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Abstract 

The purpose of this paper is to introduce the concept of β-open sets     
in biclosure spaces and investigate their fundamental properties. 
Moreover, we give the concepts of β-open maps and β-continuous 
maps and their characterizations. 

1. Introduction 

The concept of Čech closure spaces was introduced and studied in [3]. In 
2003, Šlapal [6] introduced generalized Čech closure operators which are 
called closure operators. Later, some properties of closed sets in closure 
spaces were studied by Boonpok and Khampakdee [2]. In 2009, Boonpok [1] 
introduced biclosure spaces and provided a characterization of closed sets of 
some kind in the product of biclosure spaces. In [5], Khampakdee and 
Boonpok introduced the notions of semi-open sets and semi-closed sets in 
biclosure spaces. 

In this paper, we introduce and study β-open sets in biclosure spaces and 
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investigate some of their fundamental properties. Then we use β-open sets to 
define β-open maps and β-continuous maps. We obtain certain properties of 
β-openness and β-continuity in biclosure spaces. 

2. Preliminary Notes 

In this section, we recall some basic definitions and notations of closure 
spaces and biclosure spaces in [1, 2] and [5]. 

A map ( ) ( )XPXPu →:  defined on the power set ( )XP  of a set X is 

called a closure operator [2] on X and the pair ( )uX ,  is called a closure 

space if the following axioms are satisfied: 

(A1) ,∅=∅u  

(A2) uAA ⊆  for every ,XA ⊆  

(A3) uBuABA ⊆⇒⊆  for all ., XBA ⊆  

A subset XA ⊆  is closed in the closure space ( )uX ,  if AuA =  and it 

is open if its complement is closed. The empty set and the whole space are 
both open and closed. 

If ( )uX ,  and ( )vY ,  are closure spaces, then a map ( ) ( )vYuXf ,,: →  

is called: 

 (i) open (respectively, closed) if the image of each open (respectively, 
closed) set in ( )uX ,  is open (respectively, closed) in ( ),, vY  

(ii) continuous if ( ) ( )AvfuAf ⊆  for every subset .XA ⊆  One can see 

that, if f is continuous, then the inverse image under f of each open set in 
( )vY ,  is open in ( )., uX  

The product [1] of a family ( ){ }JuX ∈ααα :,  of closure spaces, 

denoted by ( )∏
∈α

αα
J

uX ,,  is the closure space ,, 







∏
∈α

α
J

uX  where 
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∏
∈α

α
J

X  denotes the Cartesian product of the sets ,αX  J∈α  and u is the 

closure operator generated by the projections ∏
∈α

ααα →π
J

XX ,:  ,J∈α  

i.e., is defined by ( )∏
∈α

ααπ=
J

AuuA  for each ∏
∈α

α⊆
J

XA .  Clearly, απ  is 

continuous for each .J∈α  

Since ∏
∈α

βαβ →π
J

XX:  is continuous whenever ( )∏
∈α

αα
I

uX ,  is the 

product of a family ( ){ }JuX ∈ααα :,  of closure spaces, ∏
∈α
β≠α

αβ ×

J

XG  is 

open in ( )∏
∈α

αα
I

uX ,  for every open set βG  in ( ) .,, JuX ∈βββ  

A biclosure space [5] is a triple ( ),,, 21 uuX  where X is a set and 21, uu  

are two closure operators on X. 

A subset A of a biclosure space ( )21,, uuX  is called closed if Auu 21  

.A=  The complement of closed set is called open. 

One can see that, A is open in ( )21,, uuX  if and only if A is open in 

both ( )1, uX  and ( )., 2uX  

Let ( )21,, uuX  be a biclosure space. A biclosure space ( )21,, vvY  is 

called a subspace of ( )21,, uuX  if XY ⊆  and YAuAv ii ∩=  for all 

{ }2,1∈i  and every subset A of Y. 

Let ( )21,, uuX  and ( )21,, vvY  be biclosure spaces and let { }.2,1∈i  

Then a map ( ) ( )2121 ,,,,: vvYuuXf →  is called: 

  (i) i-open (respectively, i-closed) if the map ( ) ( )ii vYuXf ,,: →  is 

open (respectively, closed) for all { },2,1∈i  
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 (ii) open (respectively, closed) if f is i-open (respectively, i-closed) for 
all { },2,1∈i  

(iii) i-continuous if the map ( ) ( )ii vYuXf ,,: →  is continuous for all 

{ },2,1∈i  

(iv) continuous if f is i-continuous for all { }.2,1∈i  

Proposition 2.1 [5]. Let ( )21,, uuX  and ( )21,, vvY  be biclosure spaces 

and let ( ) ( )2121 ,,,,: vvYuuXf →  be a map. If f is open, then ( )Gf  is 

open in ( )21,, vvY  for every open subset G of ( ).,, 21 uuX  

Proposition 2.2 [5]. Let ( )21,, uuX  and ( )21,, vvY  be biclosure spaces 

and let ( ) ( )2121 ,,,,: vvYuuXf →  be a map. If f is continuous, then 

( )Hf 1−  is open in ( )21,, uuX  for every open subset H of ( ).,, 21 vvY  

3. Main Results 

In this section, we introduce the concept of β-open sets in biclosure 
spaces and investigate some of their properties. 

Definition 3.1. A subset A of a biclosure space ( )21,, uuX  is called     

β-open if there exists an open subset G of ( )1, uX  such that AG ⊆  and  

.22 GuAu ⊆  The complement of a β-open subset of X is called β-closed. 

Clearly, if ( )21,, uuX  is a biclosure space and A is open (respectively, 

closed) in ( ),, 1uX  then A is β-open (respectively, β-closed) in ( ).,, 21 uuX  

The converse is not true as shown in the following example. 

Example 3.2. Let { }3,2,1=X  and define a closure space 1u  on X by 

,1 ∅=∅u  { } { } { } { },2,12,121 111 === uuu  { } { },3,231 =u  and { } =3,11u  

{ } .3,2 11 XXuu ==  Define a closure operator 2u  on X by ,2 ∅=∅u   

{ } { },3,112 =u  { } { },2,122 =u  { } { } { } { } Xuuuuu 22222 3,23,12,13 ====  

.X=  
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It follows that { }3  is an open subset of ( )1, uX  such that { } { }3,13 ⊆  

and { } { }.33,1 22 uu ⊆  Hence, { }3,1  is β-open in ( ).,, 21 uuX  But { }3,1  is 

not open in ( )., 1uX  Moreover, { }2  is β-closed in ( )21,, uuX  but { }2  is not 

closed in ( )., 1uX  

Theorem 3.3. Let ( )21,, uuX  be a biclosure space and let .XA ⊆  

Then A is β-closed if and only if there exists a closed subset F of ( )1, uX  

such that FA ⊆  and ( ) ( ).22 FXuAXu −⊆−  

Proof. Let A be β-closed in ( ).,, 21 uuX  Then there exists an open set G 

in ( )1, uX  such that AXG −⊆  and ( ) .22 GuAXu ⊆−  Since G is open in 

( ),, 1uX  there exists a closed subset F of ( )1, uX  such that .FXG −=  

But GXA −⊆  and ( ) .22 GuAXu ⊆−  Thus, FA ⊆  and ( ) ⊆− AXu2  

( ).2 FXu −  

Conversely, by the assumption, there is a closed subset F of ( )1, uX  

such that FA ⊆  and ( ) ( ).22 FXuAXu −⊆−  Since F is closed in 

( ),, 1uX  there exists an open subset G of ( )1, uX  such that .GXF −=  It 

follows that GXA −⊆  and ( ) ( )( ) .222 GuGXXuAXu =−−⊆−  Hence, 

AXG −⊆  and ( ) .22 GuAXu ⊆−  Thus, AX −  is β-open in ( ).,, 21 uuX  

Therefore, A is β-closed in ( ).,, 21 uuX  ~ 

Theorem 3.4. Let ( )21,, uuX  be a biclosure space and A be a β-open 

subset in ( ).,, 21 uuX  If BA ⊆  and ,22 AuBu ⊆  then B is β-open. 

Proof. Let A be β-open in ( ).,, 21 uuX  Then there exists an open set G 

in ( )1, uX  such that AG ⊆  and .22 GuAu ⊆  Since BA ⊆  and 

,22 AuBu ⊆  BAG ⊆⊆  and .222 GuAuBu ⊆⊆  Therefore, B is β-open in 

( ).,, 21 uuX  ~ 
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Theorem 3.5. Let ( )21,, vvY  be a biclosure subspace of ( )21,, uuX  and 

let A be a subset of Y. If A is β-open in ( ),,, 21 uuX  then A is β-open in 

( ).,, 21 vvY  

Proof. Let A be a β-open set in ( ).,, 21 uuX  Then there exists an open 

set G in ( )1, uX  such that AG ⊆  and .22 GuAu ⊆  It follows that YAu ∩2  

.2 YGu ∩⊆  Hence, AG ⊆  and .22 GvAv ⊆  Since G is open in ( ),, 1uX  

( ) ( ) ( ) ( ) .111 GYYGXYGXuYGYuGYv −=−=−⊆−=− ∩∩∩  Thus, 

GY −  is closed in ( ),, 1vY  i.e., G is open in ( )., 1vY  Therefore, A is β-open 

in ( ).,, 21 vvY  ~ 

Definition 3.6. Let { } JA ∈αα  be a collection of subsets in a set X. A 

closure operator u on X is called generalized additive if =α∈α Au J∪  

.α∈α uAJ∪  

Example 3.7. Let { }3,2,1=X  and define a closure operator u on X by 

,∅=∅u  { } { },11 =u  { } { } { } { } { } .3,23,12,132 XuXuuuuu ======  

Then u is generalized additive on X. 

Theorem 3.8. Let { } JA ∈αα  be a collection of β-open sets in a biclosure 

space ( ).,, 21 uuX  If 2u  is generalized additive, then α∈α AJ∪  is a β-open 

set in ( ).,, 21 uuX  

Proof. Let αA  be β-open in ( )21,, uuX  for all .J∈α  Hence, there 

exists an open set αG  in ( )1, uX  such that αα ⊆ AG  and αα ⊆ GuAu 22  

for each .J∈α  Thus, α∈αα∈α ⊆ AG JJ ∪∪  and .22 α∈αα∈α ⊆ GuAu JJ ∪∪  

Since 2u  is additive, 

.2222 α∈αα∈αα∈αα∈α =⊆= GuGuAuAu JJJJ ∪∪∪∪  

As αG  is open in ( )1, uX  for all ( ) ( )αα∈α −⊆−∈α GXuGXuJ J 11, ∩  
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α−= GX  for each .J∈α  Thus, ( ) ( ).1 α∈αα∈α −⊆− GXGXu JJ ∩∩  It 

follows that ( )α∈α − GXJ∩  is closed in ( ),, 1uX  i.e., α∈α GJ∪  is open in 

( )., 1uX  Therefore, α∈α AJ∪  is β-open in ( ).,, 21 uuX  ~ 

If { } JA ∈αα  is a collection of β-open sets in a biclosure space ( )21,, uuX  

but 2u  is not generalized additive, then α∈α AJ∪  need not be a β-open set in 

( )21,, uuX  as shown in the following example. 

Example 3.9. Let { }4,3,2,1=X  and define a closure operator 1u  on X 

by ,1 ∅=∅u  { } { },111 =u  { } { } { } { } { } ===== 4,23,2432 11111 uuuuu  

{ } { } { }4,3,24,3,24,3 11 == uu  and { } { } { } { } ==== 3,2,14,13,12,1 1111 uuuu  

{ } { } .4,3,14,2,1 111 XXuuu ===  Define a closure operator 2u  on X by 

,2 ∅=∅u  { } { },222 =u  { } { },3,132 =u  { } { },4,142 =u  { } { } == 2,11 22 uu  

{ } { }3,2,13,12 =u  and { } { } { } { } { }3,2,14,34,23,24,1 22222 uuuuu ====  

{ } { } { } .4,3,24,3,14,2,1 2222 XXuuuu =====  

Since { } { }( ) Xu =3,12,12 ∪  is not a subset of { } { } =3,12,1 22 uu ∪  

{ },3,2,1  2u  is not generalized additive. By the definitions of 1u  and ,2u  

{ }2,1  and { }3,1  are β-open in ( ).,, 21 uuX  But { } { } { }3,2,13,12,1 =∪  is 

not β-open in ( ).,, 21 uuX  

Corollary 3.10. Let { } JA ∈αα  be a collection of β-closed sets in a 

biclosure space ( ).,, 21 uuX  If 2u  is generalized additive, then α∈α AJ∩  is 

a β-closed set in ( ).,, 21 uuX  

If { } JA ∈αα  is a collection of β-closed sets in a biclosure space  

( )21,, uuX  but 2u  is not generalized additive, then α∈α AJ∩  need not be a 

β-closed set in ( )21,, uuX  as shown in the following example. 
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Example 3.11. By Example 3.9, 2u  is not generalized additive. By the 

definitions of 1u  and ,2u  { }4,2  and { }4,3  are β-closed in ( ).,, 21 uuX  But 

{ } { } { }44,34,2 =∩  is not β-closed in ( ).,, 21 uuX  

Theorem 3.12. Let {( ) }JuuX ∈αααα :,, 21  be a family of biclosure 

spaces and let .J∈β  If βA  is β-open in ( ),,, 21
βββ uuX  then ∏

∈α
β≠α

αβ ×

J

XA  

is β-open in ( )∏
∈α

ααα
J

uuX .,, 21  

Proof. Let J∈β  and let βA  be β-open in ( ).,, 21
βββ uuX  Then there 

exists an open set βG  in ( )1, ββ uX  such that ββ ⊆ AG  and .22
ββββ ⊆ GuAu  

Hence, ∏ ∏
∈α ∈α
β≠α β≠α

αβαβ ×⊆×

J J

XAXG  and ∏ ∏
∈α ∈α
β≠α β≠α

αββαββ ×⊆×

J J

XGuXAu .22  

Since 

∏ ∏
∈α ∈α
β≠α β≠α

ααββαββ ×=×

J J

XuAuXAu 222  

∏ ∏∏
∈α β≠α

αβ
β≠α

αβαα



















×=


















×π=

∈α∈α
J

JJ

XAuXAu 2
2  

and 

∏ ∏
∈α ∈α
β≠α β≠α

ααββαββ ×=×

J J

XuGuXGu 222  

∏ ∏∏
∈α β≠α

αβ
β≠α

αβαα



















×=


















×π=

∈α∈α
J

JJ

XGuXGu ,2
2  
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.22


















×⊆


















× ∏∏
∈α∈α
β≠α

αβ
β≠α

αβ

JJ

XGuXAu  

As βπ  is continuous, ( ) ∏
∈α
β≠α

αββ
−
β ×=π

J

XGG1  is open in ( )∏
∈α

αα
J

uX ., 1  

Therefore, ∏
∈α
β≠α

αβ ×

J

XA  is β-open in ( )∏
∈α

ααα
J

uuX .,, 21  ~ 

Theorem 3.13. Let {( ) }JuuX ∈αααα :,, 21  be a family of closure 

spaces and let .J∈β  If βA  is β-closed in ( ),,, 21
βββ uuX  then ∏

∈α
β≠α

αβ ×

J

XA  

is β-closed in ( )∏
∈α

ααα
J

uuX .,, 21  

Proof. Let βA  be β-closed in ( )∏
∈α

ααα
J

uuX ,,, 21  .J∈β  Then ββ − AX  

is β-open in ( ).,, 21
βββ uuX  Since ( ) ∏

∈α
β≠α

αββ ×−

J

XAX  is a β-open set in 

( )∏
∈α

ααα
J

uuX .,, 21  But ( ) ∏ ∏ ∏
∈α ∈α
β≠α ∈α β≠α

αβααββ
















×−=×−

J J
J

XAXXAX .  

It follows that ∏
∈α
β≠α

αβ ×

J

XA  is β-closed in ( )∏
∈α

ααα
J

uuX .,, 21  ~ 

Definition 3.14. Let ( )21,, uuX  and ( )21,, vvY  be biclosure spaces. A 

map ( ) ( )2121 ,,,,: vvYuuXf →  is called β-open (respectively, β-closed) 

if ( )Af  is β-open (respectively, β-closed) in ( )21,, vvY  for every open 

(respectively, closed) subset A of ( ).,, 21 uuX  
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Clearly, if f is open (respectively, closed), then f is β-open (respectively, 

β-closed). The converse need not be true in general as can be seen from the 
following example. 

Example 3.15. Let { } YX == 3,2,1  and define a closure operator 1u  on 

X by ,1 ∅=∅u  { } { }221 =u  and { } { } { } { } { }3,23,12,131 11111 uuuuu ====  

.1 XXu ==  Define a closure operator 2u  on X by ,2 ∅=∅u  { } =12u  

{ },2,1  { } { },222 =u  { } { }3,132 =u  and { } { } { } Xuuuu 2222 3,23,12,1 ===  

.X=  Define a closure operator 1v  on Y by ,1 ∅=∅v  { } { } == 21 11 vv  

{ } { },2,12,11 =v  { } { } { } YYvvvv ==== 1111 3,23,13  and define a closure 

operator 2v  on Y by ∅=∅2v  and { } { },3,112 =v  { } { }2,122 =v  and { }32v  

{ } { } { } .3,23,12,1 2222 YYvvvv =====  Let ( ) ( )2121 ,,,,: vvYuuXf →  

be an identity map. It is easy to see that f is β-open but not open because 

{ }( )3,1f  is not open in ( )21,, vvY  while { }3,1  is open in ( ).,, 21 uuX  

Moreover, we can see that f is β-closed but not closed because { }( )2f  is not 

closed in ( )21,, vvY  while { }2  is closed in ( ).,, 21 uuX  

Theorem 3.16. Let ( ),,, 21 uuX  ( )21,, vvY  and ( )21,, wwZ  be biclosure 

spaces. Let ( ) ( )2121 ,,,,: vvYuuXf →  and ( ) ( )2121 ,,,,: wwZvvYg →  

be maps. Then fg D  is β-open if f is open and g is β-open. 

Proof. Let G be an open subset of ( ).,, 21 uuX  Since f is open, ( )Gf  is 

open in ( ).,, 21 vvY  As g is β-open, ( )( ) ( )GfgGfg D=  is β-open in 

( ).,, 21 wwZ  Therefore, fg D  is β-open. ~ 

Theorem 3.17. Let ( ),,, 21 uuX  ( )21,, vvY  and ( )21,, wwZ  be 

biclosure spaces. Let ( ) ( )2121 ,,,,: vvYuuXf →  and ( ) →21,,: vvYg  

( )21,, wwZ  be maps. If fg D  is β-open and f is a continuous surjection, 

then g is β-open. 
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Proof. Let H be an open set in ( ).,, 21 vvY  Since f is continuous, 

( )Hf 1−  is open in ( ).,, 21 uuX  Since fg D  is β-open, ( ( ))Hffg 1−D  is 

β-open in ( ).,, 21 wwZ  But f is a surjection, hence ( ( )) =− Hffg 1D  

( ( ( ))) ( ).1 HgHffg =−  Thus, ( )Hg  is β-open in ( ).,, 21 wwZ  Therefore,  

g is β-open. ~ 

Definition 3.18. Let ( )21,, uuX  and ( )21,, vvY  be biclosure spaces.    

A map ( ) ( )2121 ,,,,: vvYuuXf →  is called β-continuous if ( )Hf 1−  is a     

β-open subset of ( )21,, uuX  for every open subset H of ( ).,, 21 vvY  

Clearly, if f is continuous, then f is β-continuous. The converse need not 
be true as can be seen from the following example. 

Example 3.19. Let { } YX == 3,2,1  and define a closure operator 1u  

on X by ,1 ∅=∅u  { } { },2,111 =u  { } { } { } { },3,23,232 111 === uuu  { } =2,11u  

{ } .3,1 11 XXuu ==  Define a closure operator 2u  on X by ,2 ∅=∅u  

{ } { }222 =u  and { } { } { } { } { } .3,23,12,131 222222 XXuuuuuu ======  

Define a closure operator 1v  on X by ,1 ∅=∅v  { } { },331 =v  { } { },3,111 =v  

{ } { },3,221 =v  { } { } { } YYvvvv ==== 1111 3,23,12,1  and define a closure 

operator 2v  on Y by ,2 ∅=∅v  { } { } { },3,13,11 22 == vv  { } { },332 =v  { }22v  

{ } { } .3,22,1 212 YYvuv ====  Let ( ) ( )2121 ,,,,: vvYuuXf →  be an identity 

map. It is easy to see that f is β-continuous but not continuous because 

{ }( )2,11−f  is not open in ( )21,, uuX  while { }2,1  is open in ( ).,, 21 vvY  

Theorem 3.20. Let ( )21,, uuX  and ( )21,, vvY  be biclosure spaces. A 

map ( ) ( )2121 ,,,,: vvYuuXf →  is β-continuous if and only if ( )Ff 1−  is 

a β-closed subset of ( )21,, uuX  for every closed subset F of ( ).,, 21 vvY  
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Proof. Let F be a closed subset of ( ).,, 21 vvY  As f is β-continuous, 

( )FYf −−1  is β-open in ( ).,, 21 uuX  But ( ) ( ).11 FYfFfX −=− −−  Hence, 

( )Ff 1−  is β-closed in ( ).,, 21 uuX  

Conversely, let H be an open subset of ( ).,, 21 vvY  By the assumption, 

( ) ( )HfXHYf 11 −− −=−  is β-closed in ( ).,, 21 uuX  Hence, ( )Hf 1−  is 

β-open in ( ).,, 21 uuX  Thus, f is β-continuous. ~ 

Theorem 3.21. Let ( ),,, 21 uuX  ( )21,, vvY  and ( )21,, wwZ  be biclosure 

spaces. If ( ) ( )2121 ,,,,: vvYuuXf →  is β-continuous and ( )21,,: vvYg  

( )21,, wwZ→  is continuous, then fg D  is β-continuous. 

Proof. Let G be an open subset of ( ).,, 21 wwZ  Since g is continuous, 

( )Gg 1−  is open in ( ).,, 21 vvY  As f is β-continuous, ( ( ))Ggf 11 −−  is           

β-open in ( ).,, 21 uuX  But ( ( )) ( ) ( ).111 GfgGgf −−− = D  Therefore, fg D  

is β-continuous. ~ 

Corollary 3.22. Let ( )21,, uuX  be a biclosure space, {( ) :,, 21
ααα vvY  

}J∈α  be a family of biclosure spaces and 

( ) ( )∏
∈α

ααα→
J

vvYuuXf 21
21 ,,,,:  

be a map. If f is β-continuous and απ  is a projection map, then fDαπ  is   

β-continuous for each .J∈α  

Definition 3.23. A biclosure space ( )21,, uuX  is said to be a β -open 

space if every β-open set in ( )21,, uuX  is open in ( ).,, 21 uuX  

Example 3.24. Let { }3,2,1=X  and define a closure operator 1u  on X 

by ,1 ∅=∅u  { } { } { } { },3,13,131 111 === uuu  { } { } { } === 3,22,12 111 uuu  
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.1 XXu =  Define a closure operator 2u  on X by ,2 ∅=∅u  { } { }21 22 uu =  

{ },2,1=  { } { } { }3,13,13 22 == uu  and { } { } .3,22,1 222 XXuuu ===  It is 

easy to see that ( )21,, uuX  is a β -open space. 

Theorem 3.25. Let ( )21,, uuX  and ( )21,, wwZ  be biclosure spaces 

and let ( )21,, vvY  be a β -open space. If ( ) ( )2121 ,,,,: vvYuuXf →   

and ( ) ( )2121 ,,,,: wwZvvYg →  are β-continuous, then fg D  is β-

continuous. 

Proof. Let H be an open subset of ( ).,, 21 wwZ  Since g is β-continuous, 

( )Hg 1−  is β-open in ( ).,, 21 vvY  But ( )21,, vvY  is a β -open space. It 

follows that ( )Hg 1−  is open in ( ).,, 21 vvY  As f is β-continuous, 

( ( )) ( ) ( )HfgHgf 111 −−− = D  is β-open in ( ).,, 21 uuX  Thus, fg D  is     

β-continuous. ~ 
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