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Abstract 

This paper studies the boundedness of solution ( )tx  of the fifth-order 
nonlinear delay differential equation 

( )( ) ( ( ) ( ) ( ) ( ) ( )( )) ( )( )txrtxrtxrtxrtxrtxttx 445 ,,,,, −−−−−ψ+  

( )( ) ( ) ( ) ( )txtxtxrtxf 543 α+α+α+−+  

( ( ) ( ) ( ) ( ) ( )( )).,,,,, 4 rtxrtxrtxrtxrtxtp −−−−−=  

Sufficient conditions for the boundedness of solutions are obtained by 
constructing a Lyapunov functional. 
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1. Introduction 

The study of higher-order nonlinear delay differential equations has 
received considerably much attention, and still receiving such from various 
researchers. Among the scores of articles on the qualitative theory of 
differential equations, the number of articles on boundedness of solutions to 
nonlinear fifth-order differential equations with delay is significantly less 
than those on differential equations without delay, for example: Abou-El-Ela 
and Sadek [1], Chukwu [7], Sinha [21], Tunç [23-27] and references quoted 
therein, which contain the differential equations without delay or with delay. 
Up to this moment, the investigations concerning the boundedness of 
solutions of nonlinear equations of fifth-order with delay have not been fully 
developed. 

In particular, in 2009, Ogundare [14] used the Lyapunov’s second 
method to give sufficient criteria for the zero solution to be globally 
asymptotically stable, as well as the uniform boundedness of all solutions 
with their derivatives for the nonlinear fifth-order differential equation 

( ) ( ) ( ) ( ) ( ) ( ( ) ),,,,,, 445 xxxxxtpxhxgxfxbaxx =+++++  

where a and b are two positive constants. The functions f, g, h and p are 
continuous in their respective arguments displayed explicitly. 

Later, in 2009, Tunç [26] established sufficient conditions for the 
boundedness of the solution of a nonlinear delay differential equation of 
fifth-order 

( ) ( ( ) ( ) ( ) ( ) ( )( )) ( )44
1

5 ,,,,, xrtxrtxrtxrtxrtxtfx −−−−−+  

( )( )rtxfxxx −+α+α+α+ 5432  

( ( ) ( ) ( ) ( ) ( )( )),,,,,, 4 rtxrtxrtxrtxrtxtp −−−−−=  

where ,1f  5f  and p are continuous functions for the arguments displayed 

explicitly. r is a positive constant delay; ,2α  3α  and 4α  are some positive 

constants. 
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Recently, in 2013, Ademola and Arawomo [2] obtained criteria for 
uniform stability, uniform boundedness and uniform ultimate boundedness of 
solutions for third-order nonlinear delay differential equation 

( ) ( )( ) ( )( )( ) ( )( )( ) ( ),,,,,,, xxxtptrtxhtrtxtrtxgxxxfx =−+−−++  

where ( ) ,0 γ≤≤ tr  0>γ  is a constant, the functions f, g, h and p are 

continuous in their respective arguments. 

In this paper, we consider the following non-autonomous fifth-order 
delay differential equation: 

( )( ) ( ( ) ( ) ( ) ( ) ( )( )) ( )( )txrtxrtxrtxrtxrtxttx 445 ,,,,, −−−−−ψ+  

( )( ) ( ) ( ) ( )txtxtxrtxf 543 α+α+α+−+  

( ( ) ( ) ( ) ( ) ( )( )),,,,,, 4 rtxrtxrtxrtxrtxtp −−−−−=  (1.1) 

which is equivalent to the system 

,,,, uwwzzyyx ====  

( ) ( ) ( ) ( ) ( )( ) ( )wfurturtwrtzrtyrtxtu −−−−−−ψ−= ,,,,,  

( )( ) ( )∫ −
′+α−α−α−

t

rt
dssuswfxyz 543  

( ) ( ) ( ) ( ) ( )( ),,,,,, rturtwrtzrtyrtxtp −−−−−+  (1.2) 

where ψ, f and p are continuous functions for the arguments displayed 
explicitly in (1.1). r is a positive constant delay; 43, αα  and 5α  are some 

positive constants; the derivative ( )wf ′  exists and is continuous for all w, 

and all solutions considered are assumed to be real-valued. 

