strength and permeability are depending on the radial distance r,
similarity solutions were utilized to represent the governing equations
with appropriate boundary layer assumptions. The biviscosity model was
used to characterize the non-Newtonian fluid behavior. Numerical
results for the governing boundary layer equations were obtained by
applying the quasi-linearization method. The results have been shown
graphically, and the effect of non-dimensional parameters of the
problem, such as, M (magnetic parameter), B (parameter denotes the

upper limit of apparent viscosity), Ky (permeability parameter), n (the

surface temperature and concentration variation parameter), Sc
(Schmidt number), Sr (Soret number), Df (Dufour number), and Pr
(Prandtl number) illustrated on the velocity, temperature and
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concentration. Also, values of the skin friction Cf, Nusselt number Nu

and Sherwood number Nm are tabled and illustrated by accompanying
profiles.

Nomenclature

a, b Constants, defined in equation (9)

B Magnetic field strength [Wh/m?]

C  Concentration [-]

»  Specific heat capacity [J/(kg.K)]

¢, Concentration susceptibility [J7! kg]
Df Dufour number [-]

D,, Mass diffusivity [m?/s]

ejj  The deformation rate component [1/s]

F  Constant = Q/2nh [m?/s]

f Dimensionless stream function [-]

h Spreading film thickness [m]

h,  Rate of mass transfer, defined in equation (25)
K  Permeability of the porous medium [m?]

kr  Thermal diffusion ratio [-]

M  Magnetic parameter [-]

n Parameter of surface temperature and concentration variation [-]
Nu Nusselt number [-]

Nm Sherwood number [-]

Pr  Prandtl number [-]

py Yielding stress [Pa]
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@  Volume flux at the surface [m?/s]

q, Rate of heat transfer, defined in equation (25)
r Radial coordinate [m]

Sc  Schmidt number [-]

Sr Soret number [-]

T  Temperature [K]

Mean fluid temperature [K]

u Radial velocity component [m/s]

w  Axial velocity component [m/s]

z Axial coordinate [m]

Greek symbols

u  Plastic viscosity of the fluid [N.s/m?]

G Electric conductivity [1/(chm.m)] or [Q7!/m]

Density [kg/m?]

i)

a  Thermal conductivity [W/(m.K)]

n Dimensionless coordinate [-]

T;;  The shear stress components [Pa] or [N/ m?]
0 Temperature distribution function [-]

) Concentration distribution function [-]

v Kinematic viscosity of the fluid = p/p [m?/s]

Ty = ejjej;, where e;; as defined above

B Dimensionless parameter denotes the upper limit of apparent

viscosity coefficient, defined in equation (2)
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Introduction

Industrial and biological flows through a spreading surface are quite
common and have relevant applications such as, dip-coating of sheet
metal, gravity drainage of paints, spin-coating of surface layers on silicon
substrates, coating of inks on paper, spray-type heat exchangers, cooling
towers, rotating condensers, evaporators and the study of spilling
pollutant crude oil over the surface of sea water. One of the more
important applications of the flow underlying an axisymmetric spreading
surface is the spreading of blood through tissues and porous membranes
in human body. On the other hand, many recent studies pointed out the
importance of non-Newtonian characteristics of many fluids material,
both in technology and in nature. A variety of non-Newtonian models
have been developed in the last years, as an expression of the rheological
properties of many fluids. Also, most of physiological fluids in the human
body behave like non-Newtonian fluids. Blood is a suspension of red blood
cells (erythrocytes), white blood cells (leukocytes) and platelets in a
complex solution (called plasma) of gases, salts, proteins, carbohydrates,
and lipids. Plasma is constituted by 90% water and can be considered as
a Newtonian fluid. But, it is commonly assumed that blood is non-
Newtonian fluid, because the elastic and deformable saturation of red
cells gives it a shear dependent viscosity and a viscoelastic nature [3, 4,
11, 19, 24]. The viscosity, or internal friction, of blood increases as the
percentage of cells in the blood increases, more cells mean more friction,
which means a greater viscosity. The percentage of the blood volume
occupied by red blood cells is called the hematocrit. Hematocrit is an
important determinant of the viscosity of blood. As hematocrit increases
there is an increase in viscosity, although the relationship is not linear
(see Figure 1la). With a normal hematocrit of about 40 (that is,
approximately 40% of the blood volume is red blood cells and the
remainder plasma), the viscosity of whole blood (cells plus plasma) is
about 3 times that of water (which is the reference viscosity). On the
other hand, the viscosity of plasma alone is about 1.5 times that of water.
Although the concentrations and types of proteins in the plasma can
affect its viscosity, this has a little, if any, effect on the overall viscosity of
whole blood. When the hematocrit rises to 60 or 70, which it often does in
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patients with polycythemia, or abnormally high red blood cell counts, the
blood viscosity can become as high as 10 times that of water.
Alternatively, when the hematocrit falls drastically, as it does in patients
with anemia (a decreased number of red cells in the blood), blood
viscosity can approach that of plasma alone, therefore, a 50% increase in
hematocrit from a normal value increases blood viscosity by about 100%.

