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Abstract

We define and characterize a fuzzy pairwise o-semi-irresolute
continuous mapping and a fuzzy pairwise o-semiopen irresolute
mapping on a fuzzy bitopological space.

1. Introduction

Kharal and Ahmad [3] defined a fuzzy a-semiopen set and studied a
fuzzy a-semicontinuous mapping on a fuzzy topological space. Recently, Im
et al. [2] characterized a fuzzy pairwise a-semicontinuous mapping and a
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fuzzy pairwise o-semiopen mapping (a fuzzy pairwise o-semiclosed
mapping) on a fuzzy bitopological space as a natural generalization of a
fuzzy topological space. One purpose of this paper is to find more stronger
mapping than we studied in [2].

In this paper, we define a fuzzy pairwise a-semi-irresolute continuous
mapping and a fuzzy pairwise a-semiopen irresolute mapping (a fuzzy
pairwise o-semiclosed irresolute mapping) on a fuzzy bitopological space
and study their properties. We also give an example, which is a fuzzy
pairwise o-semicontinuous mapping but not a fuzzy pairwise o-semi-
irresolute continuous mapping.

2. Preliminaries

Let X be a set and let t; and t, be fuzzy topologies on X. Then we call
(X, 7y, t9) afuzzy bitopological space [ f bts].

Throughout this paper, we take an ordered pair (tj, tj) with i, j € {1, 2}
and i = j. For simplicity, we abbreviate a t;j-fuzzy open set pn and a
tj-fuzzy closed set pwitha 7; — fo setpanda tj — fc set , respectively.
Also, we denote the interior and the closure of p for a fuzzy topology rT;
with t; — Intp and tj — Clp, respectively.

A fuzzy set p on an fbts X is called a (1, vj)-fuzzy semiopen
[(zi, j)-fso] setif u < tj - Cl(xj — Intp), and pis called a (v;, tj)-fuzzy
semiclosed [(tj, tj)-fsc] setif ©j — Int(z; - Clu) < p.

Let u be a fuzzy seton an fbts X. Then the (z;, t;)-semi-interior of p,
(ti, Tj) —sinty, is \/{v|v <, visa (tj, 1) - fso set} and the (7, tj)-
semi-closure of p, (tj, tj) —sCly, is A{vlv=p, visa(rj, tj) - fsc set}.

A mapping f : (X, 1, 19) > (Y, 11, 15) is called a fuzzy pairwise

semicontinuous [fpsc] if f1(v) is a (ti, tj) — fso set on X for each
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1 — fo setvon Y and amapping f : (X, 1y, 19) = (Y, 17, T5) is called a

fuzzy pairwise semiopen [fpsopen] if f(u) isa (zj, ©j) - fso seton Y for
each t; — fo set non X [6].

A fuzzy set p on an fbts X is called a (1, vj)-fuzzy o-open

[(zi, Tj)-fao] set if p <t —Int(tj - Cl(tj - Intp)), and p is called a

(ti, vj)-fuzzy a-closed [(t;, 7j)- fac] setif t; — Cl(tj — Int(rj - Clp)) < p.

Let u be a fuzzy set on an fbts X. Then the (rj, t;)-o-interior of y,
(ti, Tj) —alnty, is \Vivlv <y, visa (1, tj) - foo set} and the (1, tj)-

a-closure of w, (tj, 1) —aCly, is A{v|v >y, visa (1, tj) - foc set}.

A mapping f : (X, 1, 19) > (Y, 17, 1) is called a fuzzy pairwise
a-continuous [ fpac] if f(v)isa (1, tj) - foo set on X for each 7 - fo
set v on Y and a mapping f : (X, 11, 15) = (Y, 11, 1) is called a fuzzy
pairwise a-open [fpa open] if f(u) is a (1], r"}) — fao set on Y for each
1j — fo set pon X [5].

A fuzzy ponan fbts Xis called a (vj, 7j)-fuzzy a-semiopen [(z;, ;)
— faso] set if p <1 —Int(tj - Cl((zj, tj) —sIntp))), and p is called a
(tj, Tj)-fuzzy o-semiclosed [(1j, tj) - fasc] set on X if 7; —Cl(r; -

Int((zj, 7j) —sClp)) < p.

Let u be a fuzzy set on an fbts X. Then the (tj, 7j)-o-semi-interior
of w, (tj, tj) —asinty, is \/{v|v <y, visa(tj, tj) - foso set} and the
(ti, Tj)-a-semi-closure of p, (tj, tj)—asCly, is Afvlv>p, v is a

(tj, Tj) — fosc set}.
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Let f: (X, 11, 19) = (Y, 17, 15) be a mapping. Then f is called a fuzzy
pairwise o-semicontinuous [ fpasc] if f~X(v) is a (ti, Tj) — foaso seton X
for each tf — fo set v on Y and f is called a fuzzy pairwise o-semiopen
[ fpo — semiopen] (fuzzy pairwise a-semiclosed [ fpow — semiclosed]) if f(u)
isa (1, 1j) - faso ((1j, 7j) — fasc) set on Y for each t; — fo (1; - fc)
set pon X.