2. Preliminaries and Main Result 

In order to reach the main result of this paper, we shall give some     
basic information to the boundedness criteria; we consider a general non-
autonomous delay differential system 
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( ) ( ) ,0,0,,, ≥≤θ≤−θ+== trtxxxtfx tt  (2.1) 

where [ ) n
HCf R→×∞,0:  is a continuous mapping, ( ) 00, =tf  and we 

suppose that f takes closed bounded sets into bounded sets of .nR  

Definition 2.1 [5]. Let ( )φ,tV  be a continuous functional defined for 

,0≥t  .HC∈φ  The derivative of V along solutions of (2.1) will be denoted 

by V  and is defined by the following relation: 

( )( ) ( )( ) ( )( ) ,,,,,suplim, 00
01.2 h

txtVtxhtVtV tht
h

φ−φ+
=φ +

→  

where ( )φ,0tx  is the solution of (2.1) with ( ) .,00 φ=φtxt  

The following is the classical theorem on uniform boundedness and 
uniform ultimate boundedness for the solution of (2.1). 

Theorem 2.1 [5]. Let ( ) RR →×φ CtV t :,  be continuous and locally 

Lipschitz in .φ  If 

 (i) ( )( ) ( ) ( )( ) ( )( ) ⎟
⎠
⎞⎜

⎝
⎛ φ+φ≤φ≤φ ∫ −

t
rtt dssWWtWtVtW 321,  and 

(ii) ( )( ) ( )( ) ,, 31.2 MtWtV t +φ−≤φ  for some ,0>M  where ( )rW  and 

( ) ( )3,2,1=irWi  are wedges; 

then the solutions of (2.1) are uniformly bounded and uniformly ultimately 
bounded for bound B. 

The following will be our main boundedness result for (1.1). 

Theorem 2.2. In addition to the basic assumptions imposed on             
the functions ,ψ  f and p appearing in (1.1), we assume that there are 

positive constants μρλδεεαα ,,,,,,...,, 51 o  and L such that the following 

conditions hold: 

(i) ( ) ( ) .0,0,0,0 1541332153211 >αα−αα−αα−αα>α>α−αα>α  
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( ) ( ) ( ) ,0: 2
5413215243 >α−αα−α−αααα−αα=δo  (2.2) 

( ) ( ) ( ) 2541
541

3215243
1 2εα>α−αα−

α−αα
α−αααα−αα

=Δ  and (2.3) 

( ) .0
1321

541
541

5243
2 >

α
ε−

α−αα
α−αα

−
α−αα
αα−αα

=Δ  (2.4) 

(ii) ( ) ( ) ( ) ( ) ( )( ) 1,,,,,2 α−−−−−−ψ≤ε rturtwrtzrtyrtxto  

( )
( )

.
3

,
4

,
3

min 2
321

2
4

2
5412

2
1

2
4

⎭
⎬
⎫

⎩
⎨
⎧

α−ααα

α−ααεα

α
ε

δ

εα
≤  

(iii) ( ) ( ) ( )( ) Lswfww
wff ≤′≠α≥= ,0;,00 2  and 

( ) ( )
( )

.
3

,
3

min 2
321

2
4

2
5412

2
4

22
2

⎭
⎬
⎫

⎩
⎨
⎧

α−ααα

α−ααεα

δ

αε
≤

⎭⎬
⎫

⎩⎨
⎧ α−w

wf  

(iv) ( ) ( ) ( ) ( ) ( )( )rturtwrtzrtyrtxtp −−−−− ,,,,,  

( ) ( ) ( ),21 uwzytptp ++++≤  

where ( )tp1  and ( )tp2  are continuous functions satisfying 

( ) ,1 optp ≤  

where ∞<< op0  and there exists 01 >ε  such that 

( ) .0 12 ε≤≤ tp  

Then the solutions of the system (1.2) are uniformly bounded and uniformly 
ultimately bounded provided that the inequality 

( )
( )
( ) ⎭

⎬
⎫

⎩
⎨
⎧

α−ααα
α−ααεα

ρ+
ε

α
ε

δ
εα< LLLLr o

3214
5412

1
4

6,22,8,3min  

holds. 