If we are interested in the raw numbers, the coefficient of viscosity for

water 1s 0.001 Newton-second per meter squared (N.s/m2 or Pa.s) at

20°C and the coefficient of viscosity for whole blood at the same

temperature is 0.00345 Pa.s. Also, the coefficient of viscosity for whole

blood at 37°C is 0.0027 Pa.s [12].

Measured in
8 Viscometer

Relative 4 -
Viscosity

bloocl

plasma
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Hematocrit (%0)
Figure 1a. Relative viscosity of all blood and plasma with
hematocrit [17]

The relation between the viscosity of blood and hematocrit with the

viscosity of plasma is pg =, (1+2.5H,), considering u, = blood viscosity,
U, = viscosity of plasma and H; = hematocrit. But, the formula is not

accurate for high values of hematocrit, for which the relation is no longer
linear [29].

So, the blood is considered as a non-Newtonian fluid and in general
Casson model is used as a constitutive equation of the blood, but,
Nakamura and Sawada [21] have shown that there is no significant
difference between Casson model and biviscosity model. Accordingly, the
two constitutive equations resemble each other except in the very low
shear rate region (see Figure 1b). In addition, the numerical calculations
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based on the Casson model are very difficult to compare with the
biviscosity model. Therefore, the biviscosity model can be used as a
constitutive equation of blood and the calculated results are not affected
very much [21]. Also, they have shown that the difference between the
Casson model and the biviscosity model exists in a very low shear rate
region and the calculated velocity distribution based on the biviscosity
model agrees with that of measured by Casson model. So, in this study we
can use the biviscosity model as a constitutive equation of blood.

L]

Cassonmadel |

-

5568115 Pals =

=]

0.5 1
W

Shear rate

Figure 1b. Shear stress and shear rate correlation

The effect of axial magnetic field on the flow and heat transfer about
a Newtonian fluid underlying an axisymmetric spreading surface is
investigated by Lin and Chen [18]. Nakamura and Sawada [22]
considered the starting and stopping flows of a biviscosity fluid through a
pipe with and without stenosis. Also, many mathematical models for
describing rheological behavior of blood have been extensively developed
in the last decades [23, 27, 30, 31]. El-Dabe et al. [5-8] studied the
MHD flow of non-Newtonian fluid through different flows, where the
magnetic force is considered uniform during the motion. Also, El-Dabe et
al. [9-10] studied the flow and heat transfer of MHD non-Newtonian
Casson fluid between two rotating cylinders, and the flow of MHD non-
Newtonian fluid with heat and mass transfer with heat source over an
accelerating surface through a porous medium. Hong et al. [14] studied
the effects of non-Darcian and non-uniform permeability conditions on
the natural convection from a vertical plate in porous media. The effect of

variable permeability of the porous medium for the natural convection
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from inclined plate due to solar radiation was considered by Chamkha et
al. [1]. Rahman et al. [25] studied the radially spreading flow of a thin
liquid film with axisymmetric discharge of liquid through a thin slot and

where a liquid jet impinges.

In this paper, we extend [18] to study the effect of an axial non-
uniform magnetic field on the flow of non-Newtonian fluids. Especially,
the effect of non-Newtonian property of blood on the flow with heat and
mass transfer underlying an axisymmetric spreading surface through
porous medium with non-uniform permeability using the biviscosity

model as a constitutive equation of blood [16, 20].
Formulation of the Problem

We confined our attention on the most important biological fluid, the
blood. While the linear theory of Navier-Stokes fluid is acceptable for

modeling blood flow in large arteries, at shear rate higher than 100s7!,

and when red blood cells not clump together therefore blood behaves as a
Newtonian fluid. While, at low shear rate (< 100s~* ), red blood cells

clump together to form aggregates and this behavior results for higher
values of apparent viscosity. Then, the role of non-linearity and the effect
of red cells on the viscosity become more important as well as in small
vessels and for the spreading of blood through membranes [2]. Such flows
cannot be well described by a simplistic linear constitutive equation. The
biviscosity model [21] can be used as a constitutive equation of blood in
some range of shear rates - as we illustrated above - where the shear

stress can be written as

2 },l,+p—y €j 7o 2 T,
1[27'[0
T:: =

ij
2(u+ Dy jeij Ty < T,

V2m,

Y

and

p - 2 @

Py

where B is a dimensionless parameter, which refers to the upper limit of
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apparent viscosity coefficient. According to [21], when the mean shear
rate of the calculation is about 20-150871, the biviscosity model can be

used as a constitutive equation instead of Casson model and calculated
results are in a good agreement. Also it should be noted that, for the
blood, the upper limit of apparent viscosity has a very large value and

this means that  must take a small value.

