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Abstract 

We define and characterize a fuzzy pairwise α-semi-irresolute 
continuous mapping and a fuzzy pairwise α-semiopen irresolute 
mapping on a fuzzy bitopological space. 

1. Introduction 

Kharal and Ahmad [3] defined a fuzzy α-semiopen set and studied a 
fuzzy α-semicontinuous mapping on a fuzzy topological space. Recently, Im 
et al. [2] characterized a fuzzy pairwise α-semicontinuous mapping and a 
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fuzzy pairwise α-semiopen mapping (a fuzzy pairwise α-semiclosed 
mapping) on a fuzzy bitopological space as a natural generalization of a 
fuzzy topological space. One purpose of this paper is to find more stronger 
mapping than we studied in [2]. 

In this paper, we define a fuzzy pairwise α-semi-irresolute continuous 
mapping and a fuzzy pairwise α-semiopen irresolute mapping (a fuzzy 
pairwise α-semiclosed irresolute mapping) on a fuzzy bitopological space 
and study their properties. We also give an example, which is a fuzzy 
pairwise α-semicontinuous mapping but not a fuzzy pairwise α-semi-
irresolute continuous mapping. 

2. Preliminaries 

Let X be a set and let 1τ  and 2τ  be fuzzy topologies on X. Then we call 

( )21,, ττX  a fuzzy bitopological space [ ].btsf  

Throughout this paper, we take an ordered pair ( )ji ττ ,  with { }2,1, ∈ji  

and .ji ≠  For simplicity, we abbreviate a iτ -fuzzy open set μ and a               

jτ -fuzzy closed set μ with a foi −τ  set μ and a fcj −τ  set μ, respectively. 

Also, we denote the interior and the closure of μ for a fuzzy topology iτ  

with μ−τ Inti  and ,Clμ−τi  respectively. 

A fuzzy set μ on an btsf  X is called a ( )ji ττ , -fuzzy semiopen 

[( ) ]fsoji -, ττ  set if ( ),IntCl μ−τ−τ≤μ ij  and μ is called a ( )ji ττ , -fuzzy 

semiclosed [( ) ]fscji -, ττ  set if ( ) .ClInt μ≤μ−τ−τ ij  

Let μ be a fuzzy set on an btsf  X. Then the ( )ji ττ , -semi-interior of μ, 

( ) ,sInt, μ−ττ ji  is { ( ) }set,ais, fsoji −ττνμ≤ν|ν∨  and the ( )ji ττ , -

semi-closure of μ, ( ) ,sCl, μ−ττ ji  is { ( ) }.set,ais, fscji −ττνμ≥ν|ν∧  

A mapping ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  is called a fuzzy pairwise 

semicontinuous [ ]fpsc  if ( )ν−1f  is a ( ) fsoji −ττ ,  set on X for each 
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foi −τ∗  set ν on Y and a mapping ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  is called a 

fuzzy pairwise semiopen [ ]openfps  if ( )μf  is a ( ) fsoji −ττ ∗∗,  set on Y for 

each foi −τ  set μ on X [6]. 

A fuzzy set μ on an btsf  X is called a ( )ji ττ , -fuzzy α-open 

[( ) ]ofji αττ -,  set if ( ( )),IntClInt μ−τ−τ−τ≤μ iji  and μ is called a 

( )ji ττ , -fuzzy α-closed [( ) ]cfji αττ -,  set if ( ( )) .ClIntCl μ≤μ−τ−τ−τ iji  

Let μ be a fuzzy set on an btsf  X. Then the ( )ji ττ , -α-interior of μ, 

( ) ,Int, μα−ττ ji  is { ( ) }set,ais, ofji α−ττνμ≤ν|ν∨  and the ( )ji ττ , - 

α-closure of μ, ( ) ,Cl, μα−ττ ji  is { ( ) }.set,ais, cfji α−ττνμ≥ν|ν∧  

A mapping ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  is called a fuzzy pairwise          

α-continuous [ ]cfpα  if ( )ν−1f  is a ( ) ofji α−ττ ,  set on X for each foi −τ∗  

set ν on Y and a mapping ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  is called a fuzzy 

pairwise α-open [ ]openfpα  if ( )μf  is a ( ) ofji α−ττ ∗∗,  set on Y for each 

foi −τ  set μ on X [5]. 

