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Abstract 

In this paper, we consider the discrete-time risk process in insurance in 
the case of excess-of-loss (XL-reinsurance) as the following: 
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where { }N∈nYn :  is an independent and identically distributed 

claim process such that nY  is a random variable indicating claim 

severity at time n, ( )bc  is a net income rate for one unit time with the 
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retention level b of XL-reinsurance, and 0≥u  is an initial capital. 
We obtain a necessary condition for reducing the finite-time ruin 
probability in the case of nY  has an exponential distribution and ( )bc  

is calculated by the expected value principle. To illustrate these results 
some numerical examples are included. 

1. Introduction 

In the present moment, risk processes have attracted much attention in 
the insurance business, in connection with the possible insolvency and the 
capital reserves of insurance companies. The main interest from the view of 
an insurance company is claim arrivals and claim severities, which affect the 
capital of the company. 

However, the insurance company can transfer the risk which is the effect 
of claim severity to the counterparty (reinsurance company). Therefore, 
reinsurance is a normally activity of insurance company because it can 
reduce the risk (ruin probability) arising from claim severities. For examples, 
insurance company holds the XL-reinsurance contract with retention level b, 
i.e., the quantity ( ) { }byybh ,min, =  is the part of the claim size y paid                    

by the insurer and the remaining part { },,min byy −  called reinsurance 

recovery, paid by the reinsurer. Thus, there are many papers which studied 
their effect in the insurance business. For example, Dickson and Waters 
studied the effect of reinsurance on ruin probability, Asmussen et al. studied 
a model of a financial corporation which is related to an insurance company 
with the risk control method known in the industry as excess-of-loss 
reinsurance, Walhin and Paris calculated the probability of ruin in a discrete-
time risk model using recursive methods, Taksar and Markussen considered 
the optimal reinsurance policy which minimizes the ruin probability of the 
cedent, Schäl and Angew studies an insurance model where the risk process 
can be controlled by reinsurance and by investment in a financial market, Li 
and Gu studied risk process and the optimization problem of maximizing the 
exponential utility of terminal wealth under the controls of excess-of-loss 
reinsurance and investment. 
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In 2006, Chan and Zhang [2] considered the discrete-time risk process as 
follows: 
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where 0≥u  is an initial capital, 0c  is an net premium rate for one unit time 

and { }N∈nYn :  is a sequence of independent and identically distributed 

(i.i.d.) claim random variables. This model is considered under the 
assumption that the insolvency (ruin) can occur at time instants 

.,3,2,1 "=n  Therefore, the ruin probability at one of the time 

nk ...,,3,2,1=  is defined by 

( ) ( )( )....,,3,2,1 somefor  0Pr nkuUu kn =<=ϕ  (1.2) 

In the case of exponential claim, they found the closed form for the ruin 
probability as follows: 
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In this paper, we shall consider the excess-of-loss reinsurance (XL-
reinsurance) as control action, i.e., ( ) { }.,min, ybybh =  Therefore, we 

consider the risk process given by 
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where 0≥u  is an initial capital, b is a retention level of XL-reinsurer, 
{ }N∈nYn :  is i.i.d., and ( )bc  is a net income rate for one unit time. 

Recently, Intarasit et al. considered the risk process (1.4) to find the ruin 
probability at one of the time ,...,,3,2,1 nk =  denoted by 

( ) ( )( )....,,3,2,1 somefor  0,Pr, nkbuUbu kn =<=Φ  (1.5) 
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They have considered this problem under the assumption ( )bcbu −≤  and 

found that 

( ) ( )( )[ ]
( ) ( )( )( )

( )
( )∑

=

−
=

+
+

+λ⋅−
+λ

=Φ
n

k

k
n n

bkcu
bcu

bkcuk
bkcubu

1

1
.,3,2,1,

exp!1
, …  (1.6) 

This result is a very beautiful closed form, but it is quite strange because we 
observe that this formula is similar to the closed form of the case of without 
of reinsurance action as in Equation (1.3). 

In this paper, we are interested in the effect of the assumption 
( )bcbu −≤  to the finite-time ruin probability of the risk process (1.4). 

Finally, we give the numerical example in the last section. 