The system under consideration is shown in Figure 2, it consists of a
flow of an incompressible non-Newtonian fluid (blood) underlying a
spreading film of thickness A lies in the plane z = 0, and the fluid is

permeated by a non-uniform magnetic field with strength B(r) in

z-direction. Also, the fluid saturated porous medium (membrane) with

non-uniform permeability K(r) as a function of radial distance r.

Transport through membrane takes place when a driving force is applied

to the blood; these driving forces are a pressure difference AP,
concentration difference AC, temperature difference AT or electric
potential difference AE across the membrane [28]. In our study, we

studied the concentration and temperature effects on the flow.

porous membrane

Driving force:  AC, AP, AT, AF

Figure 2. Schematic of spreading of blood through porous membrane
with different driving forces that are present

Under these assumptions, and according to the boundary layer

approximation with axisymmetric cylindrical polar coordinates (r, z), the

steady laminar free convection flow of non-Newtonian fluid, is described
by the following equations:
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The continuity equation:

) | Aw) _

or 0z ’ ®
The equation of motion:
ou Ju _ 101, oB2(r) _u
“or TWoz T p 0z o ¢ pK(r) “ “
The energy equation:
2 2
dt dz  pc, 9z? CsCp 92>
The diffusion equation:
2 2
£+w£:DmaC+Dka8T, )
ot 0z 022 T, 922

where

_ Py ou  ow
Tpy = [M"r \/Rj(g—i_ﬁj (7)

The appropriate boundary conditions are

F
U=, w=0, T=T,0r), C=C,r) z-0 , ®)
u =0, w=0, T-=T,, C=0C,, zZ > o

where T, C,, and T, C,, are the temperature and concentration at the
surface and far away from it, respectively. We define T,,(r) = T., + ar”,

C,(r) = C., + br", and the other symbols were listed in Nomenclature.

In order to simplify the governing equations (3)-(7) and the boundary
conditions (8), we may introduce the following transformations:

n=\/§5 v = VVF rf(n)

r
_lov _F o __lov _  NEV
roZ r ror r(f nf), 9)
2
B(r) = 0 K() =V Ky

T=T,+ar"0(n) C=C, +br'"¢(n)
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where n 1s the surface temperature and concentration variation
parameter. Upon substituting the expression (9) into equations (3)-(7) and

boundary conditions (8), one finds

l nr /2 n _ L r —

(1+ﬁ)f + 17+ ff (M+K0jf 0, (10)
0" + Prfo' — nProf' + PrDfp" = 0, (11)
" + Scfd' — nScdf’ + ScSro” = 0, (12)

with the boundary conditions

ff=1 6=1 ¢=1 at n:O}

0
(13)
=0 06=0 ¢=0 at nm—o ®

where the primes denote the partial differentiation with respect to the
variable . It should be noted that the dimensionless parameters are
defined by

2
= oBy Magnetic field parameter

pF
Pr = M% Prandtl number
Sc = v Schmidt number

Dm
Df = Dykr €y - C..) Dufour number

csCp(Ty = T )V
Sr = Diky (T ~Ts) Soret number.

Tm (Cw - Coo )V

Equations (10)-(12) with letting B, Ky —> », Df =0 and ignoring
equation (12) have been solved by Lin and Chen [18] for ordinary
Newtonian fluid. The present problem treats a general case of non-
Newtonian fluid to discuss the effect of rheological property of the fluid,
which depends on B, and taking into account the flow through porous
medium with considering the thermal diffusion and the diffusion-thermo

effects on the flow.
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Numerical Solution: Quasi-linearization Method

The set of equations (10)-(12) is highly non-linear ordinary
differential equation, therefore this system of equations cannot be solved
analytically. The quasi-linearization method has been used to transform
these equations into a system of linear differential equations, and then
we applied the method of complementary function to solving these
yielding equations. The quasi-linearization method, which also known as
the generalized Newtonian-Raphson method, was shown in details in

[26]. This method is used due to following advantages:

1. The method is quadratically convergent, starting from the initial

guess value.

2. The solution is valid for a large range of parameters. Even when
the required number of initial conditions are not given, this method

converges at a fast speed.

The quasi-linearization method applied for solving the equations (10)-(12)

with rearrangement gives the following equations:

"meo_ B 12 " 1 '
=gl (e g )r) o
0" = m (nPrf'0 — Prf®' + ScDfPrf¢' — nSeDf Prf'dp), (15)
¢ = m (nSefo — Scfo' + ScPrSrf6' — nScPrSrf'6).  (16)

Define new variables as follows:

x1 = f, x2=f', x3=f”,
x4 =0, x5 =0, xg = 0,
X7=(I)/.