Proof. We define the Lyapunov functional ( )ttttt uwzyxtVV ,,,,,=  

as 
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( )ttttt uwzyxtV ,,,,,2  

( ) ( )∫ ξξ+δ+
α−αα
α−ααα

+α+=
w

dfuyuzuwu
0541

3214
1

2 2222  

( ) ( ) wzw
⎭
⎬
⎫

⎩
⎨
⎧ δ−

α−αα
α−αααα

+α+
⎭
⎬
⎫

⎩
⎨
⎧

α−αα
α−ααα

−α+
541

32141
3

2
541

32142
1 2  

2
31541 222 zwxwywy αα+α+α+δα+  

( ) yzz 2
2

14
541

32142 2δα+
⎭
⎬
⎫

⎩
⎨
⎧ δα−α−

α−αα
α−αααα

+  

( ) 2
541

321
2
4

51541 222 yzxyzyz
α−αα
α−ααα

+αα+α−αα+  

( ) ( ) 2
5

541
321542

513
2 xyxy δα+

α−αα
α−αααα

+αα−δα+  

( ) ( )∫ ∫ ∫ ∫− + − +
θθμ+θθλ+

0 0 22 22
r

t

st r

t

st
dsdwdsdz  

( )∫ ∫− +
θθρ+

0 2 ,2
r

t

st
dsdu  (2.5) 

where ,λ  μ  and ρ  are some positive constants, which will be determined 

later and δ  is a positive constant satisfying 

( ) .:
541

3215 ε+
α−αα
α−ααα

=δ  (2.6) 

Hence the Lyapunov functional defined in (2.5) can be arranged as the 
following: 

( )
( )

2

4
5

2
541

4
2

541
3214

12 ⎟
⎠
⎞⎜

⎝
⎛

α
α

+
α−αα

δα
+

⎭
⎬
⎫

⎩
⎨
⎧ δ+

α−αα
α−ααα

+α+= yzyzwuV o  

( ) ( ) 2
1

541
3214

541
3215

321
541

⎭
⎬
⎫

⎩
⎨
⎧ +α+

α−αα
α−ααα

+
α−αα
α−ααα

α−αα
α−αα

+ wzyx  
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( ) yzzw ⎟
⎠
⎞⎜

⎝
⎛

α−αα
αα−αα

ε+αα+α+Δ+
541

5243
31

2
12 2  

( ) ( )∫ ∫ ∫ ∫− + − +
θθμ+θθλ+

0 0 22 22
r

t

st r

t

st
dsdwdsdz  

( )∫ ∫ ∑− +
=

+θθρ+
0 3

1

2 ,2
r

t

st
i

ivdsdu  (2.7) 

where 

( ) ,: 2
541

321
2
52

51 xxv
α−αα
α−ααα

−δα=  

( )
,: 22

2
5414

2
5

5132 yv o

⎭
⎬
⎫

⎩
⎨
⎧

δ−
α−ααα

δα
−αα−δα=  

( )∫ α−ξξ+
α
ε=

w
wdfwv

0
2

2
2

1
3 .2:  

From (2.6), it is clear that 

,2
51 xv εα=  

( )
( ) 2

3
541

3215
5414

5
2

2 yv o
⎥⎦
⎤

⎢⎣
⎡

⎭
⎬
⎫

⎩
⎨
⎧ α−

α−αα
α−ααα

+εε−
α−ααα

δα
=  

( )
2

5414
5

4
3 yo

α−ααα
δα

≥  

provided that 

( )
( ) .2

4 3
541

3215
5414

5
⎭
⎬
⎫

⎩
⎨
⎧ α−

α−αα
α−ααα

+εε≥
α−ααα

δα o  (I) 