A fuzzy μ on an btsf  X is called a ( )ji ττ , -fuzzy α-semiopen [( )ji ττ ,  

]sofα−  set if ( (( ) ))),sInt,ClInt μ−ττ−τ−τ≤μ jiji  and μ is called a 

( )ji ττ , -fuzzy α-semiclosed [( ) ]scfji α−ττ ,  set on X if ( −τ−τ ji Cl  

(( ) )) .sCl,Int μ≤μ−ττ ji  

Let μ be a fuzzy set on an btsf  X. Then the ( )ji ττ , -α-semi-interior          

of μ, ( ) ,sInt, μα−ττ ji  is { ( ) }set,ais, sofji α−ττνμ≤ν|ν∨  and the 

( )ji ττ , -α-semi-closure of μ, ( ) ,sCl, μα−ττ ji  is { νμ≥ν|ν ,∧  is a 

( ) }.set, scfji α−ττ  
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Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then f is called a fuzzy 

pairwise α-semicontinuous [ ]scfpα  if ( )ν−1f  is a ( ) sofji α−ττ ,  set on X 

for each foi −τ∗  set ν on Y and f is called a fuzzy pairwise α-semiopen 

[ ]semiopenfp −α  ( fuzzy  pairwise α-semiclosed [ ])semiclosedfp −α  if ( )μf  

is a ( ) sofji α−ττ ∗∗,  (( ) )scfji α−ττ ∗∗,  set on Y for each foi −τ  ( )fci −τ  

set μ on X. 

Every scfpα  mapping is .fpsc  And every semiopenfp −α  ( −αfp  

)semiclosed  is fps  open ( ).closedfps  But the converses are not true in 

general [2]. 

3. Fuzzy Pairwise α-semi-irresolute Continuous Mappings 

In this section, we introduce a fuzzy pairwise α-semi-irresolute 
continuous mapping and a fuzzy pairwise α-semiopen irresolute mapping 
which are stronger than a fuzzy pairwise α-semicontinuous mapping and a 
fuzzy pairwise α-semiopen mapping, respectively. And we characterize a 
fuzzy pairwise α-semi-irresolute continuous mapping and a fuzzy pairwise 
α-semiopen irresolute mapping. 

Definition 3.1. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then f 

is called a fuzzy pairwise α-semi-irresolute continuous [ ]irresolutesemifp --α  

mapping if ( )ν−1f  is a ( ) sofji α−ττ ,  set on X for each ( ) sofji α−ττ ∗∗,  

set ν on Y. 

It is clear that every fpα-semi-irresolute is fpαsc from the above 
definition. But the converse is not true in general as the following example 
shows. 

Example 3.2. Let 21, μμ  and 3μ  be fuzzy sets on { }cbaX ,,=  with 

( ) ( ) ( ) ,2.0,2.0,2.0 111 =μ=μ=μ cba  
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( ) ( ) ( ) 3.0,3.0,3.0 222 =μ=μ=μ cba  and 

( ) ( ) ( ) .4.0,4.0,4.0 333 =μ=μ=μ cba  

Let 

{ } { }XXXX 1,,,0,1,,,0 322311 μμ=τμμ=τ  and 

{ } { }XXXX 1,,0,1,,0 3221 μ=τμ=τ ∗∗  

be fuzzy topologies on X. 

Then identity mapping ( ) ( )∗∗ ττ→ττ 2121 ,,,,: XXiX  is .scfpα  Since a 

( ) sofji α−ττ ∗∗,  set c
1μ  is not ( ) ,, sofji α−ττ  Xi  is not fpα-semi-irresolute. 