Using the above new variables, the system of higher order differential
equations (14)-(16) and boundary conditions (13) may be transformed in
to the another system of first order differential equations (17) and
boundary conditions (18), respectively, as given hereunder
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X1 = Xg
X9 = X3
' 2 1
xg = IEB(_xZ — X1X3 +(M+K_ij2j
X4 = X5 ,
, 1
X5 = m(nPrx2x4 — Prx,x5 + ScPrDfx,x7 — nScPrDfxqxg)
xXg = X7
, 1
xn = m(nScxng — Scxyx7 + ScPrSrx;xs — nScPrSrxgxy, )
a7
=0: x1 =0, x9=1, x4 =1, x4 =1
n 1 2 4 6 ) (18)
n—>wo: x9=0, x4=0, x5=0
Equations in (17) are in the form
x; = gi(xj, T]) (l, j=12, ., m-= 7), (19)

where g;’s are taken as vectors in the mth dimensional space. The

(k +1)th approximation xl(kH) to the solution of (19) is obtained by

k

expanding the functional g; about the kth approximation x’,

containing

k

only the linear and constant terms. The kth approximation x; 1is

assumed to be a set of known approximate solutions.

By performing Taylor’s series expansion of differential equations in
(17), one can obtain the following equations expressed in matrix form:

r(k+1) e (k+1)
Xq a1 Q91,2 a1,7 || %) 81
x’2(k+1) a2,1 a2’2 een a2’7 x§k+1) 82
= + ,
x’r7(k+1) a7’1 a7,2 een a7,7 x$k+1) 37

which can be written in the form

(k+1) _  (R+1) ) ..
x; = aj, jX; + s, ,j=12 ..,7 (20)
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or
X =AX +8S

with the boundary conditions

Moy =0, 0 =1 Po)-1 xék)(o)zl’} @1)

xgk)(oo) =0, xflk)(w) =0, xék)(oo) =0

The elements of the matrix A;.; and Sy, are thus obtained as given

below

for i, j=1,2,..,m="1. (22)

The values of these elements «; ; and s; are defined in the Appendix

(k+1)

(part 1). The system given by equation (20) is linear in x; and its

general solution can be obtained by using the method of complementary
function, which determine the general solutions as particular and
homogeneous solutions. The boundary conditions for the particular

solution and homogeneous solution are given as follows:

(1) For the particular solution
g*(0) = (0,1, 0,1, 0, 1, 0).
(11) For the homogeneous solution

Ul(l)(o) = (O’ O’ 1’ 07 0’ O’ O)’
U®(0) = (0, 0,0,0,1,0,0),
u®0) = (0,0, 0,0,0,0,1).

Then, the general solution of the system of equation (20) is given by

3
xl(k+l)(n) _ ql(k+1)(n) n ZblUl(l)(n)’ (23)
=1
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where by, by and b3 are the missing initial conditions and are determined
by considering the boundary conditions at 1 — . The values of these

constants defined in the Appendix (part 2).

The set of differential equations given in (20), have been solved by
employing the fourth order Runge Kutta method for the boundary
conditions given in (21) and solution is obtained by invoking the method

of complementary function. The coefficients q@;; and s; in (22) depend on
the nominal trajectories xl(o)(n). Hence, depending on the initial guess of
nominal trajectories x}o)(n), the solution of equation (20) yields the

neighboring trajectories xgl)(n). These neighboring trajectories are

treated as nominal trajectories and the next neighboring trajectories are
obtained, and this process is continued until the convergence is obtained.
It is important to note that, the initial guess values for nominal
trajectories need not be closer to the required solution. Any guess, such
as, assuming zero values for all independent variables will be normally
yield solutions. The whole range is divided into 100 equal parts with
equal subinterval of width An = 0.05.

Results and Discussion

In the present analysis, we considered heat and mass transfer of non-
Newtonian fluid (biviscosity fluid) through a porous medium underlying
an axisymmetric spreading surface. After certain transformation,
numerical solution has been obtained by quasi-linearization method.
Then, the numerical results were obtained for distributions of velocity of
spreading, temperature and concentration, according to different values
of parameters of the problem; namely, the dimensionless parameter of
upper limit of apparent viscosity B, magnetic parameter M, Schmidt

number Sc, permeability parameter K, Soret number Sr, Dufour number
Df and Prandtl number Pr.
One of the purposes of this study is to evaluate the effects of the non-