2. Model Description 

In this paper, we shall consider the risk process (1.4), and assume that                   
all of random variables are defined on a probability space ( ).Pr,, FΩ  

Obviously, ( ){ }N∈nbuUn :,  is controlled by choosing the retention level 

b of XL-reinsurance for one period. For the retention level b, the insurer has 
to pay the premium rate to the reinsurer which is deduced from ,0c  as a 

result of which insurer net income rate is represented by the function ( ).bc  

The level urb =  stands for the control action without reinsurance, this means 

that ( ),0 urcc =  and the level lrb =  is the smallest retention level which can 

be chosen. Of course, we obtain the net income rate ( )bc  such that 

( ) ( ) ( ) 00 crcbcrc ul =≤≤≤  (2.1) 

for all [ ]., ul rrb ∈  Throughout this paper, we shall consider the risk process 

(1.4) under the following assumptions: 

Assumption 1. Independence Assumption 

{ }N∈nYn :  is a sequence of i.i.d. non-negative random variables. 

Assumption 2. Expected value premium principle 



A Necessary Condition for Lower Finite-time Ruin Probability … 137 

The premium rate for one unit time of insurer is calculated by the 
expected value principle, i.e., 

( ) [ ],1 100 Yc Eθ+=  (2.2) 

where 00 >θ  is a safety loading of insurer. In addition, the premium rate of 

reinsurer is also computed by the expected value principle and deduced from 
,0c  i.e., the net income rate ( )bc  is obtained by 

( ) ( ) { }[ ],0,max1 110 bYcbc −θ+−= E  (2.3) 

where 01 >θ  is the safety loading of reinsurer and b is the retention level. 

From Assumption 1, we found that { }{ }N∈nYb n :,min  is also i.i.d., 

and using Assumption 2, we obtain that ( )bc  is an increasing function on b, 

and found that 

( ) { }[ ] .0,max1lim 0110 cbYc
b

=−θ+−
∞→

E  

In the case of XL-reinsurance, we therefore denote .∞=ur  

3. Main Results 

In this paper, we consider the finite-time ruin probability of the risk 
process in Equation (1.4) with the i.i.d. exponential claim process 
{ }N∈nYn :  such that 1Y  has an exponential distribution with intensity 

,0>λ  i.e., [ ] .1
1 λ
=YE  

Lemma 3.1. Let u, λ  be non-negative real numbers such that ,0>λ  

and n be a natural number. Then 
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is a decreasing function on .1
λ

>δ  
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Proof. Consider ,1
λ

>δ  i.e., ,01 >−λδ  then 
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This means that ( )δ,ufn  is a decreasing function on .1
λ

>δ  This completes 

the proof. ~ 

Theorem 3.2. Under Assumptions 1 and 2. Let u be a non-negative real 
number and n be a natural number. If 1Y  has exponential distribution with 

intensity 0>λ  and ( ),bcbu −≤  then ( )bun ,Φ  is a decreasing function 

on .lrb ≥  

Proof. Let ( ).bcbu −≤  Using Equation (1.6), we therefore have 
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where 
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for all ....,,2,1 nk =  From Assumption 2, we have [ ] .1
10 λ
=> Yc E  Using 

Lemma 3.1, ( )δ,ufk  is a decreasing function on δ  and ( )bc  is an increasing 

function on b, ( )( )bcufk ,  is a decreasing function on b for all ....,,2,1 nk =  

This implies that ( )( )bbcun ,,Φ  is also a decreasing function on b. The 

proof is completed.  ~ 

Using Equation (1.3) and setting ,urb =  we have ( ) ( )., uu nn ϕ=∞Φ  

Under assumptions hypothesis of Theorem 3.2, we then have 

( ) ( ) ( ) ( )uuubu nnnn ϕ=∞Φ=δΦ≤Φ
∞→δ

,,lim,  

for all .lrb >  This means that the net premium rate of insurer is reduced by 

choosing the retention level b of XL-reinsurance action, but the risk (ruin 
probability) is higher than the action without reinsurance. By Theorem 3.2, 
this leads to a necessary condition for reducing ruin probability under 
XL-reinsurance in the case of exponential claims as the following corollary. 