From (iii), we obtain 

( )∫ α
ε≥ξξ

⎭⎬
⎫

⎩⎨
⎧ α−

ξ
ξ+

α
ε=

w
wdfwv

0
2

1
2

2
1

3 .2  



  A. M. A. Abou-El-Ela, A. I. Sadek, A. M. Mahmoud and R. O. A. Taie 78 

Summing up the three inequalities obtained from 21, vv  and 3v  into 

(2.7), we get 

( )
( )

2

4
5

2
541

4
2

541
3214

12 ⎟
⎠
⎞⎜

⎝
⎛

α
α

+
α−αα

δα
+

⎭
⎬
⎫

⎩
⎨
⎧ δ+

α−αα
α−ααα

+α+≥ yzyzwuV o  

( ) ( )
2

5414
52

5
2

31
2

12 4
3 yxzzw o

α−ααα
δα

+εα+αα+α+Δ+  

( )∫ ∫− +
θθλ+⎟

⎠
⎞

⎜
⎝
⎛

α−αα
αα−αα

ε+
α
ε+

0 2
541

52432
1

22
r

t

st
dsdzyzw  

( ) ( )∫ ∫ ∫ ∫− + − +
θθρ+θθμ+

0 0 22 .22
r

t

st r

t

st
dsdudsdw  (2.8) 

Clearly, it follows from the first seven terms included in (2.8) that there 
exist sufficiently small positive constants ( )5...,,1=iDi  such that 

yzuDwDzDyDxDV ⎟
⎠
⎞⎜

⎝
⎛

α−αα
αα−αα

ε+++++≥
541

52432
5

2
4

2
3

2
2

2
1 2222  

( ) ( )∫ ∫ ∫ ∫− + − +
θθμ+θθλ+

0 0 22 22
r

t

st r

t

st
dsdwdsdz  

( )∫ ∫− +
θθρ+

0 2 .2
r

t

st
dsdu  (2.9) 

Now, we consider the terms 

,2: 2
3

541
52432

24 zDyzyDv +⎟
⎠
⎞

⎜
⎝
⎛

α−αα
αα−αα

ε+=  

which are contained in (2.9) and by using the inequality ( ),2
1 22 zyyz +≤  

we obtain 

( )22
541

52432
3

2
24 zyzDyDv +⎟

⎠
⎞⎜

⎝
⎛

α−αα
αα−αα

ε−+≥  

( ),22
6 zyD +≥  
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for some ,06 >D  { },,min2
1

326 DDD =  if 

( ) { }.,min2 32
5243

541 DD
αα−αα

α−αα
≤ε  (II) 

By using the previous inequality, we get from (2.9) that 

( ) ( ) 2
5

2
4

2
63

2
62

2
12 uDwDzDDyDDxDV ++++++≥  

( ) ( )∫ ∫ ∫ ∫− + − +
θθμ+θθλ+

0 0 22 22
r

t

st r

t

st
dsdwdsdz  

( )∫ ∫− +
θθρ+

0 2 .2
r

t

st
dsdu  (2.10) 

As a result, since the integrals 

( ) ( )∫ ∫ ∫ ∫− + − +
θθμθθλ

0 0 22 2,2
r

t

st r

t

st
dsdwdsdz  and 

( )∫ ∫− +
θθρ

0 22
r

t

st
dsdu  

are non-negative, it is obvious that there exists a positive constant ,7D  which 
satisfies the following inequality: 

( ) ( ),,,,,, 22222
7 uwzyxDuwzyxtV ttttt ++++≥  (2.11) 

where { },,,,,min2
1

54636217 DDDDDDDD ++=  provided that ε  is 

sufficiently small; and (I), (II) hold. 