Newtonian property of blood on its spreading through porous membranes
in human body. The viscosity of blood effects its rate of flow through
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small vessels and porous membranes. This phenomenon is illustrated in
Figures 3-4. As seen from these figures the non-Newtonian property of
blood (according to different values of B) works to decrease the functions f
and f’. This implies that the velocity components  and w decrease as
increases. Therefore, the non-Newtonian property of blood can be one of
the factors, which inhibit the spreading of blood through membranes.
Also, in Figure 3 there is a comparison with Newtonian case, which is
studied by [29], illustrated by dashing curve. Figure 5 shows that the
absolute value of shear stress, according to different values of the

function ", decreases as P increases up to m = 2, but when n > 2 the
inverse occur, and f" asymptotically to zero when m — oo. Another

resistance for the flow of blood is the magnetic parameter, as is shown
from Figure 6 where the magnetic parameter reduces the flow velocity. It
is expected that, an increase in the permeability of the porous membrane
leads to a rise in the spreading of blood through it. This result is
illustrated in Figure 7, where the velocity of the fluid increases as

permeability parameter K|, increases.

For blood, if the value of thermal conductivity o = 0.543 W(m.K)™
and specific heat capacity ¢ p = 4180J (kg.K)_l, then the value of Prandtl

number is about Pr = 25 for human blood [13], and for air at 20°C
Pr =0.7 [15]. We have seen from Figure 8 that the temperature
decreases with increase in Prandtl number. Also, in the same figure the
dependence of the blood viscosity on its temperature is illustrated, where
a decrease in values of B corresponds to an increase in the temperature of
blood for n =1, while the inverse situation occurs at n = —1. The effect
of permeability parameter K, on temperature and concentration
distributions is plotted in Figures 9-10 for different values of n
(n =-1,0 and 1). The increase in the value of K, decreases the
temperature and concentration distributions for » = 0 and -1, but for
n =1 the inverse occurs. In Figures 11-12 we illustrate the effect of the

temperature difference AT = T,, — T, and concentration difference AC =

C, — C, on temperature and concentration profiles. In the case under
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consideration, an increase in the values of Dufour number Df and a
decrease in Soret number Sr means a decrease in the temperature

difference AT, between the hot surface of spreading and the free stream,
and an increase in the corresponding concentration difference AC. This
leads to decreasing in the value of the dimensionless temperature 0(n)

inside the thermal boundary layer (Figure 11), and this is clear for higher
values of the dimensionless distance n from the hot surface. This result
can be explained by the fact that the Dufour or diffusion-thermo effect
becomes more important for smaller temperature differences and also for
higher concentration differences. Inversely, it is evident from Figure 12

that when the concentration difference AC decreases and temperature
difference AT increases (Sr increases or Df decreases) the dimensionless
concentration profiles ¢(n) decrease, in the sense that the value of ¢

decreases as the value of 1 increases. This result is a consequence of the
increase of the thermal-diffusion parameter or Soret number. Figure 13

depicts the variation of dimensionless concentration function ¢(n) with

Schmidt number Sc for prescribed values of B. Profiles are shown both for
B = 0.005 and B = 0.01. It is observed that the concentration is higher

for B = 0.005 as compared to § = 0.01, i.e., the concentration is inversely

proportional with B. Also, the concentration continuously decreases with
an increase in Schmidt number. The variation in the temperature
distribution with reference to the variation in magnetic parameter M for
different values of Schmidt number Sc is presented in Figure 14. The

results are given for negative value of n (n = —1). It is observed that the

temperature values for Sc = 0.2 are more than that for Sc = 0.5. Also,
from this figure we observed that as the magnetic parameter increases
(l.e., an increase in the strength of applied magnetic field) the
temperature continuously increases. The same pattern is observed for the
concentration distribution in Figure 15. This indicates that the
concentration can be increased by an increase in the magnetic field. While
the concentration of the fluid reduces by increasing the value of Prandtl
number, which corresponds to the fluid type; i.e., for blood Pr = 25 the

concentration of the fluid is less than for air Pr = 0.7. The variation of
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the dimensionless boundary layer thickness & with B for different values
of both M and K|, is presented in Figures 16-17 and the accompanying

Table 1. Here, 8 is defined as the value of the similarity variable n at

which the dimensionless velocity f'(n) equals 0.01. It is observed from

Figures 16-17 and Table 1 that the boundary layer thickness increases
with permeability parameter K;, and it can be reduced by increasing

both B and M.

For the present problem, the local skin-friction can be written as

C; = \/g # - 2(1 N %) £7(0), (24)

2 p(?)

where T, is the wall shear stress.

Obtaining temperature and concentration distributions, we can study
the rate of heat and mass transfer. These rates can be written as

- 9T -_p | %
qw = oc[ = L:O, and h, = Dm[az L:O' (25)

The local Nusselt number and the local Sherwood number Nu, Nm are
defined by the following relations:

:rq_w\ﬁ:_ : :rh—w\ﬁ:_ :
Nu o, ~T)VF 0'(0) and Nm D, (C. —CINF ¢'(0).

