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Abstract 

In this paper, we consider the existence of solutions of periodic 
boundary value problems (PBVP) for first order differential equations. 
By using Mönch and Von Harten inequality, we prove the existence of 
extremal solutions of (PBVP) in any of four groups different 
conditions in Banach spaces. 

1. Introduction and Preliminaries 

Let E be a real Banach space with ⋅  and ∗E  denote the dual space of 

E. Let α be the Kuratowski’s measure of noncompactness on E. The 
definition of α is as follows: 

( ) { },diameterwithsetsofnumberfiniteabycoveredis:0inf ε≤>ε=α BB  

where EB ⊂  bounded. For its properties see [1, 4]. 

We list the following definitions and lemmas for convenience. 
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Definition 1.1. Let K be a subset of E. K is said to be a cone if K is a 
closed convex subset such that KK ⊂⋅λ  for any 0≥λ  and ( )KK −∩  

{ }.Θ=  We denote { ( ) }.allfor0: KuuEK ∈≥ϕ∈ϕ= ∗∗  

Definition 1.2. Let 0K  be the inner part of K and .0 Φ≠K  By means of 
K the partial orders ≤  and <  are defined as 

yx ≤  iff ,Kxy ∈−  

yx <  iff .0Kxy ∈−  

Definition 1.3. A cone K is said to be normal if there exists a real 
number 0>N  such that uv ≤≤0  implies ,uNv ≤  where N is 

independent of u, v. 

We shall always assume in this paper that K is a normal cone and 0K  is 
nonempty. 

Lemma 1.1 (see [1]). Let K be a cone. Then Kx ∈  iff ( ) 0≥ϕ x  for all 

.∗∈ϕ K  

Lemma 1.2 (see [1]). Let [ ][ ]EbaCf ,,∈  and there is an at most 

countable subset Γ of [ ]ba,  such that +′f  exists and Mf ≤′+  for all 

[ ] Γ∈ \, bat  ( ).0>Mwhere  Then ( ) ( ) 2121 ttMtftf −≤−  for any 

[ ].,, 21 batt ∈  

Lemma 1.3 (see [3]). Let { }nx  be a sequence of continuously 

differentiable functions from [ ]baJ ,=  to E such that there is some ∈μ  

( )baL ,1  with ( ) ( )ttxn μ≤  and ( ) ( )ttxn μ≤′  on J. Let ( ) ({ ( )txt nα=ψ  

}).0: ≥n  Then ψ is absolutely continuous and 

( ) ( ){ }( )0:2 ≥′α≤ψ′ ntxt n  a.e. on J. 

2. Main Results 

We shall consider the following periodic boundary value problem 
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(PBVP) for first order differential equations 

( ) ( ) ( ),20,, π==′ uuutfu  (2.1) 

where [ ][ ].,2,0 EECf ×π∈  

The functions [ ][ ]EC ,2,0, 1
00 π∈βα  are said to be a lower solution and 

an upper solution of (2.1), respectively, if 

( ) ( ) ( );20,, 0000 πα≤αα≤α′ tf  

( ) ( ) ( ).20,, 0000 πβ≥ββ≥β′ tf  

For any [ ][ ]EC ,2,0, 00 π∈βα  such that ( ) ( )tt 00 β≤α  on [ ],2,0 π  we 

define 

[ ] [ ][ ] ( ) ( ) ( ) [ ]{ }.2,0on:,2,0, 0000 πβ≤η≤απ∈η=βα tttEC  

In this paper, we shall prove the following theorem. 

Theorem 2.1. Assume that 

( )0A  (i) [ ][ ] 00
1

00 ,,2,0, vwECwv ≤π∈  and 

( ) ( ) ( ) [ ] ,,,,,,, 00 uuvwuuuuMutfutf ≥∈∀−≤−  

( )( ) ( ) ,,, DBBLBtf ⊂∀α≤α  

where ( ) ( ) [ ]{ }π∈≤≤∈= 2,0,: 00 ttvutwEuD  and .0,0 >> LM  

(ii) if [ ] ( ) ( ) ( ) { }nnnn unuuvwu ,...,2,120,, 00 =π=∈  is equicontinuous 

and uniformly bounded and nu  is absolutely continuous for each n, then 

( ){ }0nu  is relative compact. 

