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Abstract

The purpose of this paper is to introduce the concept of B-open sets
in biclosure spaces and investigate their fundamental properties.
Moreover, we give the concepts of B-open maps and B-continuous
maps and their characterizations.

1. Introduction

The concept of Cech closure spaces was introduced and studied in [3]. In
2003, Slapal [6] introduced generalized Cech closure operators which are
called closure operators. Later, some properties of closed sets in closure
spaces were studied by Boonpok and Khampakdee [2]. In 2009, Boonpok [1]
introduced biclosure spaces and provided a characterization of closed sets of
some kind in the product of biclosure spaces. In [5], Khampakdee and
Boonpok introduced the notions of semi-open sets and semi-closed sets in
biclosure spaces.

In this paper, we introduce and study B-open sets in biclosure spaces and
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investigate some of their fundamental properties. Then we use -open sets to
define B-open maps and B-continuous maps. We obtain certain properties of

[B-openness and B-continuity in biclosure spaces.
2. Preliminary Notes

In this section, we recall some basic definitions and notations of closure

spaces and biclosure spaces in [1, 2] and [5].

A map u: P(X) - P(X) defined on the power set P(X) of a set X is
called a closure operator [2] on X and the pair (X, u) is called a closure
space if the following axioms are satisfied:

(Al ud =9,

(A2) A c uA forevery A c X,

(A3) Ac B= ud c uB forall 4, B c X.

A subset 4 < X is closed in the closure space (X, u) if ud = 4 and it
is open if its complement is closed. The empty set and the whole space are
both open and closed.

If (X, u) and (Y, v) are closure spaces, then a map f:(X,u)— (Y, v)
is called:

(1) open (respectively, closed) if the image of each open (respectively,

closed) setin (X, u) is open (respectively, closed) in (Y, v),

(ii) continuous if f(uAd) < vf(A4) for every subset 4 = X. One can see

that, if f'is continuous, then the inverse image under f of each open set in

(Y, v) is open in (X, u).

The product [1] of a family {(X,, uy): o € J} of closure spaces,

denoted by [] (X, uy), is the closure space (H Xa,uj, where

aeJ aeJ
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H X, denotes the Cartesian product of the sets X, o € J and u is the
aeJ

closure operator generated by the projections m, : H Xog &> Xy, e,

aeJ
i.e., is defined by ud = ] ugme(4) foreach 4 < [ X,. Clearly, mg, is
oet oeJ

continuous for each a € J.
Since mg : [ Xoq — Xp is continuous whenever [](Xg, uy) is the
oeJ oel

product of a family {(X,, uy): a € J} of closure spaces, G x [ | X is

a=p
aeJ

openin [] (Xg, uq) for every open set G in (X, ug), p € J.
oel
A biclosure space [5] is a triple (X, uy, u,), where Xis a set and uy, u,

are two closure operators on X.

A subset 4 of a biclosure space (X, uy, up) is called closed if ujuy A

= A. The complement of closed set is called open.

One can see that, 4 is open in (X, u;, u,) if and only if 4 is open in

both (X, u;) and (X, uy).

Let (X, uy, uy) be a biclosure space. A biclosure space (Y, vj, vp) is
called a subspace of (X, uj, up) if Y X and v;Ad=u;ANY for all
i €{l, 2} and every subset 4 of Y.

Let (X, uy, up) and (Y, v, vo) be biclosure spaces and let i € {1, 2}.
Thenamap f : (X, uy, uy) = (¥, v, vp) is called:

(i) i-open (respectively, i-closed) if the map f : (X, u;) —> (Y, v;) is
open (respectively, closed) for all i € {I, 2},
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(i1) open (respectively, closed) if fis i-open (respectively, i-closed) for
all i e {1, 2},

(iii) i-continuous if the map f : (X, u;) — (Y, v;) is continuous for all
iedl, 2},

(iv) continuous if fis i-continuous for all i € {1, 2}.

Proposition 2.1 [5]. Let (X, uy, uy) and (Y, v;, v5) be biclosure spaces
and let [ : (X, uy, uy) = (Y, v, vo) be a map. If f is open, then f(G) is
open in (Y, vy, vo) for every open subset G of (X, uy, uy).