The numerical results for some values of f'(0), 0'(0) and ¢(0) were
obtained in Tables 2-4. Table 2 illustrates the variation of f'(0) with the
effective parameters of the velocity, which are M, K, and B. Since the
shear stress f”(0) represents the friction between the fluid flow and the

surface, this friction increases as the fluid velocity increases and vice
versa. Since the fluid velocity decreases as both M and B increase and

increases as K increases, the value of f"(0) has the same behavior, i.e.,

reduces with an increase of M and B, and increases with an increase of

K. The values of Nusselt and Sherwood numbers have been given for

n=-2 n=1 and n =2 in Table 3 and for n = 4 in Table 4, which
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show their variation with respect to all parameters of our problem. From
the numerical results obtained as given in Table 3, it can be noticed that
the rate of heat transfer and the rate of mass transfer have the same
pattern, i.e., their values increase with an increase of M and B, while,

these rates decrease with an increase in K;. From Table 4 the rate of

heat transfer has an opposite behavior compared to that of the rate of

mass transfer, i.e., 0'(0) increases with Soret number Sr and decreases

with the other parameters Schmidt number Sc¢, Prandtl number Pr and

Dufour number Df, while ¢’(0) has the inverse behavior.

Physical Applications

In this problem we studied the spreading of non-Newtonian fluid
through a porous layer in the presence of variable magnetic field
strength. An important type of non-Newtonian fluid is a viscoplastic or
yield stress fluid. Bingham plastics are a special class of viscoplastic
fluids that exhibit a linear behavior of shear stress against shear rate. An
important example of these types of fluids is the blood. So, blood is
considered to be a non-Newtonian fluid. The biviscosity model was used
as a constitutive equation to describe the non-Newtonian property of
blood. The applicable example for our problem is the flow of blood, which
is considered as a non-Newtonian fluid, through porous membranes in
human body. The spreading of blood through membrane takes place
when a driving force is applied to it; we studied two types of these driving

forces, which are concentration difference AC and temperature difference

AT and its related parameters.

We mention here two applications corresponding to our results:

1. Very low flow states in the microcirculation occur during
circulatory shock, the blood viscosity can increase quite significantly.
This occurs because at low flow rates there are increased cell-to-cell and
protein-to-cell adhesive interactions that can cause erythrocytes to adhere
to one another and increase the blood viscosity [17]. This means that an
increase in the blood viscosity leads to a decrease in its velocity of flow,

this phenomenon is shown in Figure 3.
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2. Temperature also has a significant effect on viscosity. As

temperature decreases, viscosity increases (see Figure 8 for n =1).

Viscosity increases approximate 2% for each °C decrease in temperature.
This effect has several implications. For example, when a person’s hand
is cooled upon exposure to a cold environment, the increase in blood
viscosity contributes to the decrease in blood flow (along with neural-
mediated thermoregulatory mechanisms). The use of whole body
hypothermia during certain surgical procedures also increases blood

viscosity and therefore increases resistance to blood flow [17].

Table 1. Numerical results for the dimensionless boundary

layer thickness 6

p Ky M
0.2 0.5 0.8 10 15 20
0.01 9.3 9.45 9.5 9.5 9.2 8.85
0.02 8.05 8.6 8.75 8.65 7.75 6.9
0.03 6.9 7.65 7.85 7.75 6.55 5.75
0.04 6.1 6.9 7.15 7.00 5.75 5.00
0.05 5.55 6.35 6.6 6.45 5.2 4.5
0.06 5.15 5.95 6.25 6.1 4.8 4.15
0.07 4.8 5.65 6.00 5.8 4.5 3.85
0.08 4.55 5.4 5.75 5.55 4.25 3.65
0.09 4.35 5.25 5.6 5.4 4.05 3.45

0.1 4.2 5.1 5.5 5.25 3.9 3.3
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Table 2. Numerical values of f"(0) at n = 4, Pr = 25,
Df =10, Sc =20, Sr =15

p Ky M f"(0)
0.01 0.2 5 —0.31466963
0.02 0.2 5 —0.44400287
0.03 0.2 5 —0.54215267
0.01 0.2 5 —0.31466963
0.01 0.2 10 —0.38542688
0.01 0.2 15 —0.44511524
0.01 0.2 10 —0.38542688
0.01 0.5 10 —0.34469549
0.01 0.8 10 —0.33374573

Table 3. Numerical values of 6°(0) and ¢'(0) for different values of n

6(0) ¢'(0)

n=-2 n=1 n=2 n=-2 n=1 n=2

0.005
B=10.01
0.02

20

0.1

0.7

0.58991046 —0.17178066 —0.28642434 0.48016258 —0.15888259 —0.17842655
0.86215861 —0.15060519 —0.27996025 0.71911269 —0.14795133 —0.13991564
1.19592048 —-0.12322711 —-0.26977528 1.01233564 —0.13357643 —0.09074221