Further, since ( )( ) Lswf ≤′  implies that ( ) ,Lwwf ≤  for all w. This 

inequality and the fact ,2 22 qppq +≤  then the functional V defined in 

(2.5) yields 

( )ttttt uwzyxtV ,,,,,  

( )22222
1 uwzyx ++++η≤  

[ ( ) ( ) ( ) ( ) ( )]
( )∫ ∫− +

θθ+θ+θ+θ+θη+
0 22222

2 ,
tr

t

st
dsduwzyx  (2.12) 
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where 

( ) ( )⎢⎣
⎡ α+α+α+δ

⎭
⎬
⎫

⎩
⎨
⎧

α−αα
α−ααα

+δ+α+α=η 321
541

3214
151 1,1max2

1:  

( ) ( ) ( ),11 15
541

3215
541

3214
14 α−α−

⎭
⎬
⎫

⎩
⎨
⎧

α−αα
α−ααα

+
α−αα
α−ααα

+α+α+  

( ) ( ) ( ) ( ) ( )1354121
541

3214 111 α+α+α+α−α+α+α+
α−αα
α−ααα  

( ) ( ) 2
11543121 21,1 α+α++α+α+α+−αδα−α+δ− L  

( ) ( ) ( )
⎥⎦
⎤

α−αα
α−ααα

+δ+α+−α
α−αα
α−ααα

+
541

3214
11

541
3214 1,1  

and { }.,,,1max2
1:2 ρμλ=η  

From estimates (2.11) and (2.12), the condition (i) of Theorem 2.1 is 
satisfied. 

Now, let ( )ttttt uwzyx ,,,,  be a solution of system (1.2). Then a direct 

computation along this solution shows that 

( )ttttt uwzyxtdt
dV ,,,,,  

{ ( ) ( ) ( ) ( ) ( )( ) } 2
1,,,,, urturtwrtzrtyrtxt α−−−−−−ψ−=  

( ) ( ) 2
541

32141
31 ww

wf
⎥⎦
⎤

⎢⎣
⎡

⎭
⎬
⎫

⎩
⎨
⎧ δ−

α−αα
α−αααα

+α−α−  

( ) ( ) 2
5412

541
32143 z

⎭
⎬
⎫

⎩
⎨
⎧ α−αα+δα−

α−αα
α−αααα

−  

( ) ( ){ }wuuwzyxty 11
2

541
32154

4 ,,,,, α−ψα−
⎭
⎬
⎫

⎩
⎨
⎧

α−αα
α−αααα

−δα−  
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( ) ( ){ }zuuwzyxt 1
541

3214 ,,,,, α−ψ
α−αα
α−ααα

−  

( ){ }yuuwzyxt 1,,,,, α−ψδ−  

( ) ( ) ( ) wzw
wfwyw

wf
⎭⎬
⎫

⎩⎨
⎧ α−

α−αα
α−ααα

−
⎭⎬
⎫

⎩⎨
⎧ α−δ− 2

541
3214

2  

( )( ) ( ) ( )( ) ( )∫ ∫− −
′α+′+

t

rt

t

rt
dssuswfwdssuswfu 1  

( ) ( )( ) ( )∫ −
′

α−αα
α−ααα

+
t

rt
dssuswfz

541
3214  

( )( ) ( )∫ −
′δ+

t

rt
dssuswfy  

( )
⎭
⎬
⎫

⎩
⎨
⎧ δ+

α−αα
α−ααα

+α++ yzwu
541

3214
1  

( ) ( ) ( ) ( ) ( )( )rturtwrtzrtyrtxtp −−−−−× ,,,,,  

( )∫ −
ρ−μ+λ+ρ+

t

rt
dssurwrzru 2222  

( ) ( )∫ ∫− −
λ−μ−

t

rt

t

rt
dsszdssw .22  (2.13) 