Theorem 3.1. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then 

the following are equivalent: 

(1) f is fpα-semi-irresolute. 

(2) The inverse of each ( ) scfji α−ττ ∗∗,  set on Y is a ( ) scfji α−ττ ,  set 

on X. 

(3) (( ) ) ( ) ( )( )μα−ττ≤μα−ττ ∗∗ fsClsClf jiji ,,  for each fuzzy set μ 

on X. 

(4) ( ) ( ( )) (( ) )να−ττ≤να−ττ ∗∗−− sClffsCl jiji ,, 11  for each fuzzy set 

ν on Y. 

(5) (( ) ) ( ) ( ( ))να−ττ≤να−ττ −∗∗− 11 ,, fsIntsIntf jiji  for each fuzzy 

set ν on Y. 

Proof. (1) implies (2) Let ν be a ( ) scfji α−ττ ∗∗,  set on Y. Then cν  is a 

( ) sofji α−ττ ∗∗,  set on Y. Since f is fpα-semi-irresolute, ( ) =ν− cf 1  

( ( ))cf ν−1  is a ( ) sofji α−ττ ,  set on X. Hence ( )ν−1f  is a ( ) scfji α−ττ ,  

set on X. 
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(2) implies (3) Let μ be a fuzzy set on X. Then (( ) −ττ ∗∗−
jif ,1  

( )( ))μα fsCl  is a ( ) scfji α−ττ ,  set on X. Thus, 

( ) ( ) ( ( )( ))μα−ττ≤μα−ττ − ffjiji
1sCl,sCl,  

( ) ( (( ) ( )( )))μα−ττα−ττ≤ ∗∗− ff jiji sCl,sCl, 1  

(( ) ( )( )).sCl,1 μα−ττ= ∗∗− ff ji  

Hence 

(( ) ) ( (( ) ( )( )))μα−ττ≤μα−ττ ∗∗− ffff jiji sCl,sCl, 1  

( ) ( )( ).sCl, μα−ττ≤ ∗∗ fji  

(3) implies (4) Let ν be a fuzzy set on Y. Then 

(( ) ( ( ))) ( ) ( ( ( )))να−ττ≤να−ττ −∗∗− 11 sCl,sCl, ffff jiji  

( ) .sCl, να−ττ≤ ∗∗
ji  

Hence 

( ) ( ( )) ( (( ) ( ( ))))να−ττ≤να−ττ −−− 111 sCl,sCl, ffff jiji  

(( ) ).sCl,1 να−ττ≤ ∗∗−
jif  

(4) implies (5) Let ν be a fuzzy set on Y. Then 

( ) ( ( )) (( ) ( )).sCl,sCl, 11 c
ji

c
ji ff να−ττ≤να−ττ ∗∗−−  

Hence 

(( ) ) ((( ) ( )) )cc
jiji ff να−ττ=να−ττ ∗∗−∗∗− sClsInt, 11  

(( ) ( ( )))cc
ji f να−ττ≤ −1sCl,  

( ) ( ( )).sInt, 1 να−ττ= −fji  
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(5) implies (1) Let ν be a ( ) sofji α−ττ ∗∗,  set on Y. Then 

( ) (( ) ) ( ) ( ( )).sInt,sInt, 111 να−ττ≤να−ττ=ν −∗∗−− fff jiji  

Hence ( )ν−1f  is a ( ) sofji α−ττ ,  set on X and therefore, f is fpα-semi-

irresolute. ~ 

Theorem 3.2. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a bijection. Then, f 

is fpα-semi-irresolute if and only if ( ) ( )( ) (( ) −ττ≤μα−ττ ∗∗
jiji ffsInt ,,  

)μαsInt  for each fuzzy set μ on X. 

Proof. Let μ be a fuzzy set on X. Then, by Theorem 3.1, 

(( ) ( )( )) ( ) ( ( )( )).sInt,sInt, 11 μα−ττ≤μα−ττ −∗∗− ffff jiji  

Since f is a bijection, 

( ) ( )( ) ( (( ) ( )( )))μα−ττ=μα−ττ ∗∗−∗∗ ffff jiji sInt,sInt, 1  

(( ) ).sInt, μα−ττ≤ jif  

Conversely, let ν be a fuzzy set on Y. Then 

( ) ( ( ( ))) (( ) ( ( ))).sInt,sInt, 11 να−ττ≤να−ττ −−∗∗ ffff jiji  

Recall that f is a bijection. Hence 

( ) ( ) ( ( ( )))να−ττ=να−ττ −∗∗∗∗ 1sInt,sInt, ffjiji  

(( ) ( ( )))να−ττ≤ −1sInt, ff ji  

and 

(( ) ) ( (( ) ( ( ))))να−ττ≤να−ττ −−∗∗− 111 sInt,sInt, ffff jiji  

( ) ( ( )).sInt, 1 να−ττ= −fji  

Therefore, by Theorem 3.1, f is fpα-semi-irresolute. ~ 
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Definition 3.3. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then f 
is called: 

(1) a fuzzy pairwise α-semiopen irresolute semiopenfp -[ α  irresolute] 

mapping if ( )μf  is a ( ) sofji α−ττ ∗∗,  set on Y for each ( ) sofji α−ττ ,  set 

μ on X, and 

(2) a fuzzy pairwise α-semiclosed irresolute semiclosedfp -[ α  irresolute] 

mapping if ( )μf  is a ( ) scfji α−ττ ∗∗,  set on Y for each ( ) scfji α−ττ ,  set μ 

on X. 

It is clear that every fpα-semiopen irresolute (fpα-semiclosed irresolute) 
is fpα-semiopen (fpα-semiclosed). But the converses are not true in general. 

In fact, in Example 3.2, the identity mapping ( ) →ττ ∗∗
21,,: XiX  

( )21,, ττX  is fpα-semiopen (fpα-semiclosed) but not fpα-semiopen 

irresolute (fpα-semiclosed irresolute). 

Theorem 3.3. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then 

the following are equivalent: 

(1) f is fpα-semiopen irresolute. 

(2) (( ) ) ( ) ( )( )μα−ττ≤μα−ττ ∗∗ fsIntsIntf jiji ,,  for each fuzzy set μ 

on X. 

(3) ( ) ( ( )) (( ) )να−ττ≤να−ττ ∗∗−− sIntffsInt jiji ,, 11  for each fuzzy 

set ν on Y. 

Proof. (1) implies (2) Let μ be a fuzzy set on X. Then (( ) −ττ jif ,  

)μαsInt  is a ( ) sofji α−ττ ∗∗,  set on Y and (( ) ) ( ).sInt, μ≤μα−ττ ff ji  

Hence 

(( ) ) ( ) ( (( ) ))μα−ττα−ττ=μα−ττ ∗∗ sInt,sInt,sInt, jijiji ff  

( ) ( )( ).sInt, μα−ττ≤ ∗∗ fji  
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(2) implies (3) Let ν be a fuzzy set on Y. Then 

(( ) ( ( ))) ( ) ( ( ( )))να−ττ≤να−ττ −∗∗− 11 sInt,sInt, ffff jiji  

( ) .sInt, να−ττ≤ ∗∗
ji  

Hence 

( ) ( ( )) ( (( ) ( ( ))))να−ττ≤να−ττ −−− 111 sInt,sInt, ffff jiji  

(( ) ).sInt,1 να−ττ≤ ∗∗−
jif  

(3) implies (1) Let μ be a ( ) sofji α−ττ ,  set on X. Then 

( ) ( ) ( ( )( ))μα−ττ≤μα−ττ=μ − ffjiji
1sInt,sInt,  

(( ) ( )( )).sInt,1 μα−ττ≤ ∗∗− ff ji  

We have 

( ) ( (( ) ( )( ))) ( ) ( )( ).sInt,sInt,1 μα−ττ≤μα−ττ≤μ ∗∗∗∗− fffff jiji  

Hence ( ) ( ) ( )( ).sInt, μα−ττ=μ ∗∗ ff ji  Consequently, ( )μf  is a ( ) −ττ ∗∗
ji ,  

sofα  set on Y and therefore, f is fpα-semiopen irresolute. ~ 

Theorem 3.4. A mapping ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  is fpα-

semiclosed irresolute if and only if ( ) ( )( ) (( ) −ττ≤μα−ττ ∗∗
jiji ffsCl ,,  

)μαsCl  for each fuzzy set μ on X. 

Proof. Let μ be a fuzzy set on X. Then (( ) )μα−ττ sCl, jif  is a 

( ) scfji α−ττ ∗∗,  set on Y and ( ) (( ) ).sCl, μα−ττ≤μ jiff  Hence 

( ) ( )( ) ( ) ( (( ) ))μα−ττα−ττ≤μα−ττ ∗∗∗∗ sCl,sCl,sCl, jijiji ff  

(( ) ).sCl, μα−ττ= jif  
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Conversely, let μ be a ( ) scfji α−ττ ,  set on X. Then 

( ) ( )( ) (( ) )μα−ττ≤μα−ττ ∗∗ sCl,sCl, jiji ff  

( ).μ= f  

Consequently, ( )μf  is a ( ) scfji α−ττ ∗∗,  set on Y and therefore, f is fpα-

semiclosed irresolute. ~ 

Theorem 3.5. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a bijection. Then 

the following are equivalent: 

(1) f is fpα-semiclosed irresolute. 

(2) (( ) ) ( ) ( ( ))να−ττ≤να−ττ −∗∗− 11 ,, fsClsClf jiji  for each fuzzy set 

ν on Y. 

(3) f is fpα-semiopen irresolute. 

(4) 1−f  is fpα-semi-irresolute. 

Proof. (1) implies (2) Let ν be a fuzzy set on Y. Then, by Theorem 3.4, 

( ) ( ( ( ))) (( ) ( ( ))).sCl,sCl, 11 να−ττ≤να−ττ −−∗∗ ffff jiji  

Hence 

(( ) ( ( ( )))) ( (( ) ( ( )))).sCl,sCl, 1111 να−ττ≤να−ττ −−−∗∗− ffffff jiji  

Since f is a bijection, 

(( ) ) ( ) ( ( )).sCl,sCl, 11 να−ττ≤να−ττ −∗∗− ff jiji  

(2) implies (1) Let μ be a fuzzy set on X. Then 

(( ) ( )( )) ( ) ( ( )( )).sCl,sCl, 11 μα−ττ≤μα−ττ −∗∗− ffff jiji  

Hence 

( (( ) ( )( ))) (( ) ( ( )( ))).sCl,sCl, 11 μα−ττ≤μα−ττ −∗∗− ffffff jiji  
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Since f is a bijection, 

( ) ( )( ) (( ) ).sCl,sCl, μα−ττ≤μα−ττ ∗∗
jiji ff  

Therefore, by Theorem 3.4, f is fpα-semiclosed irresolute. 

(2) implies (3) Let ν be a fuzzy set on Y. Then 

(( ) ( )) ( ) ( ( )).sCl,sCl, 11 c
ji

c
ji ff να−ττ≤να−ττ −∗∗−  

Thus, 

( ) ( ( )) (( ) ( ( )))cc
jiji ff να−ττ=να−ττ −− 11 sCl,sInt,  

((( ) ( )) )cc
jif να−ττ≤ ∗∗− sCl,1  

(( ) ).sInt,1 να−ττ= ∗∗−
jif  

Hence f is fpα-semiopen irresolute from Theorem 3.3. 

(3) implies (4) Let μ be a ( ) sofji α−ττ ,  set on X. Then ( ) ( ) =μ−− 11f  

( ).μf  Since f is fpα-semiopen irresolute, ( )μf  is a ( ) sofji α−ττ ∗∗,  set on 

Y. Hence 1−f  is fpα-semi-irresolute. 

(4) implies (2) It is clear from Theorem 3.1. ~ 

We have the following corollaries from Theorem 3.1, Theorem 3.4 and 
Theorem 3.3. 

Corollary 3.6. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then, f is 

an fpα-semiclosed irresolute and fpα-semi-irresolute if and only if (( )jif ττ ,  

) ( ) ( )( )μα−ττ=μα− ∗∗ fsClsCl ji ,  for each fuzzy set μ on X.  

Corollary 3.7. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a mapping. Then, f is 

fpα-semiopen irresolute and fpα-semi-irresolute if and only if (( )∗∗− ττ jif ,1  

) ( ) ( ( ))να−ττ=να− −1, fsClsCl ji  for each fuzzy set ν on Y.  
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A bijection ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  is called a fuzzy pairwise          

α-semihomeomorphism if f and 1−f  are fpα-semi-irresolute continuous 

mappings. 

Theorem 3.8. Let ( ) ( )∗∗ ττ→ττ 2121 ,,,,: YXf  be a bijection. Then 

the following are equivalent: 

(1) f is a fuzzy pairwise α-semihomeomorphism. 

(2) 1−f  is a fuzzy pairwise α-semihomeomorphism. 

(3) f and 1−f  are fpα-semiopen irresolute (fpα-semiclosed irresolute). 

(4) f is fpα-semi-irresolute and fpα-semiopen irresolute (fpα-semiclosed 
irresolute). 

(5) (( ) ) ( ) ( )( )μα−ττ=μα−ττ ∗∗ fsClsClf jiji ,,  for each fuzzy set μ 

on X. 

(6) (( ) ) ( ) ( )( )μα−ττ=μα−ττ ∗∗ fsIntsIntf jiji ,,  for each fuzzy set μ 

on X. 

(7) (( ) ) ( ) ( ( ))να−ττ=να−ττ −∗∗− 11 ,, fsIntsIntf jiji  for each fuzzy 

set ν on Y. 

(8) ( ) ( ( )) (( ) )να−ττ=να−ττ ∗∗−− sClffsCl jiji ,, 11  for each fuzzy set 

ν on Y. 

Proof. (1) implies (2) It follows immediately from the definition of a 
fuzzy pairwise α-semihomeomorphism. 

(2) implies (3) and (3) implies (4) They follow from Theorem 3.5. 

(4) implies (5) It follows from Theorem 3.5 and Corollary 3.6. 

(5) implies (6) Let μ be a fuzzy set on X. Then 
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(( ) ) ( (( ) ( )))cc
jiji ff μα−ττ=μα−ττ sCl,sInt,  

(( ) ( ( )))cc
ji f μα−ττ= ∗∗ sCl,  

( ) ( ).sInt, μα−ττ= ∗∗ fji  

(6) implies (7) Let μ be a fuzzy set on Y. Then 

(( ) ( ( )) ( ) ( ( ( )))να−ττ=να−ττ −∗∗− 11 sInt,sInt, ffff jiji  

( ) .sInt, να−ττ= ∗∗
ji  

Hence 

( (( ) ( ( )))) (( ) ).sInt,sInt, 111 να−ττ=να−ττ ∗∗−−−
jiji ffff  

Therefore, 

( ) ( ( )) (( ) ).sInt,sInt, 11 να−ττ=να−ττ ∗∗−−
jiji ff  

(7) implies (8) Let ν be a fuzzy set on Y. Then 

( ) ( ( )) ( (( ) ( )))cc
jiji ff να−ττ=να−ττ ∗∗−− sInt,sCl, 11  

(( ) ( ( )))cc
ji f να−ττ= −1sInt,  

(( ) ).sCl,1 να−ττ= ∗∗−
jif  

(8) implies (1) It follows from Theorem 3.5 and Corollary 3.6. ~ 
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