0.8608884 -0.15062428 —0.27992953 0.71828365 —0.14796479 —0.14002035
1.04975591 -0.13332377 —0.27135704 0.88460699 —0.13858672 —0.10971325
1.23230407 -0.11381816 —0.25863585 1.04591893 —0.12760955 —0.07656772

1.12219344 -0.12604851 —0.26705146 0.94852505 —-0.13455057 —0.09720548
0.88549231 —0.14847085 —0.27897198 0.73993084 —0.14681191 —-0.13621048
0.83605284 —0.15324288 —-0.28105755 0.69164604 —0.14936193 —0.14466575
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Table 4. Numerical values of 6'(0) and ¢’(0) for different
parameters of the problem
B M| Ky | Sr| Sc | Pr| Df 0’(0) ¢’(0)
0.01 5 0.2 15| 20 | 25 | 10 | —0.14002524 | —0.63968175
002 5 |02 15| 20 | 256 | 10 | —0.10023263 | —0.57540332
0.03 5 0.2 15| 20 | 25 | 10 | —0.07744655 | —0.53266295
001 5 | 02| 10 | 20 5 10 | —0.36331682 | —0.46616821
0.01 | 10 { 0.2 | 10 | 20 5 10 | —0.33725361 | —0.43554638
001] 15| 02| 10 | 20 5 10 | —0.31801400 | —0.41256149
0.01 | 10 [ 0.2 156 | 25 [ 20 [ 10 [ —0.12243221 | — 0.60308489
001] 10 | 05| 15 | 25 | 20 | 10 | —0.13261217 | —0.62319120
0.01 | 10 [ 0.8 156 | 25 [ 20 [ 10 [ —0.13558458 | — 0.62877579
001 5 |02 10| 20 | 256 | 10 | —0.42179256 | —0.41168107
0.01 5 0.2 15| 20 | 25 | 10 | —0.14002524 | —0.63968175
001 5 |02 20| 20 | 256 | 10 | —0.10731087 | —0.64913957
0.01 5 0.2 ] 10 5 25 | 15 | —0.63699862 | —0.14109781
001 5 |02 10| 10 | 26 | 15 | —0.63811786 | —0.14105136
0.01 5 0.2 10 | 20 | 25 | 15 | —0.63868444 | —0.14102256
001] 10 | 02| 10 | 20 | 0.7 | 10 | —0.25565150 | —0.49348682
0.01 | 10 { 0.2 | 10 | 20 5 10 | —0.33725361 | —0.43554638
001] 10 | 02| 10 | 20 | 256 | 10 | —0.39315013 | —0.38348246
0.01 | 10 [ 0.2 15 | 20 [ 20 [ 10 [ —0.12147827 | —0.60393707
001] 10 | 0.2 15 | 20 | 20 | 15 | —0.29512038 | —0.29512038
0.01 | 10 [ 0.2 | 15 | 20 [ 20 [ 20 [ —0.34885959 | —0.19835983
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Appendix

1. The elements of the matrix A,; and Sy, are given as follows:

0 1 0 0 0 0 0
0 0 1 0 0 0 0
a3’1 (13’2 a3’3 0 0 0 0 S3
A=| 0 0 0 0 1 0 0 and S =| 0 |,
a5y az2 0 a5y @55 ase Q57 S5
0 0 0 0 0 0 1 0
azn a7 0 a7y a7 agg  aggq $7
where the elements a; ; are defined as follows:
- k - B (g 1
Az = 1+BJC3, as o 1+ﬁ( 2.’X32 +M+K0),
as g = - B xf as 1 = ;(SchPrxé’ — Prxk)
' 1+B7° : 1 - SeSrDf Pr ’
n k k
- " (Pt —SeDfP
9.2 = T gogrpfpr ¥4~ SeDIPreg),
a _ nPr ok
54 = 1_8cSrDfPr =%
a = _—Prxk a = M xk
%5 = 1-8cSrDfPr-1’ 5.6 = 1_-8cSrDfPr %’
B ScDf Pr k 1 k k
5,7 = T ge SrDfPr X7, (Sc SrPrxg — Sex? ),

Y71 =9 Sc SrDf Pr
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- n k_ k
arg =17 SeSrDfPr (Scxg — ScSrPrxy),

»4 T 1-8cSrDfPr%’
5 7 1-8cSrDfpPr -1’ 6 = 1_8cSrDfpPr”%
-Sc
ar7 = F

1-ScSrDfPr 1
and the elements s; are defined as follows:

B k. k, k. k
Sa = X1Xx9 +X9%9 ),
3 1+B(13 9%3 )

1

k., .k k. .k k., .k k. .k
S5 = 1" SeSrDIDr (Prxi’xs — SeDf Prxyxy + nSeDf Prxsxg — nPrxsxy ),

1 k. k k. k k. k k. k
87 = W(Scxl x7 — SCST"PT'X]_ x5 + nScSrPrx2x4 — nScx2x6 )
2. The constants b, by, by are given as follows:
_d _dg _ ds
bl - d ) b2 ~ d ) b3 - d )
where

d = UP () U (0)UP (0) = U () U ()
- UR ) (U (0)UP (w0) - U () UL (0)
+ UP(0) (U (0)UP (w0) - UP (0)U P (),
dy = g (o) U (0)UP () - U ) U (0))
+ g V(o) UP ()T () - U 0) U ()

+ gD () (U () U (0) - UP (c0) U (w0)),
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dy = g () UP () US) (0) - U (0)US (e0)
+ g7 (00) (U (0)U (0) - U () US) (0))
+ g8 (0) (U () UP) (0) - U (o0) UM (0)),
dy = g () (UL () U (0) - U (0) U (0))
+ g () (U () UR) () - UP (o) U (0))

+ g8 (e0) (U () UM () - UM (00) U (w0)).

__________ Newtonian
B=0.01
£5=0.03
3=0.0%
3=0.07
NN $=0.09
- 1
2 4 6 8 10

Figure 3. Velocity plotted versus position for different values of p at
Pr =25 Ky =067 M =10, Sc =20, Df =15, n =3, Sr =15
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A=0.01
2
B=0.02 /

1.5y p=0.03

Figure 4. The similarity function f plotted versus position for the effect
of Bat Pr =25, Ky =0.2, M =10, Sc = 20, Df =5, Sr =5,n =4

Figure 5. The similarity function f" plotted versus position for the
effect of B at Pr = 25, K = 0.2, M =10, Sc =20, Df =5, Sr =5,n =4
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M=1
M=5
M=10
M=20
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Figure 6. Velocity plotted versus position for the effect of magnetic
parameter M at Pr = 25, K, = 0.67, p = 0.03, Sc = 20, Df =15,

Sr=15n=3

Figure 7. Velocity plotted versus position for the effect of
permeability parameter K, at Pr =25, M =1, B = 0.03, Sc = 20,

Df =15, Sr =15, n =3
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BN e Pr=25 n=-1
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N 1 Pr=25 n=l
o.e-l,“-}' 2 No
\ N 3 i £=0.005
0.4 \\\\ 2 A=0.01
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0.2 S~ '
: 4 5 8 0

Figure 8. Temperature plotted versus position for the effect of
Prandtl number Pr and different values of B at Ky = 0.5, M = 5,

Sc =05, Df =6,Sr=5

Figure 9. Temperature plotted versus position for the effect of
temperature variation parameter n and permeability parameter
K, at p=0.01, Pr=25,M =5,Sc =10, Sr =6, Df =5
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Figure 10. Concentration plotted versus position for the effect of
concentration variation parameter n and permeability parameter
Ky at B =0.01, Pr=25, M =5, Sc =25,Sr =5, Df =6

Figure 11. Temperature plotted versus position for the effect of
Soret number Sr and Dufour number Df at B = 0.01, Pr = 25,

M =10,n =1, Sc =10, K, = 0.8
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o,

Figure 12. Concentration plotted versus position for the effect of
Soret number Sr and Dufour number Df at B = 0.003, Pr = 25,

M =10, Sc =25, K, =08, n=1

Figure 13. Concentration plotted versus position for the effect of
Schmidt number Sc and different values of § at Ky = 0.7, M =5,

Pr=25 Df =20, Sr=5,n=1
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Figure 14. Temperature plotted versus position for the effect of
magnetic parameter M and Schmidt number Sc at B = 0.005,

Pr=25n=-1,Sr=5 Ky, =05 Df =6

Figure 15. Concentration plotted versus position for the effect of
magnetic parameter M and Prandtl number Pr at B = 0.005,

Df =6,n=-1,8¢ =05 Ky =078 =5



296 N.T.M. EL-DABE, M. A. A. MOHAMED and M. A. HASSAN

i AT

<> Kg=0.5

. +¢ Kp=0.8
WO 7
&
5

0.02 ¢.04 G.0e 0.08 a.1

Figure 16. The boundary layer thickness plotted versus B for the
effect of permeability parameter Ky at Pr = 20, M =10, Sc = 20,

Df =20,n =4, Sr =15

Figure 17. The boundary layer thickness plotted versus p for the
effect of magnetic parameter M at Pr = 20, K, = 0.6, Sc = 20,

Df =20,n =4, Sr =15