Every fpasc mapping is fpsc. And every fpo — semiopen (fpo —
semiclosed) is fps open (fps closed). But the converses are not true in

general [2].
3. Fuzzy Pairwise a-semi-irresolute Continuous Mappings

In this section, we introduce a fuzzy pairwise o-semi-irresolute
continuous mapping and a fuzzy pairwise a-semiopen irresolute mapping
which are stronger than a fuzzy pairwise a-semicontinuous mapping and a
fuzzy pairwise o-semiopen mapping, respectively. And we characterize a
fuzzy pairwise a-semi-irresolute continuous mapping and a fuzzy pairwise
o-semiopen irresolute mapping.

Definition 3.1. Let f : (X, 11, tp) = (Y, 11, T5) be a mapping. Then f
is called a fuzzy pairwise o-semi-irresolute continuous [ fpo.-semi-irresolute]
mapping if f~2(v) isa (xj, tj)— faso set on X for each (tf, tj) — faso
setvonY.

It is clear that every fpa-semi-irresolute is fpasc from the above
definition. But the converse is not true in general as the following example
shows.

Example 3.2. Let g, up and pg be fuzzy setson X = {a, b, ¢} with

n(a)=02, p)=02 p(c)=02
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uo(a) =0.3, py(b)=0.3 py(c)=0.3and
uz(@a) =04, upg(b)=0.4, ps(c)=04
Let
11 =1{0x, m, b3, Ix ) 12 ={0x, K2, M3, 1x } and
1 = {0x, m2, Ix}, 2 = 1{0x, M3, Ix}
be fuzzy topologies on X.
Then identity mapping ix : (X, 11, T9) = (X, 17, 15) is fpasc. Since a
(ti, tj)— faso set uf isnot (tj, tj) — fuso, ix is not fpo-semi-irresolute.
Theorem 3.1. Let f : (X, 1y, 19) = (Y, 11, T5) be a mapping. Then
the following are equivalent:

(1) fis fpa-semi-irresolute.

(2) The inverse of each (xj, tj) — fosc seton Yisa (tj, tj) — fasc set

on X.
3) f((xi, tj)—asClp) < (1, 7j) — asCI(f (u)) for each fuzzy set
on X.

@ (tj, 7j) - asCI(f 1(v)) < £ 7Y((z], 7j) — asCl v) for each fuzzy set

vonY.

) YT, r’})— asintv) < (tj, j) - asint(f 1(v)) for each fuzzy
setvony.

Proof. (1) implies (2) Let v be a (i, 7j) — fasc seton Y. Then v¢ isa
(tj, tj) — faso set on Y. Since f is fpo-semi-irresolute, f1(v0) =

(fL(v))Cisa (ti, Tj) — faso seton X. Hence f(v)isa (ti, Tj) — fasc

set on X.
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(2) implies (3) Let p be a fuzzy set on X. Then f~3((x], Tj) -
asCI(f(w))) isa (rj, tj) - fasc seton X. Thus,

(ti, 1) — 0sClp < (1, Tj) — asCI(f 7H(f ()
< (13, tj) - asCI(f H(z], ) - asCI(f (n))))

= £73((x7, 7)) = asCI(f (w))).

Hence
F((xi, tj) —asClp) < F(F (), 1)) - asCI(f ()
< (1, 7j) = asCI(f ().
(3) implies (4) Let v be a fuzzy set on Y. Then
f((xi, 7j) = asCI(f (V) < (1], 77) = osCI(f (F71(v))
< (1i, 7j) — asClv.
Hence
(ti, tj) — asCI(f 2(v)) < £ H(f((1;, tj) - asCI(f H(v))))
< 741, 1) - osClv).
(4) implies (5) Let v be a fuzzy set on Y. Then
(ti, Tj) — asCI(f H(v®)) < £ 7Y((xf, 15) - asCI(v®)).
Hence
741, 1) —osintv) = £ (1] ) - asCI(v©))°)
< ((rj, tj) — osCI(f H(v®))°

= (tj, 1j) — asint(f “v)).



Fuzzy Pairwise o.-semi-irresolute Continuous Mappings 203
(5) implies (1) Let v be a (tj, tj) - faso seton Y. Then
£ v) = £, 1) - asintv) < (g, tj) - asint(f "(v)).
Hence f(v) is a (ti, Tj) — foso set on X and therefore, f is fpo-semi-
irresolute. O

Theorem 3.2. Let f : (X, 11, 15) = (Y, 11, T5) be a bijection. Then, f
is fpa-semi-irresolute if and only if (<f, tj) — asInt(f (w) < f((xj, ;) -

asInt n) for each fuzzy set u on X.