Corollary 3.1. Under Assumptions 1 and 2. Let u be non-negative real 
number and n be a natural number. If 1Y  has exponential distribution with 

intensity 0>λ  and ( )bun ,Φ  is an increasing function on ,lrb >  then 

( ).bcbu −>  

4. Applications 

In this section, we provide numerical illustrations of the main results. We 
assume that the premium rate of insurer and reinsurer are calculated by the 
premium rate by using the expected value premium principle with safety 
loading of 20.00 =θ  and ,25.01 =θ  respectively, and the claim size 1Y  has 

an exponential distribution with intensity ,1=λ  i.e., 
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( ) [ ] ,2.11 100 =θ+= Yc E  

and 

( ) ( ) { }[ ]0,max1 110 bYcbc −θ+−= E  

( )∫
∞

−−=
b

dyyy exp25.12.1  

( ).exp25.12.1 b−−=  (4.1) 

Therefore, we obtain the graph ( )xcxy −=  in Figure 1. 

 

Figure 1. The graphs of the ( ).xcxy −=  

From Theorem 3.2, we then have ( ) ,101 <−< bcb  for all [ ].10,5.2∈b  

Next, we shall show the results in the cases of initial capital 1=u  and 10 
with time horizon .100=n  

Case .1=u  Since ( )bcb −≤1  for all [ ],10,5.2∈b  by Theorem 3.2, we 

can calculate the ruin probability at one of the time n...,,3,2,1  as the 

following formula: 
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which is shown in Figure 2 (left). 

Case .10=u  Since the condition ( )bcb −>10  for all [ ]10,5.2∈b  

does not satisfy the assumption in Theorem 3.2, we cannot obtain the closed 
form as in Equation (1.3). However, we have approximated the finite-time 
ruin probability by using the simulation approach. The obtained result is 
carried out with 100,000 paths which are own in Figure 2 (right). 

 

Figure 2. The graphs of the retention level and ruin probability of discrete-
time surplus processes obtained from calculation. 

Acknowledgment 

The research is supported by the Centre of Excellence in Mathematics, 
the Commission on Higher Education, and the Research and Academic 



Weenakorn Ieosanurak, Kiat Sangaroon and Watcharin Klongdee 142 

Affairs Promotion Fund, Faculty of Science, Khon Kaen University, Fiscal 
year 2015 (RAAPF), Thailand. 

References 

 [1] S. Asmussen, B. Højgaard and M. Taksar, Optimal risk control and dividend 
distribution policies, Example of excess-of loss reinsurance for an insurance 
corporation, Finance Stoch. 4 (2000), 299-324. 

 [2] W. S. Chan and L. Zhang, Direct derivation of finite-time ruin probability in the 
discrete risk model with exponential or geometric claims, N. Am. Actuar. J. 10 
(2006), 269-279. 

 [3] D. C. M. Dickson and H. R. Waters, Reinsurance and ruin, Insurance: 
Mathematics and Economics 19 (1996), 61-80. 

 [4] C. Hipp and M. Vogt, Optimal XL Insurance, Technical Report, Univers. 
Karlsruhe, 2001. 

 [5] A. Intarasit, K. Chuarkham and P. Sattayatham, Ruin probability-based initial 
capital of the discrete-time surplus process in insurance under reinsurance as a 
control parameter, Thai J. Math. 11(3) (2013), 543-562. 

 [6] Q. Li and M. Gu, Optimization problems of excess-of-loss reinsurance and 
investment under the CEV model, ISRN Math. Anal. 2013, Art. ID 383265, 10 pp. 

 [7] M. Schäl, On discrete-time dynamic programming in insurance: exponential utility 
and maximizing the ruin probability, Scand. Actuar. J. 3 (2004), 189-210. 

 [8] M. I. Taksar and C. Markussen, Optimal dynamic reinsurance policies for large 
insurance portfolios, Finance Stoch. 7 (2003), 97-121. 

 [9] J. F. Walhin and J. Paris, Excess of loss reinsurance with reinstatements: Premium 
calculation and ruin probability for the cedent, Blätter der Deutschen Gesellschaft 
für Versicherungsmathematik 25 (2001) 257-270. 