Proposition 2.2 [5]. Let (X, uy, uy) and (Y, v;, v5) be biclosure spaces
and let f : (X, up, uy) > (Y, v, vy) be a map. If f is continuous, then

FYUH) is openin (X, uy, uy) for every open subset H of (Y, vy, v»).
3. Main Results

In this section, we introduce the concept of B-open sets in biclosure
spaces and investigate some of their properties.

Definition 3.1. A subset 4 of a biclosure space (X, uj, uy) is called
B-open if there exists an open subset G of (X, u;) such that G < 4 and

upA < upG. The complement of a B-open subset of X is called B-closed.

Clearly, if (X, uj, uy) is a biclosure space and A4 is open (respectively,
closed) in (X, u;), then 4 is B-open (respectively, B-closed) in (X, uy, uy).

The converse is not true as shown in the following example.

Example 3.2. Let X = {1, 2, 3} and define a closure space u; on X by
wd =3, wil} =u{2} =ufl, 2} = {1, 2}, {3} ={2, 3}, and u{l, 3} =
u1{2, 3} = ;X = X. Define a closure operator u, on X by u,& = &,

UZ{I} = {1’ 3}5 u2{2} = {1’ 2}’ u2{3} = UZ{L 2} = u2{1’ 3} = u2{2a 3} =upX
= X.
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It follows that {3} is an open subset of (X, u;) such that {3} < {1, 3}

and u,{l, 3} < u,{3}. Hence, {l, 3} is B-open in (X, u;, uy). But {l, 3} is

not open in (X, u;). Moreover, {2} is B-closed in (X, uy, uy) but {2} is not
closed in (X, uy).

Theorem 3.3. Let (X, uy, uy) be a biclosure space and let A < X.
Then A is B-closed if and only if there exists a closed subset F of (X, uy)
such that A < F and uy(X — A) € up(X — F).

Proof. Let 4 be B-closed in (X, uy, uy). Then there exists an open set G
in (X, u) suchthat G ¢ X — 4 and u,(X — A) < u,G. Since G is open in
(X, uy), there exists a closed subset F of (X, u;) such that G = X — F.
But Ac X -G and uy(X — A) € upG. Thus, A < F and uy(X — 4) <
uy(X = F).

Conversely, by the assumption, there is a closed subset F of (X, u)
such that 4 c F and uy(X — 4) < up(X — F). Since F is closed in
(X, uy), there exists an open subset G of (X, u;) such that F = X — G. It
follows that 4 € X — G and uy(X — 4) C up(X — (X — G)) = u5G. Hence,
Gc X—4 and up(X — 4) c upG. Thus, X — 4 is B-open in (X, uy, up).
Therefore, 4 is B-closed in (X, ug, uy). O

Theorem 3.4. Let (X, uy, uy) be a biclosure space and A be a B-open

subset in (X, uy, up). If A < B and uyB < uy A, then B is B-open.

Proof. Let 4 be B-open in (X, uy, uy). Then there exists an open set G
in (X,u) such that G<c A and wu,AdcuyG. Since A< B and
upB cupA, G < Ac B and uyB < uyA < u,G. Therefore, B is B-open in
(X, up, uy). O
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Theorem 3.5. Let (Y, vy, vy) be a biclosure subspace of (X, uy, uy) and
let A be a subset of Y. If A is B-open in (X, uy, uy), then A is B-open in
(Y, v, v2).

Proof. Let 4 be a B-open set in (X, uy, up). Then there exists an open
set G in (X, uy) such that G < 4 and uyA4 < uyG. It follows that u, AY
c u,GNY. Hence, G < 4 and v,4 < v,G. Since G is open in (X, uy),
M¥-G)=uyy(Y-G)NY cuyy(X-G)NY =(X-G)NY =Y —G. Thus,
Y — G isclosed in (Y, v;), i.e., Gisopenin (Y, v;). Therefore, 4 is B-open
in (Y, v, vp). O

Definition 3.6. Let {4} be a collection of subsets in a set X. A

oeJ
closure operator u on X is called generalized additive if uUgycyA, =

Unesudg.-

Example 3.7. Let X = {I, 2, 3} and define a closure operator u on X by
ud =3, u{l} = {1}, u{2} =u{3} =ufl, 2} = u{l, 3} = u{2, 3} = uX = X.
Then u is generalized additive on X.

Theorem 3.8. Let {4, },_; be a collection of B-open sets in a biclosure
space (X, uy, up). If uy is generalized additive, then U, j A, is a B-open
setin (X, up, uy).

Proof. Let A4, be B-open in (X, uj, upy) for all o € J. Hence, there
exists an open set G, in (X, u;) such that G, < 4, and u,A4, < u,G,
for each o € J. Thus, U c; Gy € Uges 4y and Ugeyjun A, € UgesurGy.
Since u, is additive,

uy Uges dq = Ugesuady € UgeyjuaGy =z Ugey G-

As G, isopenin (X, u) forall o € J, u; Nyes (X — Gy) < u1(X — Gy)
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= X - G, foreach o € J. Thus, u; Ngey (X = Gy) € Nges (X —Gy). Tt
follows that ey (X — G,,) is closed in (X, u), i.e., Uycs G, is open in
(X, uy). Therefore, U, s 4, is B-open in (X, uy, uy). O

If {4}, is a collection of B-open sets in a biclosure space (X, uy, u;)

but u, is not generalized additive, then U, ; 4, need not be a B-open set in

(X, uy, up) as shown in the following example.

Example 3.9. Let X = {1, 2, 3, 4} and define a closure operator u; on X
by w@ =0, wi{l}={l}, w{2}=u{3}=uid=ui23}=ui2 4=
U {3, 4} =uU {2, 3, 4} = {2, 3, 4} and u {1, 2} =U {1, 3} =U {1, 4} =U {1, 2, 3} =
w{l, 2, 4} =u{l, 3, 4} = u; X = X. Define a closure operator u, on X by
w@ =D, up{2f = {2}, w3} = {L. 3}, up{4j = {I, 4}, wp{ly = {1, 2} =
r {1, 3} =41, 2,3} and wup{1, 41 = up {2, 3} =1y {2, 4} = 1y {3, 4} = up {1, 2, 3}
= uz{l, 2, 4} = Mz{l, 3, 4} = u2{2, 3, 4} = M2X = X.

Since u,({l, 2} U {l, 3}) = X is not a subset of u,{l, 2} Uu,{l, 3} =
{1, 2, 3}, u, is not generalized additive. By the definitions of u; and u,,
{1, 2} and {1, 3} are B-open in (X, uy, uy). But {1, 2} U {1, 3} = {1, 2, 3} is
not B-open in (X, uy, uy).

Corollary 3.10. Let {4y}, be a collection of B-closed sets in a
biclosure space (X, uy, uy). If uy is generalized additive, then (\ycj Ay, is
a B-closed set in (X, uy, uy).

If {44},c, 1is a collection of B-closed sets in a biclosure space

(X, uy, up) but u, is not generalized additive, then (1, s 4, need not be a

B-closed set in (X, uy, uy) as shown in the following example.
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Example 3.11. By Example 3.9, u, is not generalized additive. By the
definitions of u; and uy, {2, 4} and {3, 4} are B-closed in (X, u;, u,). But
{2, 4} N {3, 4} = {4} is not B-closed in (X, uy, uy).

Theorem 3.12. Let {(X,, u, ul): o € J} be a family of biclosure

spaces and let B e J. If Ag is B-open in (Xg, ué, ué), then Ag x IT X«

a=p
aeJ

is B-open in [] (Xq» ul, ul).

aeJ

Proof. Let B € J and let 43 be B-open in (Xﬁ, ué, ué ). Then there
exists an open set Gg in (Xg, ué) such that Gg < 4g and uéAB c uéGB.

Hence, Gg x [ Xo < 43 x [] X and uéAB x [ Xo uéGB x [ Xa.
a=p a#p o= o=
aeJ aeJ aeJ aeJ

Since

uéAB X H Xo = uéAB X H “éch

VESS) a#=p
aeJ aeJ

= [ Juama 45 x [ | Xo | = 2| 45 % [ | Xa
aeJ a#pB a#p
aeJ aeJ

and

uéGB X H Xy = uéGB x H uéXa

a=pB a=p
aeJ aeJ

:Huéna GBXHXOL = Uy GﬁXHXO‘ 5

aeJ a=p a#=p
aeJ aeJ
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up ABXHX(X C up GBXHXa .

a=p a#p
aeJ aeJ

As mg is continuous, n[gl(GB) = G x [T Xo is open in J] (Xq. ul).

a=p aeJ
aeJ
Therefore, 4g x [ | X is B-openin [] (X, ul, ul). O
a=p aeJ

aed

Theorem 3.13. Let {(Xy, ul, u2):a e J} be a family of closure

spaces and let B € J. If Ag is B-closed in (Xg, u[13, ué), then Ag x 11 %o

a=p
aeJ

is B-closed in || (Xg, ul, ul).

oeJ
Proof. Let 4z be B-closed in [] (X, ul, u2), peJ. Then Xp — 4
aet
is B-open in (X, ué, ué) Since (Xg — 4g) % IT X is a B-open set in

a=p
aeJ

[T (Xa ug, ug). But (Xp = 4g)x [T Xo = [ Xoo = | 4 % [] Xoc |

aed a#=p aed a=p
aeJ aeJ
It follows that 4 x [ | X is B-closedin [] (X, g, ul). O
a=p aeJ
aeJ

Definition 3.14. Let (X, u, uy) and (Y, v;, vo) be biclosure spaces. A
map [ : (X, up, uy) —> (Y, vy, vy) is called B-open (respectively, B-closed)
if f(A4) is B-open (respectively, B-closed) in (Y, vi, v,) for every open
(respectively, closed) subset 4 of (X, uy, uy).
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Clearly, if f'is open (respectively, closed), then fis B-open (respectively,
B-closed). The converse need not be true in general as can be seen from the
following example.

Example 3.15. Let X ={l, 2,3} =Y and define a closure operator u; on
Xby D =, uj{2} ={2} and w {1} = 1 {3} =y {L, 2} = i {1, 3} = 11 {2, 3}
=wu X = X. Define a closure operator uy on X by uy@ =0, uy{l}=
{12}, up{2} =1{2}, ur{3}={1,3} and uyr{l, 2} =uy{l, 3} =ur{2,3} =ur X
= X. Define a closure operator v; on Y by & =&, v{l}=w{2}=
vi{l, 2} = {1, 2}, v{3} =w{L, 3} = {2, 3} =Y =Y and define a closure
operator v, on Y by w@ = and w{l} = {1, 3}, {2} ={1, 2} and v, {3}
=v{l, 2} = vy {1, 3} = {2, 3} = v, Y =Y. Let f:(X,up,up) > (Y, v, vy)
be an identity map. It is easy to see that f'is B-open but not open because
f({1, 3}) is not open in (Y, vy, v,) while {I,3} is open in (X, uy, uy).
Moreover, we can see that fis B-closed but not closed because f({2}) is not

closed in (Y, vy, v,) while {2} is closed in (X, uy, uy).

Theorem 3.16. Let (X, uy, uy), (Y, vi, vp) and (Z, wy, wy) be biclosure
spaces. Let | : (X, uy, uy) = (Y, v, vy) and g : (Y, v, vo) = (Z, wy, wy)

be maps. Then g o f is B-open if fis open and g is B-open.

Proof. Let G be an open subset of (X, uy, uy). Since f'is open, f(G) is
open in (¥, v, ). As g is B-open, g(f(G))= go f(G) is B-open in
(Z, wy, wp). Therefore, g o f is B-open. O

Theorem 3.17. Let (X, uy, uy), (Y,v,vy) and (Z, w, wy) be
biclosure spaces. Let [ : (X, uy, uy) = (Y, v, vp) and g : (Y, v, vp) >
(Z, W, wy) be maps. If go f is B-open and f is a continuous surjection,

then g is B-open.
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Proof. Let H be an open set in (Y, v, vy). Since f is continuous,
F7Y(H) is open in (X, uy, uy). Since go f is p-open, g o f(f1(H)) is
B-open in (Z, w;, w,). But f is a surjection, hence go f(f '(H))=
g(f(f~\(H))) = g(H). Thus, g(H) is B-open in (Z, w, wy). Therefore,
g is B-open. [l

Definition 3.18. Let (X, uy, up) and (Y, vy, vo) be biclosure spaces.
Amap f: (X, u, upy) = (Y, v, vy) is called B-continuous if f~'(H) is a

B-open subset of (X, uy, uy) for every open subset H of (Y, vy, v,).

Clearly, if f'is continuous, then f'is B-continuous. The converse need not
be true as can be seen from the following example.

Example 3.19. Let X = {l, 2, 3} = Y and define a closure operator
on Xby =03, wil}={L 2}, uy{2}=u{3}=11{2,3}=1{2,3}, {l,2}=
u{l, 3} =y X = X. Define a closure operator uy, on X by u,& =,
uy {2} = {2} and ur {1} =ur 3} =ur{l, 2} = up {1, 3} =up {2, 3} =up, X = X.
Define a closure operator v; on X by v& =&, v {3} ={3}, v{l} =11, 3},
vi{2} =12, 3}, v{l, 2} =v{l,3} =v{2,3} =Y =Y and define a closure
operator vy on Yby w@ =T, v {l} = v {l, 3} = {1, 3}, v {3} ={3}, v {2}
=v{l, 2} =uy{2,3} =Y =Y. Let f:(X,up,uy)—> (¥, vy, v,) be an identity
map. It is easy to see that f is B-continuous but not continuous because

£, 2)) is not open in (X, uy, up) while {1, 2} is openin (Y, v{, v, ).

Theorem 3.20. Let (X, uy, uy) and (Y, vi, vp) be biclosure spaces. A
map f (X, uy, uy) = (Y, v, vp) is B-continuous if and only if FNF) s
a B-closed subset of (X, uy, uy) for every closed subset F of (Y, v, v5).
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Proof. Let F be a closed subset of (Y, v, v5). As f is B-continuous,
N Y=F) is B-open in (X, uy,uy). But X — f~1(F)= f~}(Y = F). Hence,

F7NF) is B-closed in (X, uy, us).

Conversely, let H be an open subset of (¥, v{, v,). By the assumption,
Ny -H)=Xx - f7Y(H) is B-closed in (X, uy, uy). Hence, f~(H) is
B-open in (X, uy, uy). Thus, fis B-continuous. O

Theorem 3.21. Let (X, uy, uy), (Y, v, vo) and (Z, wy, wy ) be biclosure
spaces. If [ (X, uj, uy) = (Y, v, v») is B-continuous and g : (Y, vi, vy)
— (Z, wy, wy) is continuous, then g o f is B-continuous.

Proof. Let G be an open subset of (Z, wy, wy). Since g is continuous,
g 1(G) is open in (Y, v, v,). As f is B-continuous, f (g (G)) is
B-open in (X, uy, ur). But £~ (g7(G)) = (g o £)"(G). Therefore, g o f

is -continuous. OJ

Corollary 3.22. Let (X, uy, up) be a biclosure space, {(Y,, v, v2):
o € J} be a family of biclosure spaces and

1 2
f : (Xa up, ”2) - H(You Voo VOL)

aeJ

be a map. If f is B-continuous and m, is a projection map, then m, o f is

B-continuous for each o € J.

Definition 3.23. A biclosure space (X, uj, uy) is said to be a B -open

space if every B-open set in (X, u;, uy) is openin (X, uy, uy).

Example 3.24. Let X = {1, 2, 3} and define a closure operator u; on X
by @ =0, wily=w {3} = w{l, 3} = {L, 3}, {2} =y {l, 2} =1y {2, 3} =
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w1 X = X. Define a closure operator u, on X by u,@ =&, up{l} = up{2}
=11, 2}, 1,3} = upf{L, 3} = {1, 3} and up{l, 2} = up{2, 3} = ) X = X. Itis

easy to see that (X, u;, u,) is a f3-open space.

Theorem 3.25. Let (X, uy, uy) and (Z, wy, wy) be biclosure spaces
and let (Y, v, vy) be a B-open space. If [ : (X, uy, uy)— (Y, vy, vy)
and g : (Y, v, v9) > (Z, w;, wy) are B-continuous, then go f is PB-
continuous.

Proof. Let H be an open subset of (Z, wy, wy). Since g is B-continuous,
g '(H) is B-open in (Y, v, vp). But (Y, v, v,) is a P-open space. It
follows that g '(H) is open in (Y, v, v,). As f is B-continuous,

e\ (H) = (go f) ' (H) is B-open in (X, u, up). Thus, go [ is

[B-continuous. OJ
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