Proof. Let u be a fuzzy set on X. Then, by Theorem 3.1,
£ 7)) — asint(f () < (5, ©)) — asint(fH(F (w))).
Since f is a bijection,
(x, 7j) —osInt(f () = F(F (T, 7)) - asint(f ()
< f((zj, tj) — osintp).
Conversely, let v be a fuzzy set on Y. Then
(}, 75) — asint(f (f 1(v)) < f((g;, 1) - osInt(f H(v))).
Recall that f is a bijection. Hence
(}, 75) - asintv = (¢f, ©}) - osInt(f (f (v)))

< f((Ti, TJ) - OLS|nt( f _1(V)))
and
P4, 1)) - osintv) < £ 7H(F (g, 7)) — asint(f ~(v))))
= (1j, 1)) - aslnt(f ~1(v)).

Therefore, by Theorem 3.1, f is fpa-semi-irresolute. O
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Definition 3.3. Let f : (X, 11, 15) = (Y, 11, T5) be a mapping. Then f
is called:

(1) a fuzzy pairwise o-semiopen irresolute [fpo-semiopen irresolute]
mapping if f(u) isa (tj, 7j) - foso seton Y for each (tj, 7)) — fuso set
pon X, and

(2) a fuzzy pairwise o.-semiclosed irresolute [ fpai-semiclosed irresolute]
mapping if f(u) isa (tj, tj) — fasc seton Y for each (tj, 7;) — fasc setp
on X.

It is clear that every fpa-semiopen irresolute (fpa-semiclosed irresolute)
is fpo-semiopen (fpa-semiclosed). But the converses are not true in general.

In fact, in Example 3.2, the identity mapping iyx : (X, 11, 15) =
(X, 11, 19) is fpo-semiopen (fpo-semiclosed) but not fpa-semiopen

irresolute (fpa-semiclosed irresolute).

Theorem 3.3. Let f : (X, 1y, 19) = (Y, 11, T5) be a mapping. Then
the following are equivalent:

(1) fis fpa-semiopen irresolute.

@) f((ri, tj) - osIntp) < (77, ) — osInt(f (u)) for each fuzzy set u
on X.

®3) (5, 7j)- asint(f 1(v)) < £ (<], tj)—asintv) for each fuzzy
setvony.

Proof. (1) implies (2) Let p be a fuzzy set on X. Then f((xj, t;) -

osintu) is a (i, tj) - faso set on Y and f((tj, ;) — asintp) < f(n).
Hence
f((xi, tj) — osIntp) = (ti, rj) —asInt(f ((zj, ;) — asIntp))

< (xf, 'cj) — aslnt(f (n)).
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(2) implies (3) Let v be a fuzzy seton Y. Then
F((xi, tj) —asint(f (v)) < (xf, 7)) — asInt(f (£ 4(v)))
< (1j, 7j) — osint v.
Hence
(tj, tj) — asint(f 1 (v)) < £ (5, 7j) - asint(f 7H(v))))
< £74(1f, 1) - osintv).
(3) implies (1) Let pbe a (t;, 7;) — faso seton X. Then
w= (i, tj) - asintp < (g, 1) - asint(f~(f (w)))

< 74, 15) - osInt(f (w))).
We have
f(w) < F(FH(, o) - asint(f () < (5], ©5) - asInt( f ().

Hence f(u)= (7, j) — osint(f(u)). Consequently, f(u) isa (i, 7j) -

faso set on 'Y and therefore, f is fpa-semiopen irresolute. O

Theorem 3.4. A mapping f : (X, 11, 15) = (Y, 17, 15) is fpa-
semiclosed irresolute if and only if (tj, tj) — asCI(f(w)) < f((zj, tj) -

asCl ) for each fuzzy set u on X.
Proof. Let p be a fuzzy set on X. Then f((tj, tj)—asClu) is a
(ti, tj) — fasc setonYand f(u) < f((xj, tj) — asClu). Hence
(ti, rj) — asCI(f(u)) < (xf, T)j) — asCI(f((j, 7j) — asClp))

= f((tj, tj) — asClp).
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Conversely, let pbe a (tj, tj) — fasc seton X. Then

(1}, r’j)— asCI(f(n)) < f((rj, 1) —asClp)
= f(w).

Consequently, f(u) is a (1], r*j) — fasc set on Y and therefore, f is fpa-

semiclosed irresolute. O

Theorem 3.5. Let f : (X, 1y, 19) = (Y, 11, T5) be a bijection. Then
the following are equivalent:

(1) f is fpa-semiclosed irresolute.

@) YT, 1j) - asClv) < (1, tj) - asCI(f ~X(v)) for each fuzzy set
vonY.

(3) f is fpa-semiopen irresolute.