( )1A  (i) ( ) [ ]( ) ( ) ( );20,2,0, 0000 π≤π∈≤′ vvtvtfv  

(ii) ( ) [ ]( ) ( ) ( ).20,2,0, 0000 π≥π∈≥′ wwtwtfw  

( )2A  (i) ( ) [ ]( ) ( ) ( ),20,2,0,, 00100 π<π∈γ−≤′ vvtMvtfv  

where ( ) ( )( );02
1

,0 002

2
1 vv

e
eM M

M
−π

−
=γ> π−

π−
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(ii) ( ) [ ]( ) ( ) ( ),20,2,0,, 00200 π>π∈γ+≥′ wwtMwtfw  

where ( ) ( )( ).20
1

,0 002

2
2 π−

−
=γ> π−

π−
ww

e
eM M

M
 

( )3A  ( ) ( )i1A  and ( ) ( ).ii2A  

( )4A  ( ) ( )ii1A  and ( ) ( ).i2A  

Then ( )0A  holds and any one of the conditions ( ) ( ) ( ) ( )4321 ,,, AAAA  

implies that there exist monotone sequences { } { }nn wv ,  such that ,rvn →  

ρ→nw  as ∞→n  uniformly and monotonically on [ ]π2,0  and that r,ρ  

are minimal and maximal solutions of (2.1), respectively, [ ]( )., 00 vwin  

The proof of the theorem will be completed by a series of lemmas. 

Lemma 2.1. Let [ ][ ].,2,01 ECm π∈  Then 

 (i) ( ) ( )tMmtm ≤′  for [ ],2,0 π∈t  where 0>M  and ( ) ( ),20 π≤ mm  

implies ( ) 0≥tm  on [ ].2,0 π  

(ii) ( ) ( ) γ−≤′ MtMmtm  for [ ],2,0 π∈t  where 0>M  and =γ  

( ) ( )( )02
1 2

2
mm

e
e

M

M
−π

− π−

π−
 and ( ) ( ),20 π< mm  implies ( ) 0≥tm  on [ ].2,0 π  

Proof. If the conclusion is false, then there exist a ∗∈ϕ K  and a ∈0t  

[ ]π2,0  and 0>ε  such that 

( )( ) ( )( ) [ ]( ).2,0,0 π∈∀ε−≥ϕε−=ϕ ttmtm  (2.2) 

In fact, if ( ) 0≥tm  is not true for all [ ],2,0 π∈t  then there exists at 

least a [ ]π∈ 2,01t  such that ( ) .1 Ktm ∉  By Lemma 1.1, there is a ∗∈ϕ K  

such that ( )( ) .01 <ϕ tm  Let ( ) ( )( )tmt ϕ=ψ  on [ ].2,0 π  Then ( )tψ  has a 

minimal value ( ),0>εε−  that is, (2.2) holds. 

(1) Let (i) hold. 
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If [ ),2,00 π∈t  then ( )( ) ( )( ) 00 ≥ϕ−ϕ tmtm  by (2.2). Let ,0 +→ tt  we 

have ( )( ) .00 ≥′ϕ tm  By (i), 

( )( ) ( )( ) ( )( ) ,0000 <ε−=ϕ=ϕ≤′ϕ MtmMtMmtm  

which is a contradiction. 

If ,20 π=t  then we have ( )( ) .2 ε−=πϕ m  Also ( ) ( ),20 π≤ mm  so 

( )( ) ( )( ) .20 ε−=πϕ≤ϕ mm  By (2.2), ( )( ) ,0 ε−≥ϕ m  therefore ( )( ) .0 ε−=ϕ m  

We lead to the same contradiction if replacing 0t  with 0 in the above proof. 

(2) Let (ii) hold. 

If [ ),2,00 π∈t  then ( )( ) .00 ≥′ϕ tm  Also 

( ) ( ) ,00 γ−≤′ MtMmtm  

so 
( )( ) ( )( ) ( ).00 γϕ−ϕ≤′ϕ MtmMtm  

Notice that ,,0 ∗∈ϕ>γ K  so ( ) .0≥γϕ  This leads to ( )( ) ,00 <′ϕ tm  which 

is a contradiction. 

If ,20 π=t  then ( )( ) .2 ε−=πϕ m  By (ii), 

( )( ) ( )( )[ ] ( ) ,MtMt eMetmMtm −− γϕ−≤ϕ−′ϕ  

which, on integration from 0 to ,2π  gives 

( )( ) ( )( ) ( ) ( ).102 22 −γϕ≤ϕ−πϕ π−π− MM emem  

Notice that 

( ) ( ) ( )( ) ( )( )( ),021 22 mmee MM ϕ−πϕ−=−γϕ π−π−  

hence 

( )( ) ( )( ) ,
1

22
1

20 2

2

2

2
ε−>ε

+
−=πϕ

+
≥ϕ π−

π−

π−

π−

M

M

M

M

e
em

e
em  

which contradicts to ( )( ) ( )( ) .20 ε−=πϕ<ϕ mm  Therefore, the lemma is 

true. 
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Lemma 2.2. For any [ ],, 00 vw∈η  then the linear PBVP 

( ) ( ) ( )π==′ 20,, uuutGu  (2.3) 

has a unique solution on [ ],2,0 π  where ( ) ( )( ) ( )( ).,, tuMttfutG η−+η=  

Proof. This linear problem can be explicitly solved and a solution of 
(2.3) is given by 