Making use of the assumptions (i)-(iv) and (2.6), we get 

( ) ( ) ( ) ( ) ( )( ) ,2,,,, 1 orturtwrtzrtyrtx ε≥α−−−−−−ψ  

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ δ−

α−αα
α−αααα

+α−α
541

32141
31 w

wf  

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

α−αα
α−αααα

−δ+α−αα−
⎭⎬
⎫

⎩⎨
⎧ α−α=

541
32141

32121 w
wf  

,ε≥  
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( ) ( )5412
541

32143 α−αα+δα−
α−αα

α−αααα  

( ) ( ) ( ) 2541
541

3215243 εα−α−αα−
α−αα

α−αααα−αα
=  

2222 εα=εα−εα≥  

and 

( ) ,4
541

32154
4 εα=

α−αα
α−αααα

−δα  

by (i), (ii), (iii) and (2.6). 

By using the assumption ( )( ) Lswf ≤′  from (iii), and the inequality 

,2 22 baab +≤  we obtain the following inequalities: 

( )( ) ( ) ( ) ( )∫ ∫− −
+≤′

t

rt

t

rt
dssuLtruLdssuswfu ,22

22  

( )( ) ( ) ( ) ( )∫ ∫− −

α
+

α
≤′α

t

rt

t

rt
dssuLtrwLdssuswfw ,22

2121
1  

( ) ( )( ) ( )∫ −
′

α−αα
α−ααα t

rt
dssuswfz

541
3214  

( ) ( ) ( ) ( )∫ −α−αα
α−ααα

+
α−αα
α−ααα

≤
t

rt
dssuLtrzL 2

541
32142

541
3214

22  

and 

( )( ) ( ) ( ) ( )∫ ∫− −

δ+δ≤′δ
t

rt

t

rt
dssuLtryLdssuswfy .22

22  

Making use of these inequalities into (2.12), we obtain 

24
23 yrL

dt
dV

⎟
⎠
⎞⎜

⎝
⎛ δ−εα−≤  
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( )
( )

2
541
32142

23 zrL ⎥⎦
⎤

⎢⎣
⎡

⎭
⎬
⎫

⎩
⎨
⎧ λ+
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where 
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It is clear that the expressions given by 95 ...,, vv  represent certain 

specific quadratic forms, respectively. 

Making use of the basic information on the positive semi-definite of       
a quadratic form, one can easily conclude that ,05 ≥v  ,06 ≥v  ,07 ≥v  

08 ≥v  and 09 ≥v  provided that 
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321
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respectively. 

Thus, in view of the above discussion and inequality (2.13), it follows 
that 
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So we can choose the constants ,λ μ  and ρ  in the following form: 

( )
( ) ,2222 541

32141 LLLL
α−αα
α−ααα

+δ+α+=ρ  

2
1Lα=μ      and     ( )

( ) .2 541
3214 L

α−αα
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=λ  

Then the inequality in (2.15) becomes 
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Thus, one obtains easily that 
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⎬
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δ=η  for some constant ,0>σ  

provided that 
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( )
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( ) .6,22,8,3min
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⎭
⎬
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⎨
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α−ααα
α−ααεα
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α
ε

δ
εα< LLLLr o  

In view of (iv), we get 

( ) ( ) ( ).4 3
2222

13 uwzypuwzydt
dV

o +++η++++εη−σ−≤  

By choosing ,4 1
3

1
1 ση<ε −−  there exists 04 134 >εη−σ=η  and from 

the fact ( ) ( ),4 22222 uwzyuwzy +++≤+++  then 

( ) ( ) ,2 2
12222

3
2222

4 uwzypuwzydt
dV

o +++η++++η−≤  

choose ( ) ,2 1
432

12222 −ηη≥+++ opuwzy  then we find 

( ) ,4 1
4

22
3

2222
4

−ηη++++η−≤ opuwzydt
dV  (2.17) 

for all x, y, z, w and u. From estimate (2.17), hypothesis (ii) of Theorem 2.1 is 
satisfied. Also, from estimates (2.11) and (2.12), condition (i) of Theorem 2.1 
follows. This completes the proof of Theorem 2.2. ~ 
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