(@) fLis fpa-semi-irresolute.

Proof. (1) implies (2) Let v be a fuzzy set on Y. Then, by Theorem 3.4,

(7}, ) — asCI(F (7 (v))) < f((tj, Tj) - asCI(f H(v))).

Hence

£, ©5) = asCI(F(F M) < £ 7H(F((xi, 7j) - asCI(f 7 (v))).
Since f is a bijection,

(1, ©5) - asClv) < (1j, tj) - asCI(f (v)).
(2) implies (1) Let u be a fuzzy set on X. Then

74 7)) - asCI(F (W) < (xi, 7)) = osCICEH(F ().

Hence

(A, 7)) = asCI(F (W) < F((xi, tj) — asCI(FH(f ().
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Since f is a bijection,
(1}, rj) —asCI(f(w) < f((zj, tj) — asClp).
Therefore, by Theorem 3.4, f is fpa-semiclosed irresolute.

(2) implies (3) Let v be a fuzzy seton Y. Then
741, 1) - 0sCI(v®)) < (17, 1) — asCI(f H(v®)).

Thus,

(ti, 15) — asint(f "H(v)) = ((tj, 1) - asCI(f H(v®)))°

(T ) - 0sCI(v©))°)

IA

f (<], tj) — asintv).
Hence f is fpa-semiopen irresolute from Theorem 3.3.

(3) implies (4) Let pbe a (tj, tj) — faso set on X. Then (f‘l)_l(u) =
f(u). Since f is fpo-semiopen irresolute, f(u) isa (tj, ©j) - foso seton
Y. Hence f71is fpa-semi-irresolute.

(4) implies (2) It is clear from Theorem 3.1. O

We have the following corollaries from Theorem 3.1, Theorem 3.4 and
Theorem 3.3.

Corollary 3.6. Let f : (X, 11, 15) = (Y, 1], T5) be a mapping. Then, f is

an fpa-semiclosed irresolute and fpoi-semi-irresolute if and only if f((<;, 7;)

—asClp) = (1, j) — asCI(f (u)) for each fuzzy set p on X. O

Corollary 3.7. Let f :(X,1q,19)— (Y, 1], 15) be a mapping. Then, f is
fpai-semiopen irresolute and fpa-semi-irresolute if and only if f‘l((r?, r"})

—asClv) = (1, 1j) — asCI(f ~L(v)) for each fuzzy set von Y. O
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A bijection f : (X, 11, 1p) = (Y, 17, 15) is called a fuzzy pairwise
a-semihomeomorphism if f and f1 are fpa-semi-irresolute continuous
mappings.

Theorem 3.8. Let f : (X, 1y, 19) = (Y, 1], T5) be a bijection. Then
the following are equivalent:

(1) fis a fuzzy pairwise a-semihomeomorphism.

2 flisa fuzzy pairwise o.-semihomeomorphism.

(3) fand f~L are fpa-semiopen irresolute (fpa-semiclosed irresolute).

(4) fis fpa-semi-irresolute and fpa-semiopen irresolute (fpa-semiclosed
irresolute).

(5) f((xi, tj) —asClp) = (xj, tj) — asCI(f(u)) for each fuzzy set u
on X.

6) f((ti, tj) - asIntp) = (77, ©j) — asInt(f(u)) for each fuzzy set u
on X.

@ Y, tj) —osintv) = (tj, 1)) - asint(f ~X(v)) for each fuzzy
setvony.

®) (ti, tj) - asCI(f 1(v)) = £ (], tj) — asCl v) for each fuzzy set
vonY.

Proof. (1) implies (2) It follows immediately from the definition of a
fuzzy pairwise a-semihomeomorphism.

(2) implies (3) and (3) implies (4) They follow from Theorem 3.5.
(4) implies (5) It follows from Theorem 3.5 and Corollary 3.6.

(5) implies (6) Let u be a fuzzy set on X. Then
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f((xi, tj) - asintp) = (F((xj, 1j) — asCl(u°)))°
= ((¢i, ©j) — asCI(f (u)))°
= (1f, r’}) —asint f ().
(6) implies (7) Let p be a fuzzy seton Y. Then
f((tj, tj) - asint(f 1(v)) = (¢}, ©5) - asInt(f (F 7H(v)))
= (1, Tj) — osInt v.
Hence
1 (5, 15) — asint(f H(v)) = £ (1], 75) - asintv).
Therefore,
(ti, tj) — asInt(f (v)) = (5], 1]) - asintv).
(7) implies (8) Let v be a fuzzy seton Y. Then
(i, tj) — asCI(f 1(v)) = (f (1], 15) - asInt(v©)))°
= (i, ©j) — asint(f 7(v©))°
= f _1((1?, rj) —asClv).
(8) implies (1) It follows from Theorem 3.5 and Corollary 3.6. O
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