( ) ( ) ( )( ) ( )[ ] ,,0
0 ⎥⎦

⎤
⎢⎣
⎡ η−η+= ∫ −t MsMt dsesMssfuetu  

where 

( ) ( ) ( )( ) ( )[ ]∫
π −

π− η−η
−

=π=
2

02 .,
1

120 dsesMssf
e

uu Ms
M  

We shall show that the solution ( )tu  of (2.3) is unique. If not, let ( ),1 tu  

( )tu2  be two solutions of (2.3). Set ( ) ( ) ( ).21 tututm −=  Then 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ).20,2121 π==−=′−′=′ mmtMmtutuMtututm  

Now using Lemma 2.1(i), it follows that ( ) ,0≥tm  i.e., ( ) ( ) .21 Ktutu ∈−  By 

a similar argument we can conclude ( ) ( ) ,12 Ktutu ∈−  i.e., ( ) ( )∈− tutu 21  

( ).K−  So ( ) ( ) ( ) { }.21 Θ=−∈− KKtutu ∩  Therefore, ( ) ( )tutu 21 ≡  on [ ].2,0 π  

The proof is complete. 

By Lemma 2.2, we now define a mapping A: 

[ ],,, 00 vwuA ∈η∀=η  

where u is the unique solution of (2.3). The A possesses the following 
properties. 

Lemma 2.3. Assume that the conditions of Theorem 2.1 are satisfied. 
Then 

 (i) ;, 0000 AvvAww ≥≤  

(ii) A possesses a monotone increasing property on the segment 
[ ]., 00 vw  
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Proof. Step 1. Let ( ) ( )10 , AA  hold. 

(1) .00 Avv ≥  

Set ( ) ( ) ( )., 1001 tvtvtpAvv −==  Then 

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )( )[ ]tvtvMtvtftvtftvtvtp 010010 ,, −+−≤′−′=′  

( ),tMp=  

( ) ( ) ( ) ( ) ( ) ( ).222000 1010 π=π−π≤−= pvvvvp  So ( ) 0≥tp  on [ ]π2,0  by 

Lemma 2.1(i). This proves .00 Avv ≥  

(2) .00 Aww ≤  

Similarly we can prove it. 

(3) Let [ ]0021 ,, vw∈ηη  and .21 η≤η  Then .21 η≤η AA  

In fact, setting ( ) ( ) ( ) ( ),,2,1 12 tututpiAu ii −==η=  we see that, using 

the conditions ( ) ( )iA0  in Theorem 2.1, 

( ) ( )[ ] ( ) ( )[ ]111222 ,, η−+η−η−+η=′ uMtfuMtfp  

( ) ( ) ( ) ( )121212 ,, η−η−−+η−η= MuuMtftf  

( ) ( ) ( )121212 η−η−−+η−η≤ MuuMM  

,Mp=  

and ( ) ( ).20 π= pp  Consequently Lemma 2.1(i) gives 21 uu ≤  on [ ].2,0 π  

Step 2. Let ( ) ( )20 , AA  hold. 

(1) .00 Avv ≥  

Set ., 1001 vvpAvv −==  Then 

10 vvp ′−′=′  

( ) ( ) ( )[ ]01010 ,, vvMvtfMvtf −+−γ−≤  

1γ−= MMp  
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and 

( ) ( ) ( ) ( ) ( ) ( ),222000 1010 π=π−π<−= pvvvvp  

( ) ( ) ( ) ( )[ ] ( ) ( )[ ]002202 1010 vvvvpp −−π−π=−π  

( ) ( ) ( ) ( )( ).02since02 1100 vvvv =π−π=  

So 

( ) ( )( ).02
1 2

2
1 pp

e
e

M

M
−π

−
=γ π−

π−
 

Lemma 2.1(ii) gives ,0≥p  i.e., 10 vv ≥  on [ ].2,0 π  

(2) .00 Aww ≤  

Similarly we can prove it. 

(3) Similarly to Step 1 (3), we can prove that A possesses a monotone 
increasing property on [ ]., 00 vw  

Step 3. Let ( ) ( )30 , AA  hold. 

By Step 1 (1), (3) and Step 2 (2), the Lemma’s conclusion holds. 

Step 4. Let ( ) ( )40 , AA  hold. 

By Step 1 (2), (3) and Step 2 (1), the Lemma’s conclusion holds. 

Lemma 2.4. Assume that the conditions of Theorem 2.1 hold. We define 
the sequences: 

....,3,2,1,0,, 11 === ++ nAwwAvv nnnn  

Then { } { }nn wv ,  are monotone, uniformly bounded and equicontinuous and 

nn wv ,  are absolutely continuous for each n. 

Proof. By using Lemma 2.3, we can conclude 

012210 vvvvwwww nn ≤≤≤≤≤≤≤≤≤ ""  on [ ].2,0 π  
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Since the cone K is normal and ( ) ( )twtv 00 ,  are bounded on [ ],2,0 π  it 

follows that { } { }nn wv ,  are uniformly bounded on [ ].2,0 π  

By assumption ( ),0A  we have 

( ) ( ) ( ),,, 00 nn vvMvtfvtf −≤−  

( ) ( ) ( ).,, 00 wvMwtfvtf nn −≤−  

So 

( ) ( ) ( ) ( ) ( ).,,, 0000 wvMwtfvtfvvMvtf nnn −+≤≤−−  

Since K is normal and { }nv  is uniformly bounded on [ ],2,0 π  we have 

( ){ }nvtf ,  is uniformly bounded on [ ].2,0 π  Notice that 

( ) ( ),, 11 nnnn vvMvtfv −+=′ ++  

we conclude that { }nv′  is uniformly bounded on [ ].2,0 π  Let ( ) ,0Mtvn ≤′  

[ ]π∈= 2,0...,,3,2,1 tn  ( ).0where 0 >M  By using Lemma 1.2, we have 

( ) ( ) [ ].2,0,, 2121021 π∈∀−≤− ttttMtvtv nn  

So ( ){ }tvn  is equicontinuous and absolutely continuous on [ ].2,0 π  Similarly 

we can prove that { }nw  possesses similar properties. 

Lemma 2.5. The sequences { } { }nn wv ,  defined in Lemma 2.4 is relatively 

compact in [ ][ ].,2,0 EC π  

Proof. By Lemma 2.4, { },nv  { }nw  are uniformly bounded and 

equicontinuous. So, by using Ascoli-Arzela theorem, we only prove 

( ){ }( ) ( ){ }( ) [ ].2,0,00:0: π∈∀=≥α=≥α tntwntv nn  

Setting ( ) ( ){ }( ).0: ≥α=ϕ ntvt n  Obviously ( ){ }tvn  satisfies Lemma 1.3, 

so 
( ) ( ){ }( )1:2 ≥′α≤ϕ′ ntvt n  

( ) ( ) ( )( ){ }( )1:,2 11 ≥−+α= −− ntvtvMvtf nnn  
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( )( ){ }( ) ( )tMntvtf n ϕ⋅+≥α≤ − 221:,2 1  

( ) ( ).22 tML ϕ+≤  

By using assumption ( ) ( ) ,00,0 =ϕA  so we have 

( ) ( ) ( ) ,00 22 =ϕ≤ϕ + tMLet  

i.e., ( ) 0=ϕ t  on [ ].2,0 π  Similarly we can prove ( ){ }( ) 00: =≥α ntwn  on 

[ ].2,0 π  

Proof of Theorem 2.1. By Lemma 2.4, Lemma 2.5, { }nv  and { }nw  are 

convergent sequences. Let 

[ ][ ].,2,0inlim,lim ECwrv n
n

n
n

πρ==
∞→∞→

 

Obviously 00 vrw ≤≤ρ≤  and r,ρ  are solutions of (2.1). 

We shall show that r,ρ  are minimal and maximal periodic solutions of 

(2.1) in [ ]., 00 vw  

Let u be any solution of (2.1) and [ ]., 00 vwu ∈  Let us assume that for 

some integer .,0 11 −− ≤≤> kk vuwk  Then setting ,uvp k −=  we get 

uvp k ′−′=′  

( ) ( ) ( )utfvvMvtf kkk ,, 11 −−+= −−  

( ) ( )11 −− −+−≤ kkk vvMuvM  

Mp=  

and ( ) ( ).20 π= pp  This implies by Lemma 2.1(i) ( ) 0≥tp  on [ ],2,0 π  i.e., 

uvk ≥  on [ ].2,0 π  Using similar argument we get uwk ≤  on [ ].2,0 π  It 

follows by induction that kk vuw ≤≤  on [ ]π2,0  for all n. Hence, we have 

ru ≤≤ρ  on [ ].2,0 π  Therefore, r,ρ  are minimal and maximal periodic 

solutions of (2.1), respectively. 
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Corollary. Let ,nRE =  ( ),1REspecially =  the conditions ( ) ( )ii0A  and 

( )( ) ( )BLBtf α≤α ,  in ( ) ( )i0A  be cancelled. Then Theorem 2.1 is valid. 

Proof. When E is a special Banach space ( ),or 1RRn  ( ) ( )ii0A  holds by 

using Ascoli-Arzela theorem. For any nRB ⊂  bounded, ( )Btf ,  is also 

bounded since f is continuous in [ ] .2,0 nR×π  So ( )( ) 0, =α Btf  and ( )Bα  

0=  by using finite covering theorem. Thus, the all conditions in Theorem 
2.1 are satisfied